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Figure 1: CFD model of the biomass furnace and boiler

Explanations: modeled tube bundles and rows are pictured dark
gray; SAN.. secondary air nozzles, FEIN. . .flue gas recirculation
nozzles, TMT... suction pyrometer temperature measurement

traverses

From: Scharler et. al. 2004, Advanced CFD analysis of large fixed bed
biomass boilers ..., 2nd World Conf...., Rome, 2004
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Isoflachen der Rauchgastemperatur [°C] in der Symmetrieebene der Feuerung (links) und in
horizontalen Schnittebenen (rechts). Aus: http://www.bios-bioenergy.at/de/cfd-simulationen.html

Flse B2 e

iladl SLSH e

14


http://www.bios-bioenergy.at/de/cfd-simulationen.html

(fluid and gas dynamics) ol ;lellg &ilgall OlSuwolys Wl d530 1
2l B e e s ol S O (e 52 (gas dynamics) il Soelys
plane) Okl tloslusg)l wluhs 3 dlentn slsbl 25> aulys oo Wlall b 3ok

Lkl \S2 lalyse)T o (aerodynamics

Quolnl Sl 25 1.7

iladl Sl BGKa 0 o3 awd sa (Fluid Mechanics) ool SGS
ooy clWly Bladl a QL}L\Q [T & 53 (Mechanics Continuum)
Al b e aards (Sh bl 0dd S allal) SLpdl Soldl el Vs
oty G A @l Bl SKales o A pae Al 3 ol -l Kk
DASaludlly (Sheoluzgpl) adlsb) ASalud)l Hligh time 51 Slawad Ll
(hooliy3g)408) 25

ba) el e ‘cj\}n, Lold) 4054 (,:zj\ Lt U eesdl s ey
slgY wd Aglas Slids gl Wy (@) Judaeg dzg ) G5 4 aays LSl
SN Sy s gl aasid) oy (@ilsl SIS Alad) lcall sl

.(CFD) (Computational FluidDynamics: ;£ Yb) dyled!

oo lbi 1.2
(ST) @lamgl Al pllad) oo s pasznd) pllad)

te L) 1y (s olos] a3l


http://ar.wikipedia.org/wiki/%D9%85%D9%88%D8%A7%D8%A6%D8%B9
http://ar.wikipedia.org/wiki/%D9%85%D9%88%D8%A7%D8%A6%D8%B9
http://ar.wikipedia.org/wiki/%D8%A3%D9%8A%D8%B1%D9%88%D8%AF%D9%8A%D9%86%D8%A7%D9%85%D9%8A%D9%83
http://ar.wikipedia.org/wiki/%D8%A3%D9%8A%D8%B1%D9%88%D8%AF%D9%8A%D9%86%D8%A7%D9%85%D9%8A%D9%83
http://ar.wikipedia.org/wiki/%D9%87%D9%8A%D8%AF%D8%B1%D9%88%D8%AF%D9%8A%D9%86%D8%A7%D9%85%D9%8A%D9%83
http://ar.wikipedia.org/wiki/%D9%87%D9%8A%D8%AF%D8%B1%D9%88%D8%AF%D9%8A%D9%86%D8%A7%D9%85%D9%8A%D9%83
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9

(fluid and gas dynamics) </3ladlg C’\jl\ Sl I s

Laz) | sud | Bl soal) | 8yl dmys | el AN | J sl

Pa W J N K s kg m

b | ol e | s IS BB ple Gl e

A 0 Sl il 00 1.3

AU A sle O Jglie colsSON 1 e Jo¥1 541 3

(Fluid Mechanics :434£Y\) C?\jl\ oL 2k (a

Numerics / Numerical :4pldYL) @il =l el 1506 (b

(Computation
(Computational FluidDynamics: &4 Y1) dulud) sl olSales c ) (c
Ul S gn 5 il G bzt (3 2891 1L el 2L pm e g
Jato il ez e gilghl
(fluids ) gilsall 1.4
Olws™ 2L s5Le &f 29 ol Sl e isgag (a5 (fluid) su FINLY o sl
() IS sl s U gyl LY (S dsby el sles] 50 o

.plastic solids LUl &MY LTy el el

1[Siddiq]
16


http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%BA%D8%A9_%D8%A5%D9%86%D8%AC%D9%84%D9%8A%D8%B2%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D8%B3%D8%A7%D8%A6%D9%84
http://ar.wikipedia.org/wiki/%D8%BA%D8%A7%D8%B2
http://ar.wikipedia.org/wiki/%D9%81%D9%8A%D8%B2%D9%8A%D8%A7%D8%A1_%D8%A7%D9%84%D8%A8%D9%84%D8%A7%D8%B3%D9%85%D8%A7
http://ar.wikipedia.org/wiki/%D9%81%D9%8A%D8%B2%D9%8A%D8%A7%D8%A1_%D8%A7%D9%84%D8%A8%D9%84%D8%A7%D8%B3%D9%85%D8%A7
http://ar.wikipedia.org/w/index.php?title=%D9%84%D8%AF%D9%88%D9%86%D8%A9_(%D9%81%D9%8A%D8%B2%D9%8A%D8%A7%D8%A1)&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%84%D8%AF%D9%88%D9%86%D8%A9_(%D9%81%D9%8A%D8%B2%D9%8A%D8%A7%D8%A1)&action=edit&redlink=1

il 1.5l

rdl sole wlsll Canas

i BlS jan gl Sl 89 (compressible fluids) blaait Ad adigs o
L baai¥ ol Ll el 5 LBl e e wilgh Loaal

Lels” s Y 3l o316l 9 (incompressible fluids) bl Ald po adlge o
o) W 0Lt Ll o] 5 ool oo Lo a3l Jaiall i

o},\i\}') Jeasy) —(stress) sl @dle 4 O}g.? C‘Lo B QSS}?-""‘ é&\ 185 90 C‘\Jw .
FRCH I NP VA oA ks JQA P L;T ibs BMe (Gl YY) dms sl

ol sl Gl Gy S8 Y Bl s ggigs ¥ @b aSe xb Wlse e
15S00g a5 g7 ss M afell e BHI Ol adsdly lpkedl LIl CUET juas i g3l
19 4595500 Ml 9 el jani g
seeladly aul (Ll O3 (oSl oo anslad) o) s

dlaioll 4SSl 1.5
) agze o ST londl (8 Bl ol ST dhane 208" WU il Se
ol 4

L>1

@l 1.6
ilad) 2.8 b5 sy bl o35 Bl jaol S ga Vg o) OF jlaely

p = lim A—mzdli LS 2 p s 0

AV-V, AV T

K9 o B sy 5 S AL 1 V2 kSIL S m

17


http://ar.wikipedia.org/wiki/%D9%85%D9%88%D8%A7%D8%A6%D8%B9_%D9%86%D9%8A%D9%88%D8%AA%D9%86%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D8%A5%D8%AC%D9%87%D8%A7%D8%AF
http://ar.wikipedia.org/wiki/%D8%A5%D8%AC%D9%87%D8%A7%D8%AF
http://ar.wikipedia.org/wiki/%D8%A7%D9%86%D9%81%D8%B9%D8%A7%D9%84
http://ar.wikipedia.org/wiki/%D8%A7%D9%86%D9%81%D8%B9%D8%A7%D9%84
http://ar.wikipedia.org/wiki/%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D8%A7%D8%B3%D8%AD%D9%82_%D9%86%D9%8A%D9%88%D8%AA%D9%86
http://ar.wikipedia.org/wiki/%D9%85%D9%88%D8%A7%D8%A6%D8%B9_%D8%BA%D9%8A%D8%B1_%D9%86%D9%8A%D9%88%D8%AA%D9%86%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D8%A8%D9%88%D9%84%D9%8A%D9%85%D8%B1
http://ar.wikipedia.org/wiki/%D9%83%D8%AA%D8%B4%D8%A8
http://ar.wikipedia.org/wiki/%D9%83%D8%AA%D8%B4%D8%A8
http://ar.wikipedia.org/wiki/%D9%86%D8%B4%D8%A7
http://ar.wikipedia.org/wiki/%D9%86%D8%B4%D8%A7
http://ar.wikipedia.org/wiki/%D8%AF%D9%85
http://ar.wikipedia.org/wiki/%D8%AF%D9%85
http://ar.wikipedia.org/wiki/%D8%B4%D8%A7%D9%85%D8%A8%D9%88
http://ar.wikipedia.org/wiki/%D8%B4%D8%A7%D9%85%D8%A8%D9%88

(fluid and gas dynamics) </3ladlg C’\jl\ Sl I s
Quaill S 1.7
1000kg / m® 2 5 cslell alal) B U1 & geie 35U BLS7 a

S=p/po
(ideal gas) gl &/ 966 1.8
p=RpTl

D BLSlg 5 =l dallll dx il p Ll allell el Lo, o
p 190 b p 3
287 J/(K kg) ¢lsel) aed 5 5l cub R

(steady flow) séiwal 0, 1.9

(uniform flow ) L/ ;4 /7. 10
il Bl S (3 56 oty e IS Aed clST13] e e oz b OLH Cavoy
(streamline) LluwiY/ b 1.77
3 il Sl alxl 1573 W wleld) a5 ol Ll 6l Gl s 204
LA C,éj

(dimensions of flow) .4 .l skei/1. 12

WY e 3oV saadl s 2l A S g S (3l 6L 0L Gaoy

S ATy dadl ol Obyd Yite lawy 1.2 IS0 s oy 01 S ) 35S

)

18



(stress) slg>-Y!

Al G Ol dad) (g3l OL
I 'I"l-':- =~ Sy
m— I — ™, M N
=V * ] P -
b= _ ____:_ ’: L,-"/ L_-"'
2= fih e u = (h)
1.2 Jsaadi
(Stress ) 542 X/1.13

. AF
o= AILTOE i ls 3y o Al Aol 302l s slgaY)

S 3 Sty o=0,+o,  alk #Vapes LTS sl

T = PN Lo i oY) 3 p il o i 5l

o=—-pn+z CSURVY

(turbulent flow) . ,hs0/ évil/ faminar flow ) wibal G40l 1. 74
ool lpan B9 35 Glid jlasl (S6 et bV Ol L)) 33d) Caay

ooy il o laall Badl Cran by (36 5 SSlie (S8 3
ol Ol Jdas s dpball I ) aovlinll I e Jsmd) OF U -S4
PEL o (diameter) LU ad f ) pudk) B8 3L o Al B3l Sk

(Reynolds number) ;U sxy Sda <32 LSM{Y e B ol gty LAyl

19



(fluid and gas dynamics) </jls a5lshl oLy 1) J=
gas dyn ) Ll &

Bmeed) 3 bY@ Ol el s Bugy S Jedl (K4 Re
Py 348 Jomdl ois Sut @l jlsy, sus e . 4000 > Re > 2000
.Re, U“""‘J"

sl goliio ¥ gilo saic a5l a9 doghiial/ 1. 15

pizil pme gk

1.3 Ui
i o) LE e w3k e Laag (35U g 8302 3aK, Asas (system) deslaid)
s42 4kl (control volume) Sl v 35l xo dlSag andsn pin 01 SK
@ oy ol 1 L all e (Sl e 513 83U a0 S O (3 el
SS9 a8 (Sl 1 a5 01 S Ll Sy L) e (1.3.1 2) JSC2d
Ol pedl pr Bty G (Sl o2 52 5 el e (1.3.1D)

/ﬁtﬂe/ . (1.3.1 a and b) Kz
3 =i i
| E ([Wendt 20092]t 1F)1g.
; i g
o

Volume dV

EE— T

20



il L

36 G 5394 (Sl Alis ¢V 3902 (Sl i (g Be), (1.3.12) K2
Ol 3

Sl o 1 Bl cLpdll delgd bt 5,30 Lde bad ) atlshl ©Yslas
et L) Al e B LIS JSaYT sl LSS IS (3 056 e 390540
F &) oYkl agdl Aol oVl e Jsamd) 550e p ARk LS 0)
himdl S s (g Sl o LS S 3 sl e s
o= e Lds Jgadd @l ool Al N sWald (conservation form)
o JalSS Ko & sl (a8 S 131 IS W e s 35 (Sl
Nl e (non-conservation form) ‘_;la_a.xJ\ gres) M‘ ade gllayg ¢ S Q"w
JKa) Ll (8 ol ggb el ol Wil paie lze¥1 (3 LAST I3 ALY
Loyl g 1 L agd) alolad o¥ald 5 abe g2is Of e ¢ (Yl Gl ¢ 1.3.1Db
i) sl

(131 b X&) L) 3 Son ¢ rall sl Bl jaie lee¥) @ LA 1)
Loyl ga s i) aloladl Vol ale Koy sxis of Sa o (Y il
T mo ooz 2 sl ¢ Ralal) Zalyngp V) & o) B W) o J2dd il 23 5ad)
G CFD J) (3 oVl s ¢ 5 mog olp 2 OVolall 2aid 2 of 2daid

s S8 gl e

wlioll bsil 1. 16

21



(fluid and gas dynamics) <3y 515l Sl I s

) Jaial) — el Jaiiall = il Laxa)

b 59illy Guawnl 598l 1.17
Sl a5 dolan) 5ally 23U 858 fre o) 37 e s ) a B 35

u@‘ﬂ\j Lball L}rbnﬁj SJU.\C]@.» ul.oJ.‘vJ

snaill sy Y/ 1.18

%u Leladll ol EY1 (3 ds i Jy T ) slear Y (o Ao ) 5 ) s

N L"?JLQAAJ\ OLJJM\U

2

MALS Busgs = 41 L LSV LS
e

ablaoll oo (samal) L)yl s>l A8g

'N’y; phoo) axces Lg.;i ple ¢ Tloso
V“”"‘"‘zt
St Glinhil 8 oariiwoll @lgoll

5999)l g slgplly slodl  Jio awoispll
p ablao)l ol wolw 9 .oadaadl
a>g3ll ol aalholl a>g3ll of a>g;UL
&lgall Bysig . Pa.s lgia>gy (S,
a>,> e adMall oig) weias I
dujdy - augigal @ilgoll ALl 6yl

(1.4) usann (1.4) Jsoadl

V oodl gileall @ad v

hail ¢ agll Lp) aliol .AwgignV gilgo ac,ull Jlooy saill pu duhs @8\Me wshs
RECY WA

&e wjig Blewd) 6Ll sbojl o pasis dus azgilll Aod 8 6Ll A=)y &
. wljlel 6,l,=dl sbs;l
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J

(Governing Equations of Fluid il gall luilSuo o9 q,“,L,,Xl oXleel 2

Dynamics)

.[Anderson 1991] s 2 e | o] P G Ju

JSswo 2.1
r Baad) S Vslas a5 Wl GlSn (3 2l SVl g8 CFD (3 oY)

iwS Lé>¢ (energy conservation) ddlall Lré>¢ (mass conservation)M\ Lo
ISy 1 Ol aomzs g yazy SU % 5 .(momentum conservation) 452!

Cbad) Y sles Jf@ Tfj.&.»@,a&

bl a0 2.1.1

2.1 Jsed

PV

dA = ndA .

L) e 5SHL LA abs 5 Voas (21) K3 (3 sl oSl o
M 0Lyl s o) dE 31 (3 i oo U iom U1 ST 0 A 2ol
e teladi n ol (ool andll o O &gl W oamdll 2wkl (3 0Ll e

dA=ndA &> dA L4

23



(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

dm = pdV = pvd A

P Al IS e S b Jias =

st LeS™ ) Ol 4 (B 25

PV = (Ao 3429 & M\)(Z\;«JMJ\ amis) = sl Ol ain

A

p(e+?+ gZ)\_/ = (Zﬁw sd>9 3 ﬁLE\)(R&M\ w) = Bl Ol amete

(g2
= (:\.:w 8.59-} L} .‘_\faﬂ\ M)(a&ﬂj\ w) = ﬂjxﬂ\ wd\gj« a>e
Qs ey, z WY G puy, pvv, pwy

= A bl e Bl Ol Jane 0L G4

2

(22) .................................... ﬁAp(e + V? + gz)\_/ . dA

=chamﬁpzsj>d\a¢§opﬂdwj

(The Substantial Derivate ) ./ §kisY/ 2.2

As a model for the flow, we will Bysall etz Cgen (0Ll o <
adopt the picture shown at the

right of Fig. 1.3.1 (b). V1131 (b) S at o gl
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(The Substantial Derivate) »SJ) 3l Y|

Namely that of an infinitesimally
small fluid element moving with
the flow. The motion of the fluid
element is shown in detail in Fig.
2.2.1.

Here, the fluid element is moving
through Cartesian space. The unit
vectors along the x, y, z axis are

i,],K.

The vector velocity field in this
Cartesian space is given by

V =ui +Vj +wk

Where the components of velocity
are given respectively by
u=u(xy,zt)

V=V(X,Y,7,t)

w=Ww(X,Y,z,t)

Note that we are considering in
general an unsteady flow, where u,
v, and w are functions of both
(space and time, t). In addition the

scalar density field is given by

p=p(XYy,z1).

_’.XJ?;.”J I.'«AS\ LEAL‘:L\ c‘\}l\ P RS R
igme Oldl 2ie 45> 0L ) &
221 . Kl & Jeaidl

sladl e Sz SU 2wl o Ls
od>¢ .Cartesian space L})&i,\j\
0SS o, y, 2 st Jsb Je ol

0,0k
e 3 de .l ol JI# slbasl oo
Cartesian space < )\Su> | oo JI

e
V =ui +Vj +wk

Jlsdl o el b sSe slas) o e

u=u(xYy,z,t)
v=v(X,Y,z,t)
w=w(X,Y,zt)

JLE;L;%WJV U G () S

BLEYL slew d e Lt 0Ly 0K
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(Governing Equations of Fluid Dynamics) C"j—u LS & RISV

At the time t; the fluid element is

located at point 1 in Fig. 2.2.1. At

this point and time, the density of
the fluid

o= p(X, Y1, 2,t)

element is

Atalater time t, the fluid element
has moved to the point 2 where
the density is p, = p(X,,Y,,Z,,t,)
Since p=p(X,Y,2,t), we can
expand this function in a Taylor’s

series about point 1 as follows:

26

o)) BUST) Jlde cloe| o U3 )
o
p=p(XY,2,1)

(22.1) S

Wendt 2009],
Fig. 2.2)

B el 080 et 3
221 JSKad e T akad) 3 52gs
el BUSy ¢ cdgly il oda e

pr=p0X Y12 ) SW

oW et e t, gV el 3

o B e 2 ks

PzZP(X21Y2’22at2)
s WS 0 p=p(Xy, L) ok
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(The Substantial Derivate) »SJ) 3l Y|

s Je 1 akidl J g Taylor's series

)

_i[oP P\ (2, - P, -
o=t (2] 0=+ 2] 0.0+ L) -2+ L) €. -v)

+(higher order terms)

With the

higher order terms we

ignoring

obtain

J(3)

Eq. (21.1) is physically the

in

Pz_plz[apj X2 =%
t, -t ox )\ t, -t

.1.1)

average time-rate-of-change
density of the fluid element as it
moves from point 1 to point 2. In
the limit, as t, approaches t,, this

term becomes

Ilm(pz pl)
Lot t, —t

Dp
Dt
instantaneous time rate of change

Is a symbol for the

of density.

By definition, this symbol is called
the substantial derivate, D/Dt.

Y + Z, %
_tl tz _tl

J%) (%)

by & L.fbf.e (211) Ladsll
SU el BUS 3 ) Jdek o3
@,2%\&11W\JW@3

éms\hwctlcg&tz (k|

Dp
Dt

MM}J\JJ&»«.&J—J@}& Dt

oy ot Lo s ¢ iyl iy 20U

D/Dt ¢« xS Bl
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

% is the time rate of change of e BUS pad 3l Juas 4o %

density of the given fluid element. ccf\l‘ ) o Lasl iy L ams su
Our eyes are locked with the fluid

element, not with the point in the sledl & iks & s
So 2P i different /
space. So Dt is differen e Ladsy Lgb,.e ;i % s

physically and numerically from

. op
0 I el Jaali Wl » ) | £
(—pj which is physically the A g Y (8t jl
1

ot
time rate of change of density at N SRS RHEN
the fixed point 1.

O L ¢ (2.1.1) .aslald 1) 534alt
Returning to Eq. (2.1.1), note that ° ‘ (2 1 1) et dI 8254l

. X, — X

Iim| = "1 | =u
t, —>t; t2 _tl

liml Y2—Y | _,
t, —>1t t2 _tl

. z, —Z

lim| —=2— "1 | =w
t, —>t; t2 _tl

Thus, taking the limit of Eq.(2.1.1) (211) sl ol sl Aites
as t, —t,, we obtain
JM o -t e

bp_op_ % % P (2.1.2)

Dt ot OX oy oz

From (2.1.2) we obtain an 5ol Je et (212) o

expression for the substantial
derivate in Cartesian coordinates 15, Sl Ll 3 PRUREIFEA

28



(The Substantial Derivate) »SJ) 3l Y|

D 0

Dt o ox

0 0 0
—=—+U—+V—+W—

(2.1.3)

oy ot

In cartesian coordinates the .. Jols Ly ym o 15, Sl olilasy) &

vector operator v is defined

as

Hence Eq.(2.1.3) can be written as

D o
a =__

Eq.(2.1.5) represents a definition

of the substantial derivative

operator in vector notation; thus it

is valid for any coordinate system.
% is called the local derivative

which is physically the time rate of
change at a fixed point; V -Vis
called the consecutive derivative,
which is physically the time rate of
cange due to the movement of the
fluid element from one location to
another in the flow field where the
flow properties

different. The

derivative applies to any flow-

are spatially

substantial

v

(2.1.4)

2.1.3) Wkl 0SS of S s
iy S

i v
- +(V V) (15

bl Gy i (2.1.5) asll
colgmdl el 3 A Blazay)

0

ot
ey 2l Al & il gl Jald
3l Jure Wb gry ) Blazsy)
O oo Ll ezial) 457> ey il
Ailas S OL i g 5T )
PRURIEEN IO HEZRPPNITN

S @A Ol 3 e ol s slay

Wes 2 2 &kt Ol s
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

tield variable, for example, Dp/Dt, 5 p Ee= «Dp/Dt DT/Dt ¢ Ju ch
DT/Dt, ..., where p and T are static

pressure and temperature J‘)‘J\ uj“‘ B Aoy Ll ST

respectively. % g
- & Lol ,\‘Q | Blaay!
The substantial derivative is @A.; o >

essentially the same as the total ,J»LQJ\ 9 Jx;\.&;ﬂ e e yw\

differential from calculus.

Therefore, the substantial >~ * ST e xS Blazayl ¢ el

derivative is nothing more than a -3 . e
& .w}J\ r\)o-\ & olazad) @A.s‘-
total derivative with respect to

time.

V-V (divergence of velocity ) dc_uull scli o 4l sl wiall 2.3

V-V (divergence of velocity) is ) dels

VV is physically g«gxﬂ‘ et gl ) aVV

the time rate of

change of the ﬂuid) c?\.» $RE 0 (control Volume)

volume of a SUWCSIC U (moving) ;l:,- (element

moving fluid
element, per unit (per control volume) L;«.{z:i\ (p,é-\
volume.

(mass conservation) il ki 2.4
(U 0Ly e Tides 2l baim 0556 3000
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(mass conservation) k) Lo

o LS 0L, Jaae alls 4l Blae oSl oo o1 2l 15T Joes”
Ao Sl S ok

ﬁ#"”’f = oSl pxzll Jols als)l alsll
v

:(control volume) L;&zJ\ (..QJ-\ J=1s ST sbsy) Jdas
d , dp
gﬁﬁﬂ‘”‘ :jiﬁgm-

bl e daz ¥ LS sgus OY

Sl ) s 1) S Ol alls (21) Aolall s

=ﬁpg.dd
A

) Py ffovaa=o0
o

v

................... (2.4)
(integral form) &LelSH 3,90)) (3 A Lai> Wslas 2 (2.4) AW
(2.2 JSCad1) dadt (3l Sy o ke
Sl (2.4) aslall (3 JgV1 ok
Okl 0Ll 26 ) s i

Wiy A Wz Y (4) 5 (3)

s QW W LS g e

Jrao U asles
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

15ygeall U @y S S

J‘J‘p\_ll “dA +”.,0\_/2 -dA, =0
A A

S emd) s U ann A andll OF e
—ij\/l-dA&+IIpV2-dA2 =0
A A
P VA pr VA =0

P IR N /-4

(continuity equation) &, ,| jaiudl dslee 2.4.1

(24) Wl o 2y L 2LSlid) B s (3 AT i Wslae o Bale I a3l
Pzl ot Bl 800 I el oSl 590 e U Wb Led Se
(I as il Ysla) e el . (divergence theorem) dsldl ay ks
D AWl ai bl gl Ll g
elsdl) e an bl LYY 250540 Eosldl jlasl e
cmlin Ol 300t 45450 Lol oda 3T o
Al Lol ez & Aol OVl ol sl (Gekedl s e o

So, in our case the physical & FICGIE o [N L) W 3 ol

principle is: “Mass is
Conserved”. .(“Mass is Conserved”) "ab>sist|

32



(mass conservation) k) Lo

§ﬁ&UV+ﬁﬂv99w=o
J

H (L4900 ]av=0

V (

g o8 g Lo Sl dad cilS13) T S dasd 055 S clsa) Tas

Aglasl LS
£l+\p1=ﬁ S 21 ),
ot

rJJ;_J‘ o e e i
—+—(pu)+—(pv)+—(ow) =d., R o o7 )
at ok . y g b :

&M\Yubjﬁd\d\‘)b-aj zyxuu\;‘}}\dc&}mﬂu @wvuw

(incompressible flow)
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

Divergence Theoreme:

f=1flx,y,z) was 1
razzaoll g f Ulos o8

& . & . o
Vi — i+ =k i
PR ]
cole Z Y o X OBV o8 Py 9y s Py ailbo OLS0 15 Ao @ oS 13 2
P aelud] QL8 - edlgal

dp_ 0P, dp
Vog=—24—1 4 TF .2
2R Ta ]
a8l , szl JolSall 8 szl JolSall el &l b 3
IHV- @)V =[f@dA i B)

¥ A

(energy conservation) @l bis 2.5
2.5 Kl
Jo¥ OglEl e Bl Lod dlsles dazud

@Bp» L}FL‘JM@‘}" ERYENY

) B O Jins 2l o)) Blas oSkl s Bl (ST S
sl Bl e dadldl 5ud) ol Al Jast P e e
oSl sls L 3L 0L Jdes Salls Lo Blas oS
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(energy conservation) aslall i~

2

d v? p° -
g%j;p(e +?+ gz)dV + ff;j;p(e +? + g:)g.dA:f;f(J.ﬁ)dA +P+Q
ot s U e @A) 50l e Ol Y1 sl il 3 OUSYY Ol
A ol L Sl ot s ) B Ol Jaxe Q (oSl

10 (stress) slgxY! emaz (viscosity)

o =-pn

<-

0 v? v? .
—[p(e+—+9g2)]dV + e+—+09z)v-dA=—Qpv-dA+P+
HI- lote+ =+ 2] {ifp( 5+ 9Dv-dA j’i\jp_ A+P+Q

\

2T (e+ﬁ+gz)]dV+ﬁ e+ P s g dAP 4O (28)
8’['0 5 Ap P v-dA=P+Q.......... :

\
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

Azl Solol iy Ulpew sde (Suubos

alisl Jlazil Vg e Selows (2.8) alslandl s JeWl szl Of G wloowd| &,
A4) 5 (3) sVl e

8,0all (sd| alsleoll Jjass 2Uiug

2

<
e N

2.5 Jsdul
il +%+%+ 82V A + py(e; + Pr 22y gz )v, Ay = P+Q
1 e 2

(2.5) szl wslol sl Ol l) @Sl Jaas dlslesy @ilawil

Py VA =pavad: = m

ﬁl{el +ﬂ+i+gzl)+P+Q:n!{€ﬂ+p2 +'|.-'2 +gZﬁJ
2 2 ) 2 2 i
"‘j P ‘.) - el "'32
T o B I £z, +— +L P T - # 2y creeerrenna(2.9)
g P8 2 mg mg & P28 28
0=0 8,1l Jasl ol oS dwwiigll olaghil o S b
=7z, e =e:z S P = N -l | B Y i
Pr=pz:=p waolaasl Vol ped! jlac] o Seag
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(energy conservation) aslall i~

(2.9) alslooll Frusad

) 9

3 v, P y v,
SR N F— = B e (2.10)

.I{'JI]..[';F jg mg J"')? g 25\?

aaic Jioad adlw wilS 13 g dvan  Jios Lpild ausge Péyuall Ol Jls b
(2.10) alsleoll 7eai (2) ¢ (1) pushaoll 0 deic Hi Unan gy pAs > s

2 \"2 b \"-..2
B o= s il e 2.11)

Pg 28 rg  2g

heall cocw + ac | cosow + 290 cioaw = S sl 1]

o

oo slall ga 5 fus sasg o il t_.q:',_‘l::[
18yl slel (sl] Ll

8m sl

151/s som=ll U.._.{_).A.\.L.”_' lama

154mm  éseanll o wgaiVl dad
102mm cdsaell 1slw gVl ke
1000kg\m” reloll aslis

rols Lglholl

azeanll J8lwe aums dc (1)

I5] azeaoll oo d_=, L=l 6,08l (L)
anz i) Vol pdl e

(2.6) Jsal
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

e cablaail Ml ol (2.5) alisdl has alsles (1)

v, . A, =vs Az =V =0.015 nr/s

015
v, = %= 0.81m/ s
2(0.154)°
Fd =&5q= 1184_”!_;.5
Z(0.102)"

Aceanll Bl e @ sl g aswacdl s saed o aasAl s

[2.1”} Al D_LE_.I asllall alslzs {tfﬁ]

gl gl
P P _py vy
t——t g t— ="+ +12,
Prg 2g mg P8 28
2 2
P=mg L2702 70 ()
L ope 2g I

s isim g gl Ulogian (2) g (1) vlalhaoll
P: =Pz = Ps
Pz-py =0

Z:—2z;=8 wulles

I yao ailasi ac,w 1 Ll pdaow (1) adaoadl

vy =0, vz = vy
m alisl ol Jasa

m =p V=1 000(0.015) = 15.0 kg/s
alslzoll Tl g

(1.84)2

+8]=1203W

1.2 kW = a2l 6,.4ll

38



(momentum conservation) & =) 4.5 i~

(momentum conservation) /,a daS bés 2.6
. 2.6 Js2d

v B
Glas 151 (Second Newtonian Law) 3! oiss 0516 e 05l 1is dazewy
&) Blae oSl wmdl s ol 208 (ST Juns 1 oSl (e e
ol S sy g&zﬁs ) o A o) 2aS Ok Jime 2
S e 355 il g sas
%ﬁf (py)aV + 1} py(vdA)= jifffﬁfﬂ-" + ’tf adA

ﬁ _{,m WV + ﬁp\{l dA)= MB&’ + j‘:}cqu (2.12)
!

dsall o B 0l S . 1 g - o cupmell £anmo Sslay O sle=Yl ol e g
bazg pde ausl=ll sed e pL:U xJ|g_'.-f:-3J b Jisd g fuom> dazg ede Quoowell

. E =— JL?‘_[_{JL' d;| dunce>
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

&ilsall clolys/ (@overning equations ) duulwdl oYkl yausb 2.7

wlbs o go

QJJLIAJS.” wlels ol )b.dl U9 (viscousflow) gs\>)”| ULl).m“ odsles 2.7.1

Viscous flow: a flow which

includes  the  dissipative,
transport = phenomena  of
viscosity and thermal

conduction. The additional
transport phenomenon  of
mass diffusion is not included
because we are limiting our
considerations to a
homogenous, non-chemically
reacting gas. Combustion for
example is a flow with a
chemical reaction. If diffusion
were to be included, there
be

continuity equations - the

would additional
species continuity equations
involving mass transport of
chemical species i due to a
concentration gradient in the

species.

Moreover the energy equation
would have an additional
term to account for energy
transport due to the diffusion

of species.

40

(without considering chemical reactions )

s b ean gl ga ) 0L,
4 Bl @ deosdly gl ¢ Ll
Aoy Liad WY Al i a5 sl el
By Al S oMl ) Wl
oo Ol 52 JUU o e Bl Ll
Sl e Y OS] S el
Pl == o) dylexnl S¥slas Sis 0,5
S 5 e gobn ) ayhana ¥ oYsles
BN S b s 1 1L S) 61
Blo) g alll Wsles O G5 e 39dleg
S e Bl B Ol s

R
¢ odel 3yST 5dll laeW) 3 Js V) ma
sl S el ) amla¥l Vsl
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ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

With the above restrictions in
mind, the governing equations
for an unsteady, three-
dimensional, compressible,

viscous flow are:

Continuity equations dyy) pozwy) Y 3les

(Non-conservation form — [Wendt 2009], Eq.2.18)

(il pah JS2)

Dp =
—+pV:V =0
Dt P
(Conservation form — [Wendt 2009], Eq. b ded | lg Al

2.27)

-

op
—+V(p-V)=0
P (p-V)
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

Equation [Wendt 2009], (2.18)
is the continuity equation in
non-conservation form. Note
that:

1) By applying the model
of an infinitesimal fluid
element, we have
obtained Eq. [Wendt
2009], (2.18) directly in

partial differential form.

2) By choosing the model to
be moving with the flow,
we have obtained the
non-conservation form
of the continuity
equation, namely Eq.
[Wendt 2009], (2.18).

Equation [Wendt 2009], (2.27)

is the continuity equation in

conservation form. Note
that:

1) By applying the model
of a finite control volume,
we have obtained Eq.
[Wendt 2009], (2.23)
directly in integral form.
Only after some
manipulation of the
integral form the partial

differential form, namely

42

Asles & Wendt 2009], (2.18) #slald

Lo da>se s!uS PO CEATNE e

e

plite Bl el #3580 golr P e (1
Wendt | .dslll Jo fasd ¢ ral
e S Je 540e 2009], (2.18)
LS

o e gl sl sl b e (2
S e W ad 0L,
Al g ¢yl dslad sb.&

(218) ¢ [2009 Wendt]

Usles &P (227) c[2009 Wendt] sl
kb e Jadsudl JECA R ERAN]

(3 9] (""“’L\ as L ij,c’ Geks P s (1
(2009 Wendt] .@stll e Ul
b e K3 sale (2.23)



ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

Eq. [Wendt 2009], (2.27), ‘[2009 Wen dt] ! @,4-\
is obtained.

2) By choosing the model s Lhax 31.(2.27)

to be fixed in space, we eladl 3 coil) 23g et sb o 2
have obtained the

conservation form of the #slxb J“’J‘ Jg'“ e J*‘-"J

continuity equation, )
i)l ez )
namely Eqgs. [Wendt
2009], (2.13) and (2.27).
Momentum equations & el 4 Y slas

(Non-conservation form -
[Wendt 2009], Egs. 2.36a-c)

x-component: p—=-—+—+—+—+f

y-component: pEt = _@ +E +W +E+ pfy

z-component: p—=-_—+—+— —2 4t
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(Governing Equations of Fluid Dynamics) x51s! Sl 3 amlY) Yl

[Wendt Wendt]
y

2009], <[2009

Fig.2.5:

g, . /(ﬁy%’dy)dxdz = )
Infinites Velocity h & y Jg‘”“j
. 1 components : ¥
ima Ll .

Y il WOy /(”*W”’)W 4425
small, e L ar,

) piydz +— | Lg (rxna—‘idx) dy dz
moving e LN 4 s sy
fluid dz/’/d }_—K\\ ; = :
element. . i 7y dr dz (f“’az”dz> et ) gl
Only the 0 : VI ek W
forces in ’ ]
the X & <lsall
directio .

X o2y

n are
shown.

Total force in the x-direction:
F

X

[Wendt 2009], S.28 Def. of

body forces and surface
forces:
1) Body forces, which act

the

volumetric mass of the

directly on
fluid element. Examples:
gravitational,  electric
and magnetic forces.
Def.: body force on the
fluid element acting in
the

= pf, (dxdydz).

x-direction

44

x o) (3 AVl 5l & F

DYl s 3858l e ne g Hlis

e Sale el G e OB (1
fluid) ol saall daxd) A

i Seall s alzel 5 (element

Ablially 256,68y

G Jies U s2al Ao dpand) 352 1y

-x pf, (dxdydz) .2y



olla>Ye xe 2kl sl ld (governing equations) &l Yl SYalall 25l

2)  Surface forces, which act dﬂw&sﬁw JEE R b olg (2

directly on the surface of the
fluid element. They are due to (%) cpyeas (o o AU ﬁ;.g;ﬁ\l\ g2all

5 &) bra mys ;L
distribution acting on the “’k JA” ksj &y (@)

surface, imposed by the bl 3 cﬁLL\ o ok &, Claml\
outside fluid surrounding the
fluid element, and (b) the ey & () 5 ‘Cﬂm ey o

shear and normal stress g_sL° JMJ L}J\ u.a_EJ\ 5 Ll Lasll

distributions acting on the

surface, also imposed by the C‘UJ o g8 e cp LS CJ““J‘

outside fluid “tugging” or " o "
J&CJ@MJ\ P C;'U\ 9l bl

only two sources: (a) pressure

“pushing” on the surface by

means of friction. A< .
AN b
y y
T,
/, 7 —jF— 1
/ / I T
b / | eaa
|
/ /
/ / |
1 e
X X
a b

[Wendt 2009], Fig.2.6: Illustration of - 2.6 i) [Wendt 2009]

shear and normal stresses

(Conservation form - [Wendt _ [Wendt 2009], Eqs. — i) el
2009], Egs. 2.42a-c) )

2.42a-c))
a_p_l_arxx +aTYX +arzx
ox ox oy o1

0 -
X-component: % +V-(puV) =~ - pf,
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op 6‘ryy 6rzy

-component: a(/’”) V(W) =_P _ o

0
z-component: a(PW) V. (pwV)——% 6(; " ;Z +aarzzz — pf,

Energy equation Bl Uslas
(Non-conservation form — [Wendt 2009], Eq. 2.52)

gwﬁg\w\

pR e+ﬁ :pQ+a(ka o[ o], a(km—j
Dt 2 X\ ox 6y oy ) oz\ ot
_0(up) _o(vp) _o(wp)  Ofur,)
ox oy o ox
o(ur,) o(ur,) olr,) olr,)
+ + +
oy o oX oy
a(VTZy) a(Wz-xz) a(WTYZ) a(WTZZ)

+ + + + bV
o X oy o

(Conservation form — [Wendt 2009], Eq. 2.64) Bamestl ()

;{p[e+v2ﬂ+v.{p(e+v2\7ﬂ
o0, 0T of,or
=pq*ax[kaxj*ay[kayJ

. 6(k6T] _0(up) _a(vp) _o(wp) , auz,,)
oz\ oz OX oy o4 OX
| o(ur,) s o(ur,) . o(vr,) .\ o(vr,,)
oy o X oy
0 0 Lo
N (vz,) N owr,,) s (wz,,) . owr,) LV
0z X oy oz

_I_
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owlels ol bl e (inviscous flow) w3l Al Glowdl wdsles 2.7.2

(without considering chemical reactions)  dubasSI

Here are the viscous terms of the el Loy Vsl ?b.-L'.U\ Jajﬂ La
above equations dropped.

Quulwdl Asleall Wle wlides 2.7.3

Surveying the above governing Jsi O ashains cdpwla¥) YLl Ll 131
equations, several comments and

observations can be made: Lt

1) They are coupled system of 1ol sl s dr g isgaz o (1

non-linear partial differential
equations, and hence are very |d> el o LUy dlos pall 4554
difficult to solve analytically. ~ .

&g\&ﬁ‘ﬁcowé},ww

To date, there is no general

closed-form solution to these N slall ol su‘
equations. i

2) For the momentum and ¥ 3l ¢ Blally &=l 1S Vsl (2
energy equations, the

o ikl 5 abid W IS

difference between the non-

conservation and . CJ"&\ ol 52 g dslell
conservation forms of the

equation is just the lefthand <Ysleed  hi=dl S of L=y (3

side. . .
. éjx oY S e bas (g
3) Note that the conservation

form of the equations contain s ¢ &SIl (3 OMusNI aey fei
terms on the left-hand side

L (o-V . /
which include the divergence Sty Ve(pV), Ve(auV)
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4)

5)

48

of some quantity, such as
V-(p-V), V-(puV), etc. For
this reason, the conservation
the

equations is sometimes called

form of governing

the divergence form.

The normal and stress terms

in these equations are

functions of the velocity
gradients, as given by [Wendt

2009], Egs. (2.43a-f).
The

equations in terms of six
flow-field

,01 pauyvvae' In

system contains five

unknown
variables,
aerodeynamics, it is generally
reasonable to assume the gas
(which

assumes that intermolecular

is a perfect gas
forces are negligible). For a
perfect gas, the equation of
state is p — orT, Where R is
the specific gas constant. This
provides a sixth equation, but
it also introduces a seventh
unknown, namely
temperature, T. A seventh
equation to close the entire
system must be a

thermodynamic relation

- ZTIG RS SV ISV | RN I L

Vsl bimdl (Sl oL
el sy alaY)

RS 3 (or 2l 9 i.p\.a.“ Jajj&«.“

ie ) Ol y s e YIS P Yalell

[Wendt 2009], = Ls)a.u LS ¢

Eqs. (2.43a-f).
G OVoles A o daghill (gud
Byae o Olpae At Olbdbol)
Ol ik
oois Ol Jeiall e ¢ aged) Syl
i ) QWS ea W Lges
(ST Y LS ol o ol of

o Al Al ¢ e 2l

3. PV We

sas) cold) 8 R G b = oRT
eS¢ Al sl L Vs LU
BlA Gy 29 ¢l Jse Lad 2,
akoSTh pladl BYY ALl Ll T

Olprte o Al e 05 Ol .t



ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

6)

dictate the particular solutions to be
obtained
equations.

difference for example between the

boundary

between state variables. For

example, e = e(T,p) For a

gas

(constant specific heats), this

calorically  perfect

relation would be e=c,T
where ¢, is the specific heat at

constant volume.

Historically, the momentum
equations for a viscous flow
are called the Navier-Stokes
equations. However, in
modern CFD literature, “a
Navier-Stokes solution”
simply means a solution of a
viscous flow problem using full
governing equations (including
continuity as well as energy and

momentum).

e=e(Tp) ¢« JW Lo o @
A ol Qe W

o O}gf d)m.e ¢ (JM <l W)

Al

el d Al
Sl 3nS SVsles ey ¢ LED
oS5 bl Vol Sl giadl)
<3Y1 3 « U3 xey . (Navier-Stokes)

22U J= emg ' oadl CFD I
ASel o olg] dbley gy S5
Bl Vbl ey ) 3
Bl e Slab aylasa V) s 3 k)

Ny

(boundary conditions) a_,_)I»_Jl ol 2.7.4

conditions, and

sometimes the initial conditions,

from the

(This

governing

makes the

S cade¥l OV BTy ¢ aylad) VL
o lels Jeadl S mes Vs
Mo Bl ag Lo 1ag) apmle¥) oYalall

Bg=b ol Boing 757 JI ke Ol o
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flow over a Boing 757 or past a wind
mill, although the equations are the
same). For a viscous fluid, the
boundary condition on a surface
assumes no relative velocity
between the surface and the gas
immediately at the surface. This is
called the no-slip condition. If the
surface is  stationary, then
u=v=w=0 at the surface (for a

viscous flow).

For an inviscid fluid, the flow slips
over the surface (there is no friction
to promote its ‘sticking’ to the
surface); hence, at the surface, the
flow must be tangent to the surface.
V-fi=0 at the surface (for a inviscid
is a unit vector
(that
orthogonal) to the surface. The

flow), where A
perpendicular means
boundary conditions elsewhere in
the flow depend on the type of
problem being considered, and
usually pertain to inflow and
outflow boundaries at a finite
distance from the surfaces, or an
condition

‘infinity”  boundary

infinitely far from surface.

50

o Vol Ol e 21 e caalldl -
s Al Gl Sl (s
sl G el Bl Jass ¥ e
o o Lo g L mlacdl o 5500 5l
s pldl 08T L(no-slip) SV pas

SUNPE

u=v=w=07

el

(¥ obb)

) e G 0Ll ¢ i) 0 il
S Tl s il r Al s Y)
Of ot Ol (o) e WLy ¢(peland
ol e V=0 L mlandl d) ol 0
dnie By o2 i e (Y OL)
gl Jo (elaze g 1ag) (o350
Ol o AT ST (3 aylad) oYU
e Ll g @ ASall gy e ey
DB s S0 0Ll seas ke slasy
e ol ¢ mshdl e Bagus wlew e
o sen il Sy & LAY 3 eud)

& oSl A PY L“;J\ iyl YU .CM\



T A O T D R SE BV L W RCH HENU(CSY

(conservation form)

The boundary conditions discussed & skl (3 AL Ayl oYU U
above are physically boundary
conditions in nature. e dead) @Al (3lo) 3B L CFD

In CFD we have an additional Aglad) oY L
concern, namely the proper
numerical implementation of the

boundary conditions.

whistd Kol wle olas Xo :.2.5.5 80 a6 Quulw ] o Xsleall JE2I 2.8
(conservation form)

(conservation form) (sl JSCadl dw ) Vol s ez S 0 ek
RN teATY

[Wendt], Eq. 2.65

o oF oG oH
+—t—t+—=

Sl J
o ox oy oz
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p
ol o
U= o PUW=T,,
o H=pw-z,
p(e+V?12) put+p-1,
pe+V2 2w+ pw—k(’i—T—urZX -Vr, -Wr,
pu o/
pU2+ P-Ty 0
F=jou-7, A,
A Ty J= pf)’

f
p(e+V2/2)u+pu—kg—T—urm—erv—WrXZ P
X

plUt, +Ve, +weh, )+ pg

V-7,
G=1pv'+p-1,
pWV_fyz

pe+V2I2v+ pv—ka—T—Uryx -Vr, -Wr,,

In [Wendt], Eq. 2.65, the column QL@.@\L\ ([Wendt], Eq. 2.65 aslll (3
vectors F, G, and H are called the

flux terms (or flux vectors), and ] Slgzshl owiH 3 G g F @geall
represents a ‘source term’ (which o " i
F $5) " phan ellaas” fi£ T3 sl o

negligible). For an unsteady Y 55 VMJ.-\ T RGN LR K R S

problem, U is called the solution

is zero if body forces are

vector because the elementsin U ( *™ U od ) 2o asel (S%

P, pu, pv, etc.) are the dependent & U(p, pu, pv,...) 3 elall OY JA-\

variables which are usually solved
numerically in steps of time. Ble L= o Olpate Jo deaw &

Please note that, in this formalism, SF 1S P I gt (3 Lsie
it is the elements of U that are )

obtained computationally, i.e.

52



T A O T D R SE BV L W RCH HENU(CSY

(conservation form)

numbers are obtained for the S U ole 0B co LIS oda (3

products  p, pu, pv, pw  and )
p(e+V?/2). Of course, once G Y S bl Ledde Jsatl o2

numbers are kniown for th?se olezial) ks Joad =
dependent  variables  (which ,
indudes p by itself) obtaining P&V /2),  ppt v pw
the primitive variables is simple: e do¥ ABY O i JUT e
A= 3 P e F) Al ol odd

& U Sl e Jsaadd (@13

3.19_:.‘.“.:

pP=p
u=2~4

e
v~

0
w=2W

Yo
e_p(e+V2/2)_u2+v2+W2

Yo 2
OV ¥l ¢ » LS &5 [Wendt et. al. 2009] Eq.(2.65)slll > ¥ O,

O 4 272 b & aerd W oValaal)  Loasd) ISl Wb 13
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TRED

pe+V?/2)

N
UV

D

WY
NEe+V?2I2)+ pv

For the numerical solution of
an unsteady inviscid flow,
once again the solution vector
is U, and the dependent
variables for which numbers
are directly obtained are
products p, pu, pv, pw and
p(e+V?/2). For a steady

inviscid flow,8U /6t =0.

the

solution to such problems

Frequently, numerical

takes the form of ‘marching’

54

pu
pu’ +p

PVU

WU
pu(e+VZ2/2u+ pu

pw

pUW

W

pve+p
w(e+V?212)+ pw

p(uf, +vpt, +wt,)+ g
S oy sl () Olpd) (s3ua) L)
Y anll Sldly U sp ) amae 5
Szl 880 Lls Jsadl oz 5 o5
Oupll . p(+VZ212) 5 p,pu, pv, pw

LU/At=0 gl 5l
odd (saadl b 0L Ol e s
olass J&z Jsted

O (JEl e e c(’marching’)”%;w”
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(conservation form)

techniques; for example, if the

x o) (3 el b e e e padl

o5 [Wendt et. al. 2009], Eq.(2.65) ¢ «

solution is being obtained by

marching in the x-direction,

then [Wendt et. al. 2009],
Eq.(2.65) can be written as

JU ol e Lzl

e

oF oG oH
=J-——+—
oy oz

[Wendt], Eq. 2.66

Here, F becomes the ‘solution
vector’, and the dependent
variables for which numbers
are obtained are p, pu, pv, pw
and p(e+V?/2). From these
dependent variables, it is still
possible to obtain the primitive
variables, although the algebra
is more complex than in the

previously discussed case.

the
equations when written in the
form of [Wendt et. al. 2009],
Eq.(2.65),

variables outside the single

Notice that governing

have no flow
x,y,z, and t derivates. Indeed,
the terms in [Wendt et. al.
2009], Eq. (2.65)

everything buried inside these

have

derivates. The flow equations
in the form of [Wendt et. al.

il Olpad) g "Jol) amne” s F L
O s Jpadl S

Cp(e+V?2[2) 5 P2 PUL PV, pW

Ay Ay

Jsad! Wiy S anldl Slpaad) ods oo
(primitive variables) aJg¥! &lpall Je
SIS s ST ga b 0T e )l e
OF Lo lile caids @) W 3 ale
oo UK 3 Ll e a1 Vol
¢ (2.65) dstll ¢ [Wendt et. al. 2009]
Y ¢ X 3l s Ol Sliie vpld o)
G Lol @B gt ol Z
JS Ll [Wendt et. al. 2009], Eq.(2.65)
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2009], Eq.(2.65) are said to be in
strong conservation form. In
contrast, examine the forms
[Wendt et. al. 2009], Eq.(2.42a,b
and c) and [Wendt et. al. 2009],
Eq.(2.64). These equations have
anumber of x,y and z derivates
expliticly appearing on the
right —hand side. These are the
weak conservation form of the

equations.

The form of the governing
equations giving by Eq. (2.65) is
popular in CFD; let us explain
why. In flow fields involving
shock waves, there are sharp,
discontinuous changes in the
primitive flow-field variables
p,p,u T, etc,, across the shocks.
Many computations of flows
with shocks are designed to
have the shock waves appear
the

computational space as a direct

naturally within
result of the overall flow field
solution, i.e. as a direct result of
the general algorithm, without
any special treatment to take

care of the shocks themselves.

56

[Wendt et. A12009], K&l 3 ol
bl Sl ol 89,00 0SSEq. (2.65)
[Wendt et. JIal aulys ¢ JGll 3 (sqdl
al. 2009], Eq. (2.42a,b and c) [Wendt et.
led oYkl sda Lal. 2009], Eq.(2.64)

ooy A Gz gy o x oliidl e sae
Bl JISEY) o oda, 6V il e

Al (3 dae )
AR P UV PR SR W ICH R PU U LS
Lses ¢CFD (3 Tax By » (2.65)
Joid Ol N 3 el iy
Olpad) Bl 05 Mla dada)l Sl
do¥l 0Ll e Slpae 3 dekeill
p, p, u, :(primitive flow-field variables)
o il e olda)l e (T, L,
taozs & Sldall e 0Ll Sl
Oyab 3 b Sty adall Slorse glad
Ob ) i Jo 0 3500 AmS L)

09> chalall de)lesel) 5 200 wgﬂ cf\&s\
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(conservation form)

Such approaches are called
shock capturing methods. This
is in contrast to the alternate
approach, where shock waves
are explicitly introduced into
the

Rankine-Hugoniot

the flow-field solution,
exact
relations for changes across a
shock are used to relate the
flow immediately ahead of and
behind the shock, and the
governing flow equations are
used to calculate the remainder
of the flow field. This approach
the shock-fitting
method. These two different

is called

approaches are illustrated in
Figs. 2.8 and 2.9. In Fig.2.8, the
computational domain for
calculating the supersonic flow
over the body extends both
upstream and downstream of
the nose. The shock wave is
allowed to form within the
computational domain as a
consequence of the general

flow-field algorithm,

ol o ddl Y ol adle
Ll CIT mgd) Mo ey s
o ¢ b el 2l ga s kelal
Jd & Ll wlrse Fodg o)
sl UM plasanl ox Ol Je
isdell e olpadl Rankine-Hugoniot
5 ¢kl sy 5 el il L) by
L oled pisand dewlo¥) OL,udl Vsl
T8 o Loy 0Ll e e a5
shock-fitting ) el dsla)l  oshud
G bl Gmgd) pde iy . (method
J 2.8 ISah 3.2.9 4 2.8 . Kl
G asel Esd 0L old Ll
mally all clgw d e axf pud) (U
JKed) Ranz » medall Brmge Y e
Olpud) i 2yl B gl L) 3

c(w\
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[Wendt . Free-stream boundary conditions [Wendt
et.al.200 gl —— et.al.2009]
9, = JEeA
Fig.2.8: Ratog B[ T [} >

Mesh it P —— - B = s : 2.8
for the < | ];7/ Body boundar

shock- : ;L// ; congitions - L CG'J
capturi \ L2l
ng

approac

h

without any special shock
relations being introduced. In
this manner, the shock wave is
captured within the domain by
means of the computational
solution of the governing partial
differential equations. Therefore,
Fig. 2.8 is an example of the
shock-capturing method. In
contrast, Fig. 2.9 illustrates the
same flow problem, except that
now the computational domain
is the flow between the shock
and the body. The shock wave is
introduced directly into the

solution as an  explicit
discontinuity, and the standard
shock (the

Rankine-Hugoniot relations) are

oblique relations

used the free stream supersonic

58

3 il ol oe 4] Jss) 09
J3 ol dase LA o ¢ 3g k)l ods
oVsleel gL ) gk e JU
Kl ¢ eldg i) A ado
3 i) bl gl s Jie 2.8
Ol ped) U2 s 2.9 IS ¢ oA
Oliped) g2 OV Gl JU1 0TV ¢ L
sdall dxrge Jlal adly Ledal o
¢ oy plabl nls Sy 3 Sl
odal) Aslill SBYAl jlas pdsinndy

O (Rankine-Hugoniot <o BMal) abil
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(conservation form)

flow ahead of the shock to the
flow computed by the partial

differential equations

the shock.
Therefore, Fig. 2.9 is an example
of the shock-fitting method.
There
disadvantages of both methods.
the  shock-
capturing method is ideal for

downstream of

are advantages and

For  example,

complex flow problems
involving shock waves for which
we do not know either the
location or number of shocks.
Here, the shocks simply form
the
domain as nature would have it.

this

within computational

Moreover, takes place
without requiring any special
treatment of the shock within the
algorithm, and hence simplifies
the

However, a disadvantage of this

computer programming.
approach is that the shocks are

generally smeared over a
number of grid points in the
computational mesh, and hence
the numerically obtained shock
thickness bears no relation what-

so-ever to the actual physical

idolid) oValadl dbuly 0Ll olud
2.9 | ISa ey | sl ol 4L Ak
Lo Sla L2 dadall Cghel Jo Jlie
Jo o G ads e ST s
sV aetall bl ol ¢ Jul
sk & sdaal) oLl STal L)
SO O Y s Slrgs e
claall Kiase La .obdall sus
3 0 LS aledy Jd) s bl
e g ey ¢ 23 e 3pdley danll)
iadall A ol 2o o ) 2 09
iy b QWU g mapld) s
s 3 @l 0B ¢ U5 may L 5geSd)
sde Jo gl boges Slotiall OF 4 gl
T WV PR COVA [ W SOV A R 1
Y eral) cle e bade Jpadl ULy
dall oy MY Ao A B

poi 3 a8 Sl g ¢ el Sl
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shock thickness, and the precise
the shock

discontinuity is uncertain within

location of

a few mesh sizes. In contrast, the

advantage of the shock-fitting

method is
[Wendt
et.al.2009],
Fig.2.9:
Mesh for
the shock- M‘;
fitting oo Moo > 1
approach Initial
data

line

that the shock is always treated

as a discontinuity, and its

location is well-defined
numerically. However, for a
given problem you have to know
in advance approximately where
to put the shock waves, and how
many there are. For complex
flows, this can be a distinct
disadvantage. Therefore, there
are pros and cons associated
with both shock-capturing and

shock-fitting methods, and both
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A ale T an e IS pE Rediall
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PY (shock—ﬁtting)

[Wendt
et.al.2009] :

D29 e

4w Ll del2])

Shack boundary
conditions

Body
boundary
conditions

¢ ixbine BT Lo Lils dadall ey Of
s el Bl e LWl oy Lgaigey
s Wle O O g ame alSCal 2l
5 datall Slrss pog ol L o>
e 05 O K8 ¢ s olibad L Lasds
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(conservation form)

have been employed extensively
in CFD. In fact, a combination of
these two methods is used to

the

approximate location of shocks,

predict formation and
and then these shocks are fit with
explicitly in those parts of a flow
field where you know in
advance they occur, and to
employ a  shock-capturing
method for the remainder of the
flow field in order to generate
shocks that you cannot predict in

advance.

Again, what does all of this
discussion have to do with the
the
governing equations as given by
Eq. (2.65)? Simply this. For the
method,

conservation form  of

shock-capturing
experience has shown that the
the

governing equations should be

conservation form  of
used. When the conservation
form is used, the computed flow-
field

smooth and stable. However,

results are generally
when the non-conservation form
is used for a shock-capturing

solution, the computed flow-

Ot s Y) pdsialy ¢ (shock-fitting) &l
w2 @l @ LCFD (3 auly dla e
5?“"‘“ uﬁﬁajﬁ“ oole Nl e ¢\A.>'=:M\
i & s obadall o il Sl (Sas
ooell @ e ey Slkall ola ol
¢ o Bl lale Om e 0L i
o i Uil bladl g b alusualy
V&) obtall iy ol e Ol Jas
OF g L i IS g 3L ¢ (52T 5,
Vsbell sl JSa) xe fads

9(2.65) skl coum  ow alY)

By ¢ dada)) bl Ol abla lda
gised) sl gl aadl sl
oWslal Lol
05S Lges i) SN pisry
&9 Ry ek 5 o Gl i)

&&&p(\m\ﬁum‘ws

Ledis ¢ 4l )
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field results wusually exhibit Jad L Ggw\ ¢ dadeall Ll Jold

unsatisfactory spatial
oscillations (wiggles) upstream 2 oLl B bl Ak Oyl

and downstream of the shock Bkl Ty ol o) Sn (izsike) 500
wave, the shocks may appear in
the wrong location and the J4ly Uadl b @ oledall gl i

solution may even become L
unstable. In contrast, for the ° J"w'\ G A e Lol e

shock-fitting method, o Lossles ¢ il dalall o j,LfJ
satisfactory results are usually

obtained for either form of the (» JQ& 95‘51 Ao s Cu J—" J}«G«L\
equations-conservation or non-

il e of Abbisdl OV alall JIKaT

conservation.

Why is the use of the conservation form of the equations so important for
the shock-capturing method? The answer can be see by considering the
flow across a normal shock wave, as illustrated in Fig. 2.10. Consider the
density distribution across the shock, as sketched in Fig. 2.10(a). Clearly,
there is a discontinuous increase in p across the shock. If the non-
conservation from of the governing equations were used to calculate this
flow, where the primary dependent variables are the primitive variables
such as p and p, then the equations would see a large discontinuity in the
dependent variable p. This in turn would compound the numerical errors
associated with the calculation of p. On the other hand, recall the

continuity equation for a normal shock wave (see Refs.[1,3]):
Pl = p,U, (2.67)

From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as

illustrated in Fig. 2.10(b). The conservation form of the governing

equations uses the product pu as a dependent variable, and hence the

conservation form of the equations see no discontinuity in this dependent

variable across the shock wave. In turn, the numerical accuracy and
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(conservation form)

stability of the solution should be greatly enhanced. To reinforce this
discussion, consider the momentum equation across a normal shock wave
[1,3]:

Py + P = P, + pyu; (2.68)
As show in Fig. 2.10(c), the pressure itself is discontinuous across the
shock ; however, from Eq. (2.68) the flux variable ( p + pu?) is constant

across the shock.
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[Wendt et. al.

2009], Fig.2.10:
Flow
Variation of s
flow properties ! ” 2
through a
normal shock 0 l
wave [
2 =
-
i
b r—
” X
c r—
X
{ ,0+9U2Hl
x
d s

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in
the conservation form given by Eq. (2.65), we clearly see that the quantity (
p + pu?)isone of the dependent variables. Therefore, the conservation form
of the equations would see no discontinuity in this dependent variables
across the shock. Although this example of the flow across a normal shock

wave is somewhat simplistic, it serves to explain why the use of the
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(conservation form)

conservation form of the governing equations are so important for
calculations using the shock-capturing method. Because the conservation
form uses flux variables as the dependent variables, and because the changes
in these flux variables are either zero or small across a shock wave, the
numerical quality of a shock-capturing method will be enhances by the use
of the conservation form in contrast to the non-conservation form, which

uses the primitive variables as dependent variables.

In summary, the previous discussion is one of the primary reasons why CFD
makes a distinction between the two forms of the governing equations-
conservation and non-conservation. And this is why we have gone to great
lengths in this chapter to derive these different forms, and why we should

be aware of the differences between the two forms.
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Gob : (Incompressible Inviscid Flows) di>3) 39 diblasil X culw 3
Source and Vortex Panel ) dol 9ol ¢ gull @l )bgo wle taaino dylus
(Methods
Lo 3.1
sl yd (numerical analysis) (sadal bl Ul sl O aue Jladl s 3
a1 Sk s (inviscid) 25 ¥ 5 (incompressible) dblezil Y (flows)
—d s O dm L 3 _plew &)~ (finite-difference method) >4 3,4 42,
Ontped Blie 81 Jsl L8 (638 21 Gl sy oSy o) o 5 Wn I
.(inviscid) &>5 ¥ ¢ (incompressible) iblxzil ¥
sl wlbie s ddere Bglea Gb sl — Gl sl w230 Ladl e
Gl G ol o cmol 3kl ol . (Source and Vortex Panel Methods) !5
1960 szl das i 5 Sl oas gl A (@ a3l Lede ezl
igler 388 J| 7 (numerical methods) &3ds gl 3b 2 wlbill G b
Aagpe SligensS A g Rz
g i) X g wblosil ¥ b s Guilu dp> 9 jb2s 3.2
) &b (density) BUSS 0L 52 (incompressible flow)  blaail pall 0L,
(o = const.

gsl’M\ 28 Ol 3 54 (m=const.) anb e (fluid element) c‘b R e

JULs s FHESIRN .(streamline) L) L= 3)jlss (3 (incompressible flow)



8dezns &yl 3 b (Incompressible Inviscid Flows) : &3 Yo ablazil ¥ ol

(Source and Vortex Panel Methods) &/} C’J\ lbse Je

V) YV 0¥ 5 (V=const. ) <ub Lyl 58 il siaall 1id (volume) prd
PSS O ki QL) e e il giaed pamd il (SCsy (35,
(3.1) VV =0

v JI Ls NABLA-Operatord das<ks 2Me 48 9 gradJ! s» s.gradient
L shlse 3 e U o ¥ Lol (fluid element) wle sadd) 136 1ds )

134 . (irrotational) EUTH Y . (flow) Oyl 1 QUL& (streamline) —lwsY!

& ol — (potential) Jbs5sS (velocity) a5 s O (S8 cCplped) po ¢ 53

2¢

(3.2) V =Vg
K} 9¢
sodg = Vo= (£ | o= |2
Y %

tdl e (32) 9 (3.1) slas OV Liaa 13)

(Anderson 1991) ;7 sbe il 7)) n 3k 2
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V-Vg=0

4_9\

V=0

(3.3)

i gyl 3y5g2ll OY3lal) U ((Laplace’s equation) Laplace dsles o (3.3)
(mathematical physics) &2l )l &yl Ji & T

i3 Y 4 (incompressible) dblrzl Y (flows) (s O 55 (3.3) Usles oy
.(Laplace’s equation) Laplace dslzg ri-ﬁ (inviscid)

(linear) 4= < (Laplace’s equation) Laplace dslxs o

B Nen (added) »l5 Ol u-<“:~ (3.3) dslal dpgs Jsl> o0 sue ST
2 9 (incompressible flow) Pe2l i Oy e I bl dalds (g 1ds
20

(incompressible, irrotational flow) (3193 ¥ 5 Jblaail & Obud dire oS5
(elementary flows) dwslul (gl o (synthesized) % 0 o

(J‘)U @5‘ (elementary flows) fwlal bl 2y ) & els ol b ‘}wp
.(Laplace’s equation) Laplace 4Js\xe - (satisfy)
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8dezns &yl 3 b (Incompressible Inviscid Flows) : &3 Yo ablazil ¥ ol

(Source and Vortex Panel Methods) &/} @J\ lbse Je

Uniform flow Ll o,
¢=V_X
Source flow el O )
o= % Inr
Vortex flow aslg ) Ol e

In [Wendt et. al. 2009 ] there are two methods described which use these

elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source
Panel Method

¢ Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex Panel
Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings
Below and Above Stall” is described.
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Chapter 4 (Mathematical Properties of Fluid Dynamic [Wendt et. al. 2009],

Equations)

S 4.1

Ll p S e ol Ol (3 caalsaal gl BIb s e Bl Yol
.(integral form) gb\.iﬂ\ JSadl o) (differential form) kol BRI

szl

J pd“l/+#p‘7-as=0
ot JIy § etV Alslelk a8 S

NIl 4.8 Vsl (Partial differential form) c;’;f;‘ (& S

:(Momentum equations)

Du o or, 01, 0,
x-component: p—:——+—+—+—+pfx

Dt & & &

y-component: p—= ——+—+—+—+pfy

DUy &y @
Dw o 07, 07, oOr
2Py

z-component: p——=——+——+—— —=+

Dt a ox oy o
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Dynamic Equations)

b 2.36 a-c Valall Jie a5 aloledl JSaY) o Ko 3 dwla¥) VoLl
O U U (CFD) gl ilsh) wlialis (3 Llusezal 5 legesn ) ISt s
il e Vsl odd > | e (numerical methods) &sdall Gkl .y
@3de - Y k9. Leeds A5 Aol SVsleoll bl ) aslad (o ddles
Al SYoled @alal) 450 )1 aflad) 2elb 2ol Jagt O ©Voleoll e
LY (Chap.2) Wl badll o gl e milll @S Gnla¥l SVl )
(linear) ikbs i by &ud Loy LoV (derivates) wlizal) oYU Rty
(derivates) wliziwll (exponentials) &%l ¢ (products) lwie dxg5 Y L;T
i & 30 (coefficients) Jolall Gy e ,lownds Ll o glat — iy eV
ALl s e evw ¢(dependent variables) dxW) wlpaid) (functions) <Y1s
G U Cplpd JW o e (quasilinear system)  Jos and) plladl Vsl
o3 olizall 01 2.7.2 w3 8355l Vsl ops Lekie 44 (inviscid flows)
LelSy (first order) JsV) ax)l wI> s (highest order derivates) Yl o5l

.(linearly) [WESEWS
U271 o) & 5555l SNl o) Lo a4 (viscid flows) aempll el
Las ¢bs LSy (second order) &) dmyil) w13 & LVl Cal ols olazzll

.(linearly)
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SVslaold Jas as (system) plad jatladl jan opdiw QW1 ol (3 ol 104
s dleall oda (3 . (quasilinear partial differential equations) &4 &Ll
@ BN BN e IS7 g a5 Aloladl Vbl s plgl VY Gl mig sl

.(fluid dynamics) c\jl\ COHIOA

i il Yol o Xsleal| yie 4.2

1] SUS e 39550 QW)
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ik ol Yl Y Db -3

1 1
u_o+—u +7ugo =0

rr r

F 7

Y il Dol —4

U, =u, +u, +u_

:L“;‘B'J'_IIJLH;:JIZJ:LU -5

u, =u_+aou, + pfu

Partial ) 4 ddoslid] oXska) (Classification) Cduai 4.3
(Differential Eq.s
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(4.1a) ala—qubla—u+c1@+d1@:fl
x oy ey
(4.1b) ou ,ou v oV

a2&+b2@+02&+d25:f2

.y 3 x (functions of) J VI daldl Wl & Vo5 u

Vs 0SS 0l phbs 1, 5 a,a,,b,b,,0,C,,d,,d,, T, (coefficients) fslell 4
Vs xyu J

i) oda I o (DLalE] ) Doslas o G Bges . xy steme (3 A () iad
(indeterminant) 5342 & 0sG Vs u (derivates of) J <lizil) Eo (g O1)
.(discontinuous) dxkite 055 &, Layps o (Slaldl o)) bebdl oda Job s
.(characteristic lines) dwailadl bgldl o5 bibidl sda

Quasilineare partielle Differentialgleichungen 2.0rdnung mit zwei unabhingigen
Variablen konnen in drei Typen unterteilt werden: hyperbolisch, parabolisch und
elliptisch. Diese Einteilung basiert auf Eigenschaften von Charakteristiken-Linien,
entlang welcher sich die Informationen iiber die Losung ausbreiten. Jede derartige
Gleichung hat zwei Satze von Charakteristiken . Die verschiedenen Eigenschaften
der Gleichungen konnen verschiedenen Stromungstypen zugeordnet werden. [3],

p-20

:QL“J\,J 9 ¢(continuous) yeies Vg u O o i dailiad-| J’j-"-"l" oda o siall

ou ou .
du :&dx + gdy fu=ulxy) oY
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OX oy
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bshd) Jsbo s (slopes) @LagY) Jonzs (4.5) dslall J> oxy sl 3 3kois LY
xy sbadl 3 bsbdl oda ous & 2 V5 UJ (derivatives) wlaall &l
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c=1byds=bad))

Pk LS (4.5) sl agufg_i,g(:‘y 5
2
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dx dx
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D>0 <513
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“parabolized’ ) ¢ S k) (Navier-Stokes) _wSsiw = 290 Yalall Jo fast
san oo deds ox ol (3 sl ) e J> =& & «(Navier-Stokes equations
S5 =gl SVold (2 e Ly g x el Jsb e Lede (ol olaal)
iak)l oV¥sles UV 635 LW (Reynolds numbers) Jsx, 314sY (Navier-Stokes)
a b dab)l oda Ju g, > & (boundary layer equations) ;44!

45 IS @ S akadl ol 25 (boundary layer equations)
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Sl Sty e s a8 Alolid) Vsl e dkdl SLosU el S50

(elliptic equations) 2 8LJ| gloall w¥sleall 4.4.3

G S e 25 xy Gyl 3 P bkl dis loglall il sdadl) o Yoleal
bz I 6 ) 46 KN 3 5y502)l 0da ety (domain) Jlmel) 5N
(rectangular) S2d)

14,6 S

.(two dimensions)

O (@il sl Vsleold Labed 2L spad) bs Ld Ll Glae ga JUE1 L
90t Lo Sl Pakadl e 4 Loyl 5 (J8) 3 bl 7 Lo 5 Pl
JH U] pe axly OT @ P oakeadl e 1) pl) g 0D Labed U3k (boundary)
4Ll Joldl (“marching’) " o ksl 8 OsSG la LJLE bls St

2SS il g 1 b)) o Ysland)
((subsonic) sl 2o 095 e s sl ((steady) culdl Ll allll Sl 3
MW Ol oz Ll s a3l aladl) ¥l 3l 5o (inviscid) o) V)
$3tws (Mach number) #ls sas Uk a2z 1) (incompressible) Plrail

boundary ) iylddl bg i)l ki st copbedl e glgN1 odd AN
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(Fluid @l lealys ©Yolel (Mathematical Properties) &sbll <lis g2l

Dynamic Equations)

JS" 3 (flow-field) Ol pdl Odes > 5 «Obudl Sl Lo 250340 (conditions
Lis | 0Y ((simultaneously) cdgl i (3 ads Jﬁaj‘- Ol g 0Ll (3 L)
Lyid) 3des O ot 46 i) o o YN BLE) S I Lo 55 dms bk
&Sk (boundary conditions) &yl bzl eds eSS abed Jlad) s aludd
Jsb e v 5 u (dependent variables) i) ol padll 1,04 3l JIKaY) dsb o)

.(Dirichlet condition) ckiyps byb end dpladl b i) e gl s IRES

Ul Oy v o u il Ol azald (derivatives) w\izil) (specification) LA<

Condition) Olags b o aylud) by 2l o th\ s lud) Jb P

.(Neumann
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Sl Sl e 5 54 Alolidl S¥slall e ikl Sluss plell S,L)

ol yoey 4.4.4

a5 aloladl SYaldl aad gl IS o (Il vgr 09K Bl M oda
s, (parabolic) + 3L s, «(hyperbolic) L3 —— C\y'“ﬁ\ o ki) (PDE)
bl sl S il 1A (elliptic) el

Well-Posed Problems / yo JKiy Slall 2,b 4.4.5

J= Al Jesdl Ol am (3 Jed) e sn a5 aloladl Vsl )
25 o By (boundary) Al (initial conditions) idel bgysd Jlarzls
Ut s 2 L (g50) 3851 1 1 8sle (085 SR b e S il
B g sopmse A Aol Abld ) OST 1 L LS e iy dg s
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Fluid 23s4 Sl @Yslel (Mathematical Properties) ol JI <ol s
c p

Dynamic Equations)

ASall QWL eVl aluds byadl e jhazal dazs 4 OST131 5 (unique)

e Sy g lae 0S5
g0l 4.4.6

sl Sl o S 3lss Lga L5 1285) 5 Alolidl oVolal) L e, 1]
2005 Lo ¢ jlasd N

[2] [Wendt et. al. 2009], Chapter 4 (Mathematical Properties of Fluid

Dynamic Equations)

[3] Ferzinger, Peric, "Numerische Stromungsmechanik”, Springer-Verlag
Berlin Heidelberg 2008
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(Discretization of PDES) du 52l dlslull odslea 506 5
o 355 b Ogeal) (laes

Chapter 5 (Discretization of Partitial Differential [Wendt et. al. 2009],

Equations)
S0 5.1
Oy ujzu (PDEs) 454 Lol Yslel (Analytical solutions) a4 J sl
Ji# e (dependent variables) an\d) ol pazall lpeadl Jaxs gl (SCa)) sise
iadall Jsldl (o3 we &)lis . (continuously) eies [Si: (domain)
& (discrete points) dkain bls s of Of xbrs (numerical solutions)

(grid points) &l bl ewd 5 (Jais 1)

b 51 K X
AU CORA e
.‘-',f‘i l.)"" f."‘].j‘“
Ay
TR O Ty
M - L |
i-1g-1 lig- li+1,0-1

Xy seld (3 ki 88 e s 5p & BT JSaD 3 QU L e
Idag ¢ Ax Lgedds sz\j «(uniform) J>%s ¢ x ol£) (3 el bl aels of o2

SN 3 o 5 LS < Ay o 2l <(uaniform) e Ll pay o1 3 sl



(Discretization of PDEs) a3 dloladl Vsl 5 45
o skl AW 0B (S aay Lopilir OUSS Ay s AX ple S 5.1
uniform ) dse dely 2N Lo ande Jd Lo o5 CFD wliykd)
A Al by (b a2 oSas U Ly 1is OY o) ST 3 (spacing

STaaEs b3le s amg (ysmlb

¢ (physical xy space) Sudl xy sladl 3 Suas OF g ¥ dgll deldl Lia
numerical ) &)l Sbladl 45 « CFD (3 0LV oo 8 (3 JUH 42 LS
Al g &) J5dl (computational space) 3lwd! sLadll (3 (calculations
transformed independent ) &y alizd) el 3 (uniform spacing) 4>se
& (non-uniform spacing) 4>} & dell & Bl o) Ny ¢ (variables
deldl pra W) adl) s 3 (Jl- T @3 .(physical plane) Sl soradd
Bglais 8)9,2L o oSy ¢(coordinate system) Sy alladl ol [S7 (3 dsll
Colgdll e Ay s Ax dsme @l (oY) ST (equal spacing) sl
8355 L 3lgldd 28 o Ax g Ay LSS OF (55,201 pa e 1ds (S5 ¢(constants)
ox o) (3 aag 1 (index) ek Wy 3ad bl wad oz 51 S )
ibid (index) 280 38 (1j) OS13 (JWby .y o4l (3 e sl j (index) e
Les e alaid) ol o(i+1, ) BL i P o Jo 2kl ¢ 51 Sl 3 P

FA5+1) o 8ske
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

JWby « CFD & mwly SUai e (finite differences) 339421 3 dl) day b piserns
finite ) 5394 Boall adladl LA e Lad) Lis (loes gERerd e
.(differences

partial ) 453 wlaall Jlazel ea (finite differences) 3948t 39,40 danls
governing equations ) a1kl SIS Gl Vsl (3 gl 2l (derivatives
«(algebraic difference quotients) &t leguioll 3 J; & .(of fluid dynamics
> S & (system of algebraic equations) ! Vslakl o allai ey
L) 0Ll (3 o) sl e inall L (3 (flow-field) Ol md! Ji> ol il
k) Sl 33 o Jam s Sl OV x5 Bses (5.1 IS0 (3 mdge 5o
(discretize) j,ad pdswins S e S i (algebraic difference quotients)
.(PDE) a5 aloladl ¥l

Elementary Finite ) qul/ dgaso §i8/ Ologuio Jlisl 5.2
(Difference Quotients

ol e (derivatives) <lixield (Finite difference) 8394 G dl |l psdy
b i 13 (JBY Jew e .(Taylor’s series expansions) LG dlule olaws
(velocity) s, 131 (i, §) 4o 3 (velocity) &l x (component) 0sSs e
AL Al Sl e aal ) UL s fas OF S i+ 1, §) ekl 3 uim,j

QW sl e ((, j) i) Jg> (Taylor’s series expansions)
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

. - Ju et APu\ (4x)? . Pu\ (Ux)3 5.1)
g1 =i+ — | Ax+]|- Y e -
T ok i ox2 ) 2 ox* ) 6

D13 Ui o 385 e Lol & (5.1) wslall
S L 5 ((infinite) WY & (terms) &sb) SLLYN e sas (1
«(converges)

Ax— 03] 5 (o
Y osae Jss) Sl pE e «(numerical computations) &s4s)l oblusl
i gbis 0S5 (5.1) Wslall (U L(5.1) Wslll 3 (terms) UL o 4 o
order of ) a1 Aad Al )l 21 LY Jald o 13 WJW L e (truncated)

: 4l 2 (5.1) Aslall ((higher order) Y s 5 (Ax)3 (magnitude

2 2
Ui A Ui +[@j Ax+(a—uj (AL) ................................... (5.2)
| | Ox By i,

ox’? 2
&3y (second-order accuracy) Bl o0 W A5 3 2 (5.2) Aol Of 5B
Led 13 ST 6 eV 5 (Ax)® (terms of order) —ui il 2 ol oy

Wolall o ot | quf)!\ 5 (Ax)? (terms of order) «wll L;sb\s)\ bl ey

«(5.1)
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

A
(e

ou

g U+ — | dx (
ety = g (c‘i.\')i.j 1

LAl ((5.3) 5 (5.2) ¥l 3 Bl e JoV) il e g2 (5.3) Wbl Co

k¢ & (truncation error) g LY Lx J SV CaAl ol awsl )l LY

(truncation error) CUaJEY\ Uas L) Jer ke (finite series) 859451 alll

192 (5.2) Wsleadd
= (o"u) (Ax)
;(ax” lj n!

7 (truncation error) glas¥l las i Sy

dslall o) «(Taylor's series) LG aluke 3 (terms) &l ) LY o all & (1
uin,j Jo & (accuracy) B (Ssies ¢85 1) 525 148 .(5.1)

Ax g j2dE (@

(Qu/dx )ij J Wdd 5 ¢(5.1) aslall ) 5905 Lges

(ﬂu) | Uig1 Ui (32;{) Ax (63.;;) Ax?
ox i B Ax dx2 i 2 ox3 i 6

Truncation error
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

. Hir1i— Uis
(ﬂ) = W TR L o) (5.4)
0x i Ax

formal mathematical ) ‘_;@\ 2 cpedl s O(AX) 54 «(5.4) Aol 3

J 4l (of-order-of) il I3 (terms) &2l 394> ¢ sl (notation

1) 4kl (3 Qu/dx) Gl oY oYL A39 3 5)le » (5.4) Wslall L Ax
RSIRESERCAEN(H)

(first order forward difference expression for the derivative (du/dx) at grid point (i, j).)
Blaled) ' a5 Lo (sl ) ((5.3) Aslall e s ST a5 s (5.4) dslal)
tuﬁﬁ\ s > 55 (54) sl & ¢ "(approximately equal) Ly
O 9d I8 o e Ky e % (truncation error)

a3 ¢ty J (Taylor's series expansion) kG alalw x5 S OV Lses

Ui g&

Su Fu\ (=dx)?
i1 = U+ — _J )+
1 1._] '“1;] ((’j\ )LJ ( X ) ((-}‘2 )I-J 2

((’i%{) (—4x)
+ —_ +...
ij

ax3 ). 6

or,

ot y SPu\ (Ax)?
._ = '--_ —_ /,_-+
Ui—1j = Uij Ox i ! Ox2 i 2

-3 Avy3
(r.) .tr) (4x) e (5.5)
L

o3 6
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

J We s ¢ (Qu/ox)ij J Jelod)

(7_1 Ax

2, Uii— Uil _
(‘ “) i M NS YOTS) (5.6)
i

ol (1, ) A dbadl 3 Qu/dx) Griell Y1 olENL 4345 5)le (5.6) Uslall
il Br)
( first order rearward difference expression for the derivative (du/0x) at grid point (i, j).)

. (5.1)  (5.5) aslal (subtract) o OV Lges

) Pu\ (4x)
Uit1,j— Ui-1j :2(2) L‘I.l‘—f—({.—f;) [ :) R (5.7)
0x ij dx i o
e et 9 (Qu/dx)i J (5.7) Aol <4
du Uis1j— Ui—1j 2
—| =—F Ax)* 5.
(ax )Lj oy ToUw (5-8)

dryd D13 (1, ) RSGEd! A G Qudx) Gl 450 d3g 3 85l (5.8) Wl

.(second order central difference for the derivative (du/0x) at grid point (i, j).) 46

VJT ;.U (62u/aX2)1] L}L;’.S\ L“;JJL\ M AJJ\SE\ s :‘gj«.;-\ SJL.;J\ L;_o J, Pr.
sl ope L}b (5.8) 4slll (3 (order-of magnitude) V""L\ clm s of

@ R ﬂ [,_15-)2 Y 59,7
ox i 24x ax3 i 6
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

e et (5.1) & (5.9) dslall Jlasal

uistj— i1y [(Pu) (dx)?
PR i B N R AN P/
My = 1 [ 2 ({m )J 6 ‘
N *u (A.x'}2+ Fu\ (x)?
ax? i 2 ax3 i 6
d*u\ (dx)?
+|— ST (5.10)
(6.\41‘] 24

e et (@uaxd); J dwdl (5.10) Aol |~

(r.’)zu) Uivj— i+ Uiy j
ij

- +O0(Ax)?

> (5.1D)
(Ax)*

0x2

W0 drys 0 S W1 Bl Bl a (5.11) Wl

ibs (3 (02u/ox?) (derivative) xiwdd (second-order central second difference)
ke Lt y oo wliziad) (Difference expressions) Gs,all wlss (i, j) 3zl

(9 X Slizial 1Ll oV slead) Ll alite C;LJ\ 3 Lz gy bl iy

du Hijr1 — Ui o
— | ==Y 0uy) Forward difference
oy J; Ay

- J .
ou Ui j— Uij-1 oy
—] ==/ +0y) Rearward difference
av /.. Ay '

Vi :
du Hij+1 — Ujj-1 2 .
=) = ¥ +O(dy)* Central difference
f.'_‘r'~ IJ 2—h

5 .
0u Ui jo1 = 208§ + U ? .
—| = J J,, LA O(Ay)* Central second difference
v i (dy)-
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(Elementary Finite Difference Quotients) &4z 85942 3 &) leguin Blax)

=kl (central second difference) 3 (5S4 3,40 OF LoD O aleza™ yell o
(forward difference) L";LJ B S 0jpncds S& (5.11) Wslall 3yl o JUWll o e
(rearward differences) sl)sl) 3,4l 3529 xs ¢ (first derivatives) Ja¥ Szl

(L €O ol Jegitld Lbolanl 15) (first derivatives)é;@\ olanid) (3 dedsed

du du
(Ejgu) B [ i (r_‘?u)] N (a)nl,j _(a)i.j
ox2 i dx\ox i Ax
Pu\ [(fﬂ+1,j _“i.j)_ (”i.j — Ui-1 )] b
ox? i N Ax Ax Ax

¥ /
O u\ i = 2uij+ Ui
ox? i (4x)?

(5.12)

s .(5.11) Wslall Jzs (difference quotient) 3,4 ol i & (5.12) doles
(finite difference quotient) >34t a1 ol ds vy Al aaudidl i pldsezl
e Sl Je () ded 3 (@u/dxdy) (mixed derivative) dlakusl) olizial)

Ju J:.M

Fu_ 9 (o (5.13)
dxdy  ox\dy

DUl s ¢ ey ¢ yd oliniell (5 3, xd il (ST ((5.13) Wl 2

. (Central differences) a4 3,31 1S (3 Ll v
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

Fu 0 ({m) (%;)Hl,j_(%)i—l.j

axdy  dx\ oy 2x

7’u N [(“;+1,j+1 — Uiyl -1 )(Hi—1,j+1 — i1 j-1 )] e
dxdy 24y 24y 24x
’u 1

; A ———— (Ui jo1 T U1j1 — Uis Lj—1 — Uiz j+1)
axdy  ddxdy T "J e T

or

u ) I
. = (Uirg ja1 + i1 jo1 = Uil j—1 = Uizl j+1)
(d.\'d_\' ij 4dxdy (5.14)

+O[(4x)*.(4y)*]

sl (derivatives) wlizieal) (6 5V a2 Godl o L) e Jsad) - Ssy
ainldl .25 s (higher-order derivates) s¥) Cil wld wlazall e Sl
«(difference quotients) 3l Lol JaT o dylald Lade Joid Lpuis &

45 544 Sliall Yo i)

Anderson, D.A., Tannehill, John C. and Pletcher, Richard H., Computational
Fluid Mechanics and Heat Transfer, McGraw-Hill, New York, 1984.

¢(boundary) 554 e g 3L

ONL 04 (differencing) 8,4 -ye g5 & S(boundary) >9d1 e us e
seddl o deln el BBV (o) ad iad sy ol W) L Ol

¢(boundary)
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

y s ke iSal bl 1502 Jﬁ.ﬁJ\

3l e 1 8bA ma 59ad) e i g g (5.2 IS el JUW fe S
294kl 3 2Ay 9 Ay (distance) Blus 33 92 L 5 .39ud) e 055 (grid)

gt e 830 Galb 0udy J s ez OF i OY)

LS” (forward difference) @b%ﬂ Gl oy gnd) cpad

ou s — iy
(8_‘-')1 Ay +O0y) (.15

Jsad! &g u.fcﬁ .(first-order accuracy) .U &359\ oyl e & &éj‘

¢(second-order accuracy) B &) a0l e 2 ) dmd) e

5Y (5.8) Wslll 3 95 LS (central difference) (555 & pai O aax s Y

2 abil) 52 . S il 3 2 ahil 3 aose 58 LS b ol (5 2k by
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

Su s olagde T Liges L) s ((computation) ol wd Gl o

Ladead) ol

Uy =U, OF (o1l S Lo b i3 Jsldb) a i) Blis ¢ CFD e LoY1 LY 3
¥ (oYU e (3 (reflection boundary) w&uﬁﬂ S boadl e ey .
UL s e T S0 0] ads b 329 b (physical sense) @ale sas
(finite difference) 3942 33 Jo sl LSs (a8 (g5 350 lgund) 1 e o
¢(boundary) 3¢\ e (second-order accurate) i3l (3 a5l dm i) -
S B Lol iy (1 Tl gy s
(polynomial) 394} sdazs axs s O - S& u (boundary) 2944 Ol ﬁ

u = a+by+c > (5.16)

d) s 5.2 ISl 3 i) bls S alolal) ol Lad 13)

uir=a

u=a+bAy
+c(Ay)?

us=a+b(2
Ay)+c(2A

yr
1 b J &b (system) pladl 1is (solving) Jos

=3y +4up — u3

b= 5.17
’ 24y ( )
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

:dl b (differentiating) Alolilly ¢(5.16) Aslall I s4e

ou

(evaluation) IS e b+2cy (5.18)
ay
390kl s (5.18) aslall
Ly =0 S (1 1k L)
(‘;_‘\’) = b (5.19)
av )

tbe et (5.19) 5 (5.18) wVslall o el any

- e (5.20)
ady

ou —3uy +4uy —uz
i 24y

Taylor’s series ) ,LU A g 3 s (5.20) Aoleall Bl L5 LY

.1 akidl s> (expansion
ou Fu\ ¥ (Fu) ¥
u=u+|—| v+l —| 5 +H|l—=]| =+ (5.21)
Y 1 (6.“)1. (f‘j}’“)| 2 (5."3)1 6

<! (polynomial expression) 394! siatll adl L(5.16) 9 (5.21) < ¥Yalall 06
AL alde 3 olblbas &M Jf aldsaal ol 58 (5.16) Ualell 3 olis il
gl s @ .0AyP o 2 (516) Wslll (lWby (Taylor’s series)
(5.20) bl et sl WY1 ¢ Ay o sland £ ((5.20) Uslall (3 (derivative)

Lk WS (5.20) Wbkl S5 0T S JWLs O(AY ) § 55 oo
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

~

(f‘?u) _ Dty oo (5.22)

av), 24y
second-order- difference quotient) &> -0 23U &yl I3 3,40l Lol> oa Iday
G s (5.22) 3 (5.15) adslakl OIS st omy IS s ll) 59adl Lo (accurate
A (derivative) sxall o e sy «(one-sided differences) A=y —ilx e
d-lg ol e e g\ il olpag 2y cﬂzm b s ki (¢ (function)
one-sided ) J=lg il e Jjé o Sl Jai—w ‘_,it il oda e Lo
dl 43lo) bls alasanl by (accuracy) B o ol Jeb (differences

394dl - (one side) 41y ol

(Finite-Difference Equations) Jgxa// 4,4/l ©Xslea) Guulul iile> 5.3
sl 98 CFDJ) ¢ (finite-difference) 83942 3,40 @b o Jol> o s
wlaall Ju 5.2 e 3 corpanl &) (difference quotients) 43,41 wols gl
& =zl (governing flow equations) &l LIS dw W Vsl (3 454
(system of algebraic difference equations) 4> 433 Vslas o deghis

(grid) 3zl o0 4k |S7 3 (dependent variables) sl ol pazel

.(a difference equation) i3 Wbk awluVI Coled) zm pydiw (ol s 3

dependent ) G el sy Ol e Losdy o AWl a3 gad)l dolal) el

.t 9x oy (function) s 05, s (variable
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(Finite-Difference Equations) 3945 3 ,4)l co¥slal dnlal Cole

du 3 9*u
ot a2

(5.23)

8 Bn Hlin ud Wiladle e s M oda (3 ¢ enld Sgd Aol aslald odn Lt
Mdss S (flow equations) Oldl ©¥sles me faled) b o e Jpad
(parabolic) 3L cedll g5 e 2 (5.23) Aol
ALY ) Bl (5.23) Wbl (3 (time derivative) wdgll rie Jldzal L 13)
Jai g5 OV me (spatial derivative) (}LQU suiws ((forward difference)
AW dedl )
wl = 2ul +

i i i+1 i—1
= (5.24)
At (4x)?

finite-) &kelS” 3542 &40l Aslal (truncation error) gl las oo Lo il

¢(difference equation
truncation ) gy o | =2 JSCis 4Ly (5.24) 5. (5.23) Yalal o —
C”“”T (5.10) 9(5.4) =Ykl -» (difference quotients) 3,41 Lol aay M (errors

JETRY

- a2 n+l _ ..n n _ ~,n n
ou  0'u U ul o (= 2ud g )

gt o2 At (Ax)2
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

original partial ) &ko¥) 454 Lol dslal) s (5.25) dbslaad) jludl Lol Lo

(equation | [_(%)? “g +(%)i (,_'I],::_-)}Q 4 } (5.25) differential
EACE] Sl e
ol4 (finite difference expression) 3945 3,dll ol 3Uls J S el
AR Y

A\l (truncation error) g\la3Y) o5 &[] e A3l (3830 wldlaall
. O[At, s» (representation) OLJI |44 (truncation error) CUGJCN\ Ls S
(Ax)]

L) adlolad) sl slus (finite-difference equation) 3948t 34l Aslas |»
Jelalyu L.a.x; i) b sae 13| (original differential equation)
$At — 03 Ax — 0 s

a2l ) cady (truncation error) §UazY| Wos OF > ¢ (5.25) Walall i
ilolad) dslall o B> Cpa5 (difference equation) <MYl Wslas Ll
RN

finite-difference ) s394 G4l Ol ol Ji JW s e 0 Laks
Gwlzs (partial differential equation) 4534 aloledl dslead) (representation

.(consistent)
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(Finite-Difference Equations) 3945 3 4)l co¥slal dnlal Colg

Slaly) Lol r sk & (‘marching) ) J (S8 A5l (5.24) Al >
Vsl ol e de v (marching solutions) sl Jk> O 4.3.2 CE-B—U o

.((parabolic equations) ¢ 3\ ——
(ool o i am 3 x :}Q (dependent variable) G\:J\ ) 2 Lt s
5t BT 55 ((5.24) Wl o249 .&leall (initial conditions) gVl o Lo
Jsad! -Ss il ods o upt say (unknown) Cgms s laib d>ly aze s
Byl Sl e 550e (H+AL) <3 3 (dependent variable) Ul e
dg,all i)l o Sl Lgsle Jsadd o 4l G5 g ot <30 3 (known results)

c,;p\})\ J.(.&JL; s394l 3 dl > e Jle ea s Lujan 9 ujn, up (known values)

(explicit finite-difference solution) JM—LL\
original partial ) ako¥ asd) aloladl doladl ) s olas Jis” LGl
S MY S 3 M o L (5.23) sl Lgzedd & (differential equation
(average properties) Jixl ol=bag o Uf&\ il s (spatial differences)

92 1d8g ((n+1) 9n O
JSadl ey (526) Wbl 3 o) (differencing) SYasN) e ISED) Mg

.(Crank-Nicolson form) sl =il S

+u® =2y oyn ]
i+1 i i i—1

(Ax)?

n+1
i+1

+ u"

u " _
(5.26)

L
=
r2| —
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

terms of ) &g LS pe baib wie J Y unt gl 8 (5.26) Aslall el
e Lo Sy = umi seuni,un 9T n Oyl ikt (3 (the known quantities
M g u s s~ ntl Ol deB 3 s 5 Bgae b LS

3 oS Y (grid) 82 (3 i s 1k Lo (5.26) Aolall o OF Wl 131 ¢ Ll
Ol g (5.26) Aalall (3 (o Yoy cumt J 1 Lo Jgad) 813 0 kil oda
system of ) &pdl Vbl e s I (o35 L Sl bl mon (3 2550 065
el u-<‘* 9 C"“"L u! (unknown) Jsgst! 05 (algebraic equations
implicit finite-difference ) 2945 G all gouz J> e Jlis lda L aly g (3 AW
aod! pdl SN s (large systems) 35S olod > xa &L,J &Y .(solution
ive)l Gl dsle dilisy (simultaneous linear algebraic) 4>ly <3s (3
.(large matrices) 375l bsaall oDl & (implicit methods)

i) (disadvantages) <lldly (advantages) <lelgN) o >se &lﬂ Losd g
o) pdd 2l

(Explicit approach) ) e (1

.(program) &b (setup) sLisy Lawi o :(advantage) itz (1

At 05 O g s Ax J eodlel JW das Lo :(disadvantage) duled) (o
S (3 (stability constraints) Y1 253 o &5 & (limit) 35 o e sl

Iy «(stability) JLazYl Je blsd) 1l alep At 05 O g (oYW

110



(Finite-Difference Equations) 3945 3 4)l co¥slal dnlal Colg

Sbles slxY hsb <3 (computer) SseSd bais ) on O Ss
ot Ol e dime 378 (s Je (calculations)

(Implicit approach)  sesa)! zgd! (2

JWby ¢ At o S SV Al (stability) LaeY! Je Bl (Ss s (1
37 (s Je (calculations) dulwd! olleall fad e ‘_}ET Cdy Olghas alisaul
(computer) el 2 31 [P Sl ol b oo Aims

(program)zsb, sLisY ke ST .ol (0

Byee ale Sy s (massive matrix)ieseall 2siall, CeM Ol & 1ol (=
e ol 2S5 ST ey Sglas S SaneSl By gl e sk 578
((explicit approach)p~a)l med) 2

pldszaly (truncation error) xS T gUas Uasy ¢ 358" At 321 S w1 g i) (3
Olpazal) Cal OlMsl) psad) el anld (implicit methods) aews &b
explicit el medlS” 4ids 05 Y 28 ((independent variable) aliz..l|
.(approach

& (steady state) LAY W= ad Com 3L Lo i > ) Logll S5 &

ogr Cond o (inaccuracy) 3 xd gl AW ddl S L) ded)
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CFD Jskd e aboall 20600 01 (1979 ale Lls~ 11 1969 ole o 5581 IDs
o (ST U 3 U1 4o LS) (marching’) !y e 525 30 e
Asdzandl a (explicit methods) dalyl) G L)

1o bl b gl Sl gl SYNCFD JI i pn iall OB (U5 o
sl (regions of the flow) 384l sblie jax (3 Lpzay oo U 4y 3 (grid points)
small marching ) sl el Skt ) e ipmaSl 581 fais oy oy
skl (steps

(implicit methods) iesa)! 3kl oMel 3,554 (advantage) 5.k ods cilax A3y
13 G Al 3 8 e Olshas plasnal Jo 50 oy YT Ll 210
Lty T2 ©lasled) (3 (implicit methods) el Gl @ols” ) 11b Tus
CFD JI wlighs

ale @i 5.3.1

a5 bl Jagel ddly Lind gl ¢ 53508 G801 ol OF molsll ad
3,4 Lelsz (governing equations) &) Yol (3 (partial derivatives)
odd Jol> o Jsamll 340 2J&5 5 ((algebraic difference quotients) & pd)
oda (I3 mag B2 b e 4k JS7(3 (algebraic equations) &) <Yslal
CLLdl sds o O e LoSls o e gl Y allas 3540
3 Mo 3 (stable) 8iiee > 9 «(accurate) aids O¢Saws (calculations)
inme AS2L (boundary conditions) 394d) by s 0B (23 e 3dkey Loy 2l
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Wbl & (boundary conditions) 3941 by il bl & 3all OB 1Ly ¢ f> 53}

8N e 3 (finite-difference) 394! 34l Lo Yy (33902 305

(Errors and an Analysis of Stability ) ,/éiw Y/ Jl~ig stas] 5.4

At the end of the last section, we stated that no guarantee exists for the

accuracy and stability of a system of finite-difference, equations under all

conditions.

93 Gl pllas Ly B Oledd sy Y ol US3 GeYl abadll w6

byl IS 3 o Yslald

However for linear equations there is a formal way of examining the

accuracy and stability and these ideas at least provide guidance for the

understanding of the behaviour of the more complex non-linear system that

is our governing flow equations.

o SN sday S aneVly Bl jamd ity dlews Sl ibdl oVolad) S,

SVl a odag e SVl ad) p pladl ol g8 O arys ptis BY)

Ob ) dn L)

In this section we introduce some of these ideas, applied to simple linear

equations.

bl bt SYsll o ks g SIS sda e pud o) s 3

The material in this section is patterned somewhat after section 3-6 of the
excellent book on CFD by Dale Anderson, John Tannehill and Richard

Pletcher (Ref. [1]) which should be consulted for more details. Consider a
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partial differential equation, such as for example Eq. (5.23). The numerical

solution of this equation is influenced by two sources of error:

Sl Lkl CFD S0 6-3 vl s L s J) O s (3 515k ol Lady

3lazys (John Tannehill) &6 Os> «(Dale Anderson) Osw, il Lls L3 -y

(385 S Lﬁy PEVIST\R e @J\ ([1] @.—J—U ) ((Richard Pletcher) Lz

@) A1 Slay L (5.28) Wbl JU L e oo g alolid) dsla) juad
Lot jslae o ol L6 o Aslal) odd

Discretization error. The difference between the exact analytical solution .1

of the partial differential equation (for example, Eq. (5.23)) and the exact

(round-off free) solution of the corresponding difference equation (for

.example, Eq. (5.24))

From our previous discussion, the discretization error is simply the

truncation error for the difference equation plus any errors introduced by

the numerical treatment of the boundary conditions.

analytical ) k=3 4 on 341 (Discretization error) il las .1
Jer Je) (partial differential equation) &34 &Loladl dslaad) 3341 (solution
slas me 33lyn s ((round-off free) & 095) 331 |41 ((5.23) Wsladd JU)
((5.24) Wl JW Jw Jle)  (difference equation) &,

g 3| Ues ablew s» (discretization error) jadl s aplll Leadle 3

& sVl 1) 8LoYL (difference equation) 3,41 &slee (truncation error)
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boundary ) 594 bg.i) (numerical treatment) 3]l atlll 3 =5

. (conditions

2 .Round-off error. The numerical error introduced after a repetitive

number of calculations in which the computer is constantly rounding the

numbers to some significant figure.
JAx; (numerical error) ssdall ekl |50 (Round-off error) il Las 2,
it o ) 35S ler (38, S (calculations) dubed! olbea)l e sus
. (significant figure) spadl sle¥) jaey ) lezel 26,31 (rounding)
55 13
partial ) 434 iloldl dsledd  (analytical solution) L";L;l:d\ M =A
(differential equation

(difference equation) &,4)) aslel (exact solution) &34 |+ =D

ialize 85 o Ad> F5meS jlex o (numerical solution) sl |4 =N

(finite accuracy)

i3l

A-D = (Discretization error) j,&dl Ua=

(5.27) N -D =¢ = (Round-off) <&\
S5 of Sk ((5.27) Ll e
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(5.28) N=D+¢
I 3 Lzadld @i (round-off error) cuyidl las 4o & 5T 50
(numerical solution) (s34l |1 . 5Led) "las " dbluy apend g (o)
sl e ULy (difference equation) G4 sles 4SS 01 % N
,(5.24)

n+1 n+1 i1 -1 n n n n n -1
D+ g =D — £ B Dl +e&l 2D} -2+ D&,

— Y (5.29)

By definition, D is the exact solution of the difference equation, hence it

exactly satisfies:
difference ) &,4l dslal (exact solution) 3l |3V 58 D ciyyadl ¢§-4
LU i @) LWLy «(equation

prl_pn o pn o204 D
i Lo il i i—1

5.30
At (Ax)? ( :

Subtracting Eq. (5.30) from (5.29),

/(5.29) (» (5.30) Aslall b

I L

i i i+1
= 5.31
At (Ax)? (-31)

&

From Eq. (5.31), we see that the error ¢ also satisfies the difference

equation.
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difference) &,4)) dslxs Lay 6&4 e (error) L 01 55 (5.31) .dslal) e

. (equation

Stability Analysis - ! dzw¥) S

We now consider aspects of the stability of the difference equation, Eq.

(5.24). If errors ¢, are already present at some stage of the solution of

this equation (as they always are in any real computer solution), then

the solution will be stable if the¢,’s shrink, or at best stay the same,

as the solution progresses from step n to n+1; on the other hand, if the

Cirg grow larger during the progression of the solution from steps n

to n+1, then the solution is unstable.

That is, for a solution to be stable,
340 dsles (3 (aspects of the stability) LVl Coler OV jum 4
sam 3 3gres & sl COlST13) L(5.24) skl (difference equation)
00 ¢ (geenSl i (T 3 Ll o L) aalall o W 1o
5 eV el (3 o alin & slas Y colsT13) (stable) 1 0,5
& <SS (o T At ey (T ) 1 Bslad) e ain M G s
e b 0SG H 06 DL i n Al e B s e 5SS
(unstable)

(stable) ixes 055 o 41 boill (551 2 o

1Nl /e < (5.32)

117



(Discretization of PDEs) 4554 aloladl Vsl 5 &

For Eq. (5.24), let us examine under what conditions Eq. (5.32) holds.
Assume that the distribution of errors along the x-axis is given by a
Fourier series in X, and that the time-wise variation is exponential in t,

ie.

OV 2l (532) Wslall ez bgd (sl cf oy Lses ((5.24) Walaal)

Blans 055 (x-axis) x 492 Jsb Je (distribution of errors) elasYI x5

WYl 36l 4l e liag ¢ x & (Fourier series) awyst s |3 -0
!« t & (exponential) 3 52

e(x.1) = e Z otkmx (5.33)

m

Where km is the wave number and where the exponential factor a is a
complex number. Since the difference equation is linear, when Eq. (5.33)
is substituted into Eq. (5.31) the behaviour of each term of the series is
the same as the series itself. Hence, let us deal with just one term of the

series, and write

exponential ) wiﬂ\ Ml &g (wave number) wl=sll sae o ki Ea
difference ) 3,4 dsles 01 i .(complex number) S+ 34s o2 a (factor
(5,31) Wslall (3 (5.33) Wslal) Jldza oz Loss ((linear) &k » (equation
(series) dhwkedl i 5o (series) alulud! odn oo (term) pelleas JS7 4L
LSy «(series) Al ol o Lads dxly pellavas wa folas Lges o pag 1815

ep(x,1) = eMlekm* (5.34)

Substitute Eq. (5.34) into Eq. (5.31),
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(5.31) Wslall (3 (5.34) .asll) Jlozal

ea(H—Al) (_)ikmx e eikmx Pl E?ikm(x+;1.1') p ().f.-’cm.r + o E?ikm(x—d_x')

= 5.35
At (Ax)? 0.5)

Divide Eq. (5.35) by e eikmx,

. eat gikmx J‘j e (535) slal (DlVlde) M

f‘,:ijt 1 E,fkm;'n' i (,—ikm;!x
A (4x)?
or, y
M=+ _(Axr)E (emdY 4 o=thmdx _9) (5.36)
S (identity) dslee pf-ob/
ik Ax —ikpmAx
e 1 +() m
cos(kyndx) = 5
AW S e (5.36) alslal) als” S
A 24t
M = 1 + ——[cos(kpdx)—1] (5.37)
(Ax)~
(trigonometric identity) (5,5 Lpugiss 5 Aslas S
L | —cos(kpdx
51112[(1’(11]4!.!5)/ 2] = ,)( mA V)
Slall 418 3 renai (5.37) Wslald
o 44t .
P 7 sin®[(ky4x)/2] (5.38)
X)-
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(5.34) dolell s

8!11+1 pAHAD ik x

= — =M (5.39)
L

kil mear (532) 3(538) «(5.39) <V¥sld  w (Combining) aed

8!1+l

1 aAdt

S .
N

é,i

—sin?[(kmd2)/2]| < 1 (5.40)

Equation (5.40) must be satisfied to have a stable solution, as dictated
by Eq. (56.32). In Eq. (5.40) the factor

Al ade W by des > Ll 0 by s IS7(5.40) aslall 355 O 2

Lol ((5.40) .4l 3 .(5.32)

441
| — e sin?[(kndx)/2]| = G

X)-
is called the amplification factor, and is denoted by G. Evaluating the
inequality in Eq. (5.40), namely G <1, we have two possible situations

which must hold simultaneously:
wei .G ol x4l e (amplification factor) weead) Jels e 92
V) e ol Ll (G <1 T (5.40) Aokl (2 (inequality) < glad)

gl ek (3 a9 bt O ot g aless)

(1) 1- (jmz sin?[(kmdx)/2] < 1

Thus
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(4x)

Since At/(Ax)? is always positive, this condition always holds.

Loy ety bl 1 gl Lsls s Ab(AX)? 01 s

44t .,
21— Gl (koo A -
(2) 1 (A1) sin”[(kpmdx)/2] = -1

Thus
44t

(4x)? Sinz[(kmﬂ-")/z] -1<1

For the above condition to hold,

et by il ez

(5.41)

Equation (5.41) gives the stability requirement for the solution of the

difference equation, Eq. (5.24), to be stable.

sl |4 (stability requirement) | iyl ollbwe a5 (5.41) dslal)

s 055 OV 2 ((5.24) Wslll [ (difference equation) &)
.(stable)

Clearly, for a given Ax, the allowed value of At must be small enough
to satisfy Eq. (5.41).

Aslabl B b Bld ASG 6 Spin At Rad 0555 OF gt 8302 Ax =Y (90
.(5.41)

Here is a stunning example of the limitation placed on the marching

variable by stability considerations for explicit finite difference models.
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Le2,8 &) (marching variable) jJ) pite Je 553 C"}J Jade Jlee oa Lia
explicit finite ) a=2lsll s9as| 34l il (stability) )z oljlasl
.(difference models

As long as At/(Ax)? < 1/2, the error will not grow for subsequent
marching steps in t, and the numerical solution will proceed in a stable

manner.
(¢ 4> (marching steps) s skt sory J Lol (At/(Ax)2 < 1/2 Ul
stable )8,dtwe A= (3 Sdmew (numerical solution) (ss4all J49 ¢ t

.(manner

On the other hand, if At/(Ax)?> 1/2, then the error will progressively
become larger, and will eventually cause the numerical marching

solution to ‘blow up” on the computer .

oty ¢ S TLEN ey G Wb T3 cAY(AX2 > 172 13] cs 5T 2l s

‘blow ) =&} (numerical marching solution) ydd (s34 > Gl 4,18 3
S jlex (up’

The above analysis is an example of a general method called the von
Neuman stability method, which is used frequently to study the

stability properties of linear difference equations.
)\J,E.Iw\ 2\.2.3;19 LS“'MJ dele 2\.2.3}19 é.c JL:.A P o))\.:j z)\}ﬂ (ana]ysis) J:l;d\ ()i

Al pasins Lo s séj‘ «(von Neuman stability method) Oless Os



(Errors and an Analysis of Stability ) !V J..L;‘- 9 elos]

linear ) &kt 34l <Vsll (stability properties) iVl ailas
.(difference equations

Another Example: Stability analysis of a hyperbolic equation - J
Akl dslaad) i) L 0 5T

Let us quickly examine the stability characteristics of another simple
equation, this time a hyperbolic equation. Consider the first order wave

equation:
aslel (stability characteristics) &) aflas dul,d, o A Lges
iyl dsles yuz2d . (hyperbolic equation) dwled Aslel 3 11 oday L;J;'-T b

:(first order wave equation) 4= 4 N
q 3/

) o
a2 o (5.42)
or 0x

central ) S &4 & (spatial derivative) L}&.\\ gl Juaas Lses
((5.8) Wslll L)) (difference

: n o _.n
L

ox  24x
first) JoY¥! dom, )l 13 3,4 ¢ (time derivative) <dgl gie Jdaus Usses

(5.43)

el bl o (average value) Jall iad |l o (order difference

T ¢ (i-1) 5(i+1) (grid points)
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|
u(r) = 5(”!‘1“ +ul )

Then L
ntl I, on n
du _ui =g )

— = 5.44
ot At ( )

Ll evzzc (5.42) & (5.44) 5(5.43) Vslal) Jloan

u (5.45)

i T Ax\ 2

n n n n
nel _ M i A (”m _”i—l)

el (differencing) gl e as ¢(5.19) 5(5.18) w¥slakl (p rod
time ) sl srie Lied) Alantows (5.44) slall o ool 35T Alslaldl 3
dle (Peter Lax) SV jw dag ((Lax) SV aib ens &) ((derivative
L) Ko 0¥ Lol o b e Jol O sl wlusl )

(5,45) ekl 3 (Sl e Jldzaly (il s Jsank) em(x, t) = esteitmt (error)
sin C?“‘ M\ J,Lp ,

G = cos(kmAx) —iC sin(kmAx) (5.46)

where C = c.At/Ax . The stability requirement is |e*| < 1,which when
applied to Eq. (5.46) yields

leat] ¢a (stability requirement) D Osllel) b2l C=c. At/AX G

tke bet (5.46) Wslell e ply e <1

C=c—<1 (5.47)
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Js5 dslall ods (Courant number) 41)sS" 34 C ond ¢« (5.47) Wl 3
sl (3 (numerical solution) 34! J41 355 O ol e (At< Ax/c) O)
— 0 bd s (5.47) Wl (U5 e 3dkes (stable) Tt (5.45)
L4585 S bgas o Courant—Friedrichs—Lewy condition) i) — w34
ik dl OVoleal) ol (stability) LawVl jles A1 3LY) (gl o .CPL
Jl b,z (physical) a5l 2831 o0 Lses .(hyperbolic equations)

il &)l oI5 (wave equation) dxshl Aslee yaed .CFL

i o]
0= du

— =Cc— 5.48

gz o (5-45)
edde 055 (4.2 vmfﬂ\ sl) Wslall odd (characteristic lines) &l b sl
o

x=ct (right running)

and
x=—ct (left running)

= 5.3 Sl e (b) 5 (a) A WS (b) 5 5.3(a) Sl 3 ey
(right-running) L CL&,UY\ o25Lad (intersection) s 5SS Ol b o)
ibs S (left-running) \JLW C\L\N\ olas 9 (i-1) el abs o

L(i+1) 3
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M) s Jawr (5.47) Wbl (3 el CFL J) b5 ¢(5.48) Wsledd
Wslal) alalgs aedll At JV ded e Juy Atea 25wl (stability criterion)
(stability criterion) sbladl aki by Atea=Ax/c ¢ .C=1 &> (5.47)
(b) 5 5.3(a) w3 oy LS ((x-axis) x 452! Bsb Atcr bl e b
Dbkl o & .53(a) e 3 e b (case) D 2y ,C <1 01 OV o i
5.3(a) JSa (3 nee o2 LS (Atca <Atcar «(5.47)

3 (3 saerel) i Ak we ) @ de e ¥l d i) il
calculated ) Usde (ot d aaid) e (properties) 2flad O L (t+Atca)
(i-1) (grid) 3l bls aliszal (equation) 3,41 asles s (numerically
(triangle) &) & 5.{» d ikad (numerical domain) s34l Sladl (i +1)
.5.3(a) JiﬁJ\ 3 ek ¢ adce

shaded ) Ml cddd s d kil (analytical domain)  Jul=dl Ju
abaid) e (characteristics) afladl as Fall 53(a) JSKad 3 (triangle
d akid) (numerical domain) (s34l J&1 5.3(a) ISadl (3 of L=y .d
& Al Al prad LGl (3 .(analytical domain) (ke dt ey
e s LS ¢ Ator > Atear ,(5.47) @bl e (13 C> 1 b L 5.3(b) IS

d akeadl il 53(b) [ 3
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2y 53 K 1

physical) WY

- . . e Al fg ————— /4 = s
i34 (significance g et /., /’\\ -

CFL JariJ F ~\_\__

a

OV s (t+Atcs1) <3l (3 83ashl o 3zl abaks & ol &1 5.3(b) JECAINE

G4 Wsles o (calculated numerically) Lsds s d kil 3 joflad

Sladl ¢ (i+1) 9 (i-1) (grid points) &Ks bls plsial (difference equation)

M\ & ek ¢l adc (triangle) il oa d dkadd (numerical domain) (534!

shaded ) Ml cdd) s» d aid) (analytical domain) >zl J1 .5.3(b)

dis (characteristics) _afladl Y o ae Fally. 53(b) IS (3 (triangle

ez ¥ (numerical domain) (sada)l JU1 5.3(b) 1Sadt (3 Of > .4 alaidl

A 28 U (condition) b2l s ldas  (analytical domain) (ke BIEINCY
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Sl il pai OF (K& Ay . (unstable behaviour) jites xé ko

: (CFL condition) CFL JI b, Ju (physical interpretation)
ey 0T 2 (computational domain) gl JI21 ((stability) 1Ay ol o
Yl a5 odel 3,550l ol Lze Yl (analytical domain) Sl Jll S
O el e 0l amy (3 Ll Gl gy «(accuracy) B4 dlew . (stability)
& e s» LS (stable case) sl A et 53 L Kl b iy 0 eyl
(dependence) &~ (analytic domain) Jul>dl Jisl o L= 5.3(a) Sl
el 3 sladle s .5.3(a) S 2 (shaded triangle) Mal) ddll o d 2laidl
Ml el s bladl Je b daae Gl d e (3 efladly ((Chap. 4) 4
(i-1) (numerical grid &s.a)) 820 bls of o> (23 +9-(shaded triangle)
S8 Y O % bk WLy (of dependence) il Jle o 0SS (i+1) spoints)
@l Oldl (5T asb e .d akadl e (properties) efladl e
bl e leghas Jsb d 4k (3 (properties) _e2flasl (numerical calculation)
D) o Letie ol 18 0585 Al odag (i +1) 5 (- 1) (grid points) .2
Bled) Sllaad) O o w20 o WU oda 3 . Atea << Atcadia Spro Atea
i3> x& (results) o G 45 ((stable) 8iies W= (3 (calculations)
domain ) ikl iad Ji2 p swld) (mismatch) el o LU (inaccurate)
(actual numerical data) ddadll &54a)l SGLI &390 (r: 9 ¢ d (of dependence

u,alg- co}’\&i 83)\}3\ azsll ;j‘,b L} d Ls (properties) uﬁ\.qa_;\ u\.w:l— RN
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(unity) 84>y -1 J.ET o Salus 05 OF £ (Courant number) JUH sl of U
A AT COsSS OF g2 w3l iy ad s M (C <1 ((stability) [zl |1 e
- (accuracy) Bl = o Jlx=1S (unity) 34>
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(Grid transformations) &l odg=i 6

Jsxw 6.1
1) pldsaaly caadanll aslsal Jstal) o bl CED cliks |§ il 1)

Vsl it o T Bl 045, ) (uniform, rectangular grid) allaz.l
(X,Y,2,) sbiab 3 Voladl oda Guokes dbolony LiSe 5 2 3 e sazel) (Sl
doms Dlakly 5 o) e sianad) BN Loled by N slell ol L3590k (3 4l
oS Lidd ) STl jan (I3 mey Aty AZ Ay AX P 3uamgs 13 plasal,
38 S (el o slsbl 330 Ol i Wl ol (e w3y 6l ST Lslaa
kbt s (3 bl bz e (FiIg 6.1 & =2l

POl r ) s e SN oy

had oa Lo I3l giadl ol Ll AT (o () 215 3020 bl jamy baios (1)
CLU ods ) Lens 01 S5 &) 331 il

oD M il mb e w5 G A B e g O 5 ¢ LB sue dla (2)
b o JWby () Lad seud g s gn el o OY 23y dr
gl AL Skg moos gl OF

J= 5lgY abe 5 Fig 6.1 (3 albe b aadl of o of LS s

5 Lo Fig. 6.2(2) & atlas gbs o)l sl (s o Jaddl L gl Jls
Lsbsd) ko oS b Jm WS CUIVL o5 ) B g Badazie o 150
Sl Lgnzdlie aiems ASU=390) slaf allss oy L Miag il = 1) 5 &

e b [ bt 32 b OF s degll abddly | Ladl s 3 Y



(Grid transformations) &5aa)l < Vss

il gn 28 o )l ks g Lo FigL 6.2(2). (3 oo g2 WS (i) e
s &) i A Lolemy < Fig. 6.2(a) 3 ool SUd 14

1St ) Sl sladl 3 ded) 802) Lisd on a oLl g Lo gl
sV aely s oy ngig. 0.2(b) 3 .0ek M 5 & o e Aoz
Ll iy F1g. 6.2(b) 3 (e 92 LS llbor) i02) 1) 5 & Com oo

& Aol bl 2z il odn oy baid) 3 ikt 3l Ls L gguld) Ladascd)
2 C b ya bl (JW fow Jo SUpdl Lbosdl Lal onssFig. 6.2(a)
(@led) bl 3 € o b g a bli ae il (Fig. 6.22) sld) Llesd
Lol 4] 2t Sleglall &5 02 ¢ Ailnte AN 5 ailrie AG et (s
o0 Y sl andl (S oVl e an e (U ) B L S5
(X, < dagll Jos 0f ol f 5 X oo Yoty lird) yliasl 15 G nd)
) i) by (1) <) L)

3L (S g Voleoll plall Sl 80 JgY oy 52 ol s e 230l
c@bed) Lol 5 Sdl) s oy

@ apshte ST e i a sl sda 532 Ol sue il g (U3 An

.(grid generation) i slail s CFD Ji2
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Fig. 6.1: Airfoil on a

General Transformation of the Equations
¥
rectangular grid

[—————]
7 e

Fig. 6.2 (a) Physical
plane

a x
(b) Computational ae
plane !

r An
|
g b |

b 3

General Transformation of the Equations 6.2

«(two-dimensional unsteady flow) sl Y SW i 330 s O bl
x, Wil Slpadll we sl Y iz 330 s ¢ (x, y, 1) il Slpadll o

(terms) lollaall o e e 5gas Bl 5 cislie o < (3,2,

St n &) s AL (xy,2) Sl s 3 oldd Lsd poiin
E=E(X Y, 1)

(6.1a)
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(Grid transformations) &5aa)l < Vss

n=n(y,t (6.1b)
T ="1(t) (6.1¢c)

et =T Ko Jo o Lo Sy cdoid € o T 8 codsl ST Jomdl) (3
Jsd) IM a0 OF ot Eq. (6.1¢) 23 oy ¢l t ) (trivial) 86 sy
9,2l (terms) ot jaxy s Yy ((formal) &) 42 bo; (transformation)

L ¢(chain rule of differential calculus) Jolid) Clas o dlall 30el -

Olpad) Az £ L 6= cw e Lz o mon ripts) el oY)
i lped) (3 .(partial differentiation) S G20l (3 (constant) ez
¢ el L Ladll ab el3 & .(subscripts) dkindl SLiloY! bliu) e

LS oMl gl (iSG gng (iSng 2 Mie

5= () (5:)+(5:)(32) .
Similarly,

52(%](2—?)*(51)(21’] (6.3)
Also,

“(56), ()., ()., (3),,
(2), (3.

B BE- s

Or,

(6.5)
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General Transformation of the Equations

A s ST Lt 5%y d Al liziel) mans (6.5) 5 (6.2), (6.3) <Yl
(coefficients of the derivatives) wlixill e ules . To N & J el ©linies
OEJOY OEJOX JE L s (metrics) melil) cowds T 51 & J adly
Jsml oo ke Jsadl - Ss 3y (metric terms) &eliie & o OOy 5 ON/Ox
Eqs. (6.1a, b and . Vsl wdest 13 L Egs. (6.1a, b and ¢) ¥sleal) sl
I3t Lol oS4 ¢ «(closed form analytic expressions) ke Jod JKalsc)
e (transformation) Js=J) OB «l5 mey . lan ISSo (3 (metrics) Wil Jo
Asde Be 3y OV a 8™ (3 » Egs. (6.1a, b, and ¢) <Nkl o)
53942l 3o dl) Lol L o Lganall - S& uelil) UL 0 (39 <24 (numerical)
Sl SYslas Lwys 1314550 ©UMY) ssle — (finite-difference quotients)
Jei5 (viscous flow) ) Oldl o ¥slas OF LS ¢ 251 33801 (3 saaxed)
colinad) odd Jemd) ] axlt Wk (cUds .(second derivatives) 6 wlizidl

Lelats (6.2) Wslall o 55 . L) sl s Lirle Jpuadl S5

(-

Then,
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(Grid transformations) &5aa)l < Vss

Jsad! Sks BEq. (6.60) .aslll 3 C 5 B alauly U o0l ablesl) olanzd)
(chain rule of differential calculus) |folidl Gl o ahldld) 30sl -0 Lgle

:L}L:J\ el e

_ 2 _a(o)
T ooxdE dx\oE

) (B (6.2) dblal) caludidi susB s iz

B [ og a 'Brf)
o= (aef)(ax] (el o
Similarly:
a2 - E el -
dxdny  dx\dn agdn |\ dx s\ dx

53L2ls (Eq. (6.6). 45kl 3 Lgngs (6.8) 9 Eqs. (6.7)Vslekl o C 9 B Jlizeslys

) ey b2l ks (g

¥

) ) ) ) 32

i
() (3) ~2(ae) 7))
+| == +2|—==| =
)\ dx dandé f\ dx )\ dx

do¥l el G e x o ey Lad a5 agd ol b5 (6.9) Wslal)

(6.9)

sl (3 jazad OY) Lses 2k glig Ly as (g & shan Ld Lalslly (sl

g2 cEq (63) Al ey O e L sl A e
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General Transformation of the Equations

>3~ (well) - G)(5)
Then,

5=l
R BIGHRIEGs) e

(]
E F
Using Eq. (6.3).
c_d(d &\ faE & \(m
£ g le)= (a2 ) (e )
and
_dfal AN dE an )
F_ﬁ(a_n)_(a &)(a;)*(a;zna}) (6.12)

QU e fad (6.10) 3 (6.12) 5 Egs. (6.11) Jlazab

()5 )5 e )
(o) (ol 35
Slazzlly (Lol o oy © lan L L) A5 Slinad) e (6.13) 2l
Jsamdl Jodl) OV Lol il plis By (g & alen Lo Alalsilly a5l
Y s X gk L W asd Le
s = ae(35) = 5 = el ) ()5

(as)(aa::;) ( )(asar) ( )(aaa») (gf)(anam] 19

H (' .

(6.13)

Al i Ay ((6.14) bl 3 Ui Je C 3 B (6.8) 5(6.7) Juzs
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(Grid transformations) &5aa)l < Vss

s~ ) ) e 32 53

(6.15)
()53 G35 (FE)
clazally (JoW o 0 ¥ 9 X J Al LW A5 Slizadl Laws (6.15) aslald

£ o) (S g SVslall b (g)9,0 08 L S JE ool Byl oYslal)
Ty m & J dass wliiaasT yt) @ (Ch. 2) 25U 5,280 3 el Jsad
e i 2 SNolally Lol W oz Leis ¢ modgr B dlites lpinaS
28l B pay ey Jle & 3 Lges L g dhb mad Ty 1 (8

S A s LY sl o (Blaa B e g ccold) (el

o f}'o‘i
Laplace’s Equation: —5 =0 (6.16
iplace’s Equation P ('h’ )

Mxy) =N s &xy) =€ o= (M &) A (X, ) o (6.16) sl Jo2
: (6.13) 5 Egs. (6.9) Je slaxeYl

T {2212

+[%](gi€) [au)(h]*[i;)(af)
(e 5 (5]

(5 () (52) -
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General Transformation of the Equations

Rearranging terms, we obtain

)

-2 w 531
HEFJ':; Ax /) dx ay [\ dy

A
ag | ¢
+ — :':L

i qﬂr
a2

=1} (6.17)

sladl @ 4l (Laplace) ALY dslee ¢ (6.17) 4 (6.16) Vsl o)
olall 5522 (1) &) ol clad) (3 WY Wslan 2 55591 5 ¢ (x,y) Sbpd)
(6.1), (6.2), (6.3), (6.5), (6.9), of 4 31 5,09 . Ly ) o Ltddl 7300,
Sl abasdl a3l (S G oVslall fgmd pasans (6.15) 5 (6.13),
CFD ol chans (3 Jsmdl o b1 s ¢ (1, &) ol Bkesidl U] (x, )
Sox dI (Fig. 6.2 & cer 58 WS Joa) Jliedll bl (3 aose 8 805 52 5
ilolidl Sl o¥slas (Fig. 6.2b (3 e 58 b o) gLl 241 (8 5oy
5 dwibnie AG dog S (gled) Laasdl) (3 G —5agd2 04T Wil 354
o 3 3l Ol Wlpaie Olual oz Fig. 6.2b 3 (ne 98 LS cilnze An
& ods Fig 6.2(b) 3 € 52, b b oo (gsuldl Lbsd 3 2K bl
Gy bl b 3 Jupd) bbsdl 3 dxg @) 3l J8 Olpane i
Eqs. U3 oo ol IS20 3 1 IS ga% ) Js=dl 4} bl Fig. 6.2(a)
ale Say ot Vel s alSal > did (JUW dngkyy .6.12, b, and ©
Alaal elae] i B lpo Laydd g U Eqs. (6.1a, b, and ) o¥slll |5

A ela O 1S plusY (3 o2 ¥l an
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(Grid transformations) &5aa)l < Vss

Metrics and Jacobians 6.3

Egs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9), (6.10), (6.11), (6.12), 3
OOy « OGJOX Jro (oSl huiin g2 Gl by sy (6.13), (6.14), (6.15)
6.1a,band ) Jext «Jomdl OST13) . uplill tlewd (23 ) Loy «ON/Oy ON/Ox
ol odd Al (5 e Jgadl Se ol oWl e o(c

Nl ol « (6.12, band c.) (CFD wlibdl o aad 3 23 ang
B35 By il LS bkl (ond Ly coe Sy

EqS (613, JMJ;{T K.S}@.Mu QY?J\U.C—)UU): cd)u.:,,k.ﬂ\y Jodall L} chJj
LS Jpmdl ) s 5 Vb)),

x=x(En,7) (6.18a)

y=y(En) (6.18b)
t=1H1) (6.18¢)

aiel) SV (3 oals may il sl o T 31 & (6183, band c)
OVolal) Lgxens &

Egs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9), (6.10), (6.11),

(6.12), (6.13), (6.14), (6.15)

E3X, Y, S o0 ddr Sliia V) 2 L ON/OY ,08/0X enldll byt

oo oWolll ede (3 Ll by s Cla T e 2y Lalinnd) ol Wslasl,

Al Loy O[Oy « OF/OX Ly 2> & 4 «(6.18a, band ¢) & ol S5

il 2 il e sSae JISYI oda 41 (OY/ON ¢ OE/OX JKaT S el
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Metrics and Jacobians

byes (6.18a, b and ¢) pe S Sl e 5,500 Lede Jsadd S 3
LBl ol fre sty LS Lk

U A 0 X e Jo (3303 (SE Vol (3 (hadl) o) et (3 i)
M &)=y x(n & =x,6.18ab) bl » t(x, ) = U
:yauJJ»L{Mprud\

du  dudx  du oy _
JE  dxdE o oy o€

et sl Wzl Legdl ks of S (6.21) 4(6.20)  obYslal
oulox) (6.21) 5 (6.20) Vsl sl |= . Qu/Oys0u/0x o

L (Cramer ,»\Jfé.x.c\é f\u\?'dmb

au dy
€ o€
du dy
(6.22) ou |an on

ax  |ox dy
aé o¢
dx dy

« Jacobian determinant (3s5\> 4biaaS @lsdsl e o) ot ¢(6.22) alslall
dUb B s
dxy) |og oe

dén) — |dx dy
an on
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(Grid transformations) &5aa)l < Vss

S50 (K6 (6.22) ablall (Ll

ou\[adv\ [ou\[dy ,
)G 2) 623
dE\on ) \on)\oé

r")u_ |

ox  J

.0u/Oy J J>9 « Egs. (6.20) and (6.21) ] 352 Lses OV

dx du
0g 0¢
dx du
du a ﬁ
ay  [ox oy
e o¢
dx dy

ou 1 ( r‘)u) Ox r")u) ( dx
ay  J |\, [E')_E a& )\ om

or,

(6.24)

@ @ i Olpane e Slized) e e 3N EQS. (6.23) and (6.24) J1 )

Ll ) @ Bl e ol d) oliad) G e Ul dad
Egs. (6.2) e LS aiall eNgmidl s s (60.24) 5 (6.23) Vsl
ONJOY « BEJOX p» bl by, 2l e (6.3) 5 Eqps. (6.2) (S (6.3),
¢ OXIOE aw Sl il g2 (6.24) 5 (16.23) suadl oVslll 5 (4
gsSls ssias Jo2i(6.24) 5 Egs. (6.23) of Laf L=, 41 0y/On
Egs. (6.18a, Ko 3 Jox Jsf Wl 0" LIS (WA . Js=d) o Jacobian
¢ OE[Ox Ko 3 Gl e dges Jsadl W5 0 Sk gl 5 (b and ©)

142



Coordinate Stretching

ol ol oo e 5Vslas o padl S ol WS4 gl @3y 1 OX/ON)
J Jacobian s wsiany 1S

o 2 0 d5E 3 Lde Jsadl (S ) a8 alb 5 AL B pes Sy
25 ) il Jeolidl n b [1] ol szt L E) L) (X, Y, 2)
o lid) ma Bt 093 Al Lol b T e ey ) 1as 08l
Coordinate Stretching 6.4

A OYeE e gl B ey By ¢ hadl) s e a3 LY 3
Sy Al ST 5T susly 3 8K dxd s Ly s gl by 7Y
REIEA

Fig. 6.3a, b) 3 cdl gledly Jlpdl Losidl Jo slezeYly (JU o e
Lobe Sy a8 depdl Eom (s mhaw Jo o 305 e Jolas W ol
Fig. ) Supdl ool (3 oy B0 Ll Cile (3 g 92 LS o) 0 O3
VoYl (3 baslas 02 e e (bl O3 @l s Lol Ol (6,32
() o Mom (M5 ey L SLpdll el (3 ey ST S pasias O
T oS of sl e

Bholze L )li el 5 Doglas 3os (51 (3 81y e L) 3SC2) 0685 OF (gt (A
3 Bse 05 me bl 3 8 T Bl e mladl e LSl LIS

s @ aa) Of (5 aaad) 3 Fig 6.3(b) JKadl 3 cnee 38 LS (gl Ll
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(Grid transformations) &5aa)l < Vss

wodzel Wy (blall p dakd s Camdy suge is B o LS (a8 SLsa)

Al (sl s diay OF e 36 Loy LE U5 L Y oldY) 3 I55n0

I G j)

() —
A
i —"

a X U b 3

Fig. 6.3 Example of grid stretching. (a) Physical plane. (b) Computational plane

£=x (6.25a)
n=In(y+1) (6.25b)
2 S

x=& (6.26a)
y=en-1 (6.26b)

AW sl e e Jgadl 0 2 sSal) epl
L}jfb,- Wsdos dd=aS (.MLEJ\ whbdz e Ol o (6.22) .alsll &
J=en ribuly W 550l Jacobian determinant

eSS OF (86 (6.22) Labslall (LWL

A T

(6.27)
Yl S 303.(2.27) sl odd dge & il exaYl Asles (3 by Lges
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Coordinate Stretching

Apw) | dpv) _ o (6.28)
ix E?_‘If‘

Aslall oda . Jlpdll Lbsd) o s e ) ez Wsles & (6.27) sl
Ji <Egs. (6.23) and (6.24) .3 S Bl L S e Jges of L

1

-0 (6.29)

dlpu) (dv\  dpu) [dy ) +]
an an \asl| J

dpv) (dx\  dpv) {dx
on \o& ac \an

1(6.27) aslal) s de SAll il (3 (6.29) Lalslall Jlizal

Hpu)  dpv)
n’ =0 6.30
¢ ac i in ( )

o L Jpadl (S ST el Laosidl (3 &laza ¥l Wslas 2 (6.30) Wslald

t i @y (s (Egs. (6.25a and b) 4wl ) Lall J gl

& - & o: an 0: dn

1
% _1. L_o D_ _ 631
dx v dx dy y+1 (631)

1 QUL (6.28) Wslall meai ((6.3) 5 Egs. (6.2) el &) NV ol pluszaly

d(pu) f]_E +ﬂ[pu) (@ +ﬂ[p1:) ( ﬁ_{_- +f?(,ﬂ‘-!} @ o 632)
aE \dx an \ox) a& \ay] ong \dy

(L = «(6.31) bl (3 eBl (3(6.32) LAl Jlaanl

i 1 dlpv
f(pu}+ ((pl}_o

_ 6.33
aE  (y+1) on (633)

1 (6.33) Wolal) muai Ly+] =e1) ((6.26b) Aslall e
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(Grid transformations) &5aa)l < Vss

? ¥
pu) . 1 dpv) B
aE e dn
or
o d(pu) N d(pv) _0
i3 an

(6.34)

5 Jgadl LAS a4 Led L [S7.(6.30) Libsleel] d2les (6.34) Aslal)
o o e et 2 ) Se S o all o L e oYsll
ool s B 2] e M 35y LSy 9 X Sl e 1S3 s ey ST
iUl Slbsd) mogy Bl sasl e gl Ao e g Sl B
U o i Vs IV e sy sdasll LU (Sal) OTLFigL 6.4, 3 Auledy

.[4] Holst cudsn

X %[sinh((f— X0)Bx) + Al
where
A= Sinh(ﬁx-ﬂ)}
and
0= o[ LEER = DE
T 1@ h— D&

@ ol o By ciblaal) Las¥l adl Co L) Lol 3 wBsll ga &0 o
.EOL}&L&:}\OA&JJ&M
Rondy A Bpdye 4] ary aSGLa) Akl (3 3a3s s ig B o ST 0

QW5 3 (2) 5 dsktt ods oy all p A (1) tonend L SUpd)) Lalasid)
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Boundary-Fitted Coordinate Systems
oS U e Bedsaldl Gl e Jgmdl e Wiy LBkl (Calsy Ll gl)

M e iy ([B] Roberts

Uniform grid

1 1
1 11
HH
1=
Compressed grid

Fig. 6.4 Comparison of uniform and compressed grid

(ﬁ}. +1)- (ﬁ\ - ])e—ctq—]—a];t I-a)
- 2o+ 1)1 +g—u{q—1—a)jtl—m}

where

'}3}-+1-
By=1,

SVl el Laspud &l el e Calidy calusinaU 2L culsdl By s

c=log

Fig. 6.4 3 (e 92 LS sd i OF e S 53,ll &y

Boundary-Fitted Coordinate Systems 6.5
o de s> (Fig. 6.52) 3 o 32 LS el 33 s 5,2 @l OF jaw OV
ol aldonl) Al L sl 10b oozl bax g fg Josg (3Ll e (sslall Ik
Yo (Sect. 6.1) 6.1 waill (3 Wb S5 gl Gl chnlio cond SLpdll Laasidl (3
Ll sgudt de oo IS mans 3 (Fig. 6.5 2) (3 dwomi) 802 pusitin (S5 (o
OB « Bl (3 39adl ods bauall ol & ciius bshas 0555 OF Cianll fg g
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(Grid transformations) &5aa)l < Yss

Lbsdl 3 albi s ) Jes 0f c2 (Fig. 65(a &t bsbdl s
0SS (ys = f (x glewdl L QW) sl e cl5 332 Shy (Fig. 6.5(b ¢l
et Al o S QW Jedl ¢ L (Fig. 6.5(a 3 sl de d-led) o s
1N &) Andl 3 ddare
£=x
nN=yly_s y_s=f()
& s ST e g syl als s 2 spudl e Lo Sl 52 oo L

Fig. 62 (3 reose &2l a2y 5 (Fig. 6.6
G () Jgm ik g WD) gmie ol L (Fig. 6.62) & 3yl o) ol 3 locd
iy all Al Al sl 2 o mid] mbw Jo cul = =l b g
n=n2 iouly Jexy Fig. 6.6a 3 T2 o 25 3l e Gyl 590dl 5 .T1 o

.C_:;;Hcla.w&.cc&\i=

¥
. lener baundury
[ ]
T
b
a
a I b “[anter Line 0 '3

Fig. 6.5 A simple boundary-ftied coordinate system. (a) Physical plane. (b) Computational plane

£ st T2 d ) 55l 5 ablis glly IT sl 55ad) s 3 all bylad

il e boks (Fig. 6.6(a & O L>=Y) .culb =£1 &= 45 ef s o eyl
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Boundary-Fitted Coordinate Systems

5 Al 0" 3SCs) ok oo ey B3gel) Fall e S fre (Ll bl 3315
B e e 5 (Cpad) U Srmall Anlie 33l bolas = 1 0555 0T S ) 1)
Go 'C B 3K s e ety (T A1) 390 o V) ikl Lol

(L 'C e gy e Ve )

Fig. 6.6 (a) Physical plane.

Outer boundary £3 £=tanst=g;
(b} Computaticnal plane

g=const= £,

=

p=const = gy
§=const = g,

f
1
5
i
[nmer boundary b
n .r
L)
5 24,
s b i f [N
| Il_‘.#
; | 5
A 1
r [ C e 7 [
" J |
i
b ¢

s ¢ (Figb.6a) @ el K2 b Of K Ul Jsmdl 52 Lo 1 JIgud)
@ LY (Jlgdh s e B $(Fig6.6(b & WS gledl Lbasdl (3 su>sa

perel) 2505l LAY Bty (T 351 spad) b Ol(Fig.6.6a)

1 dsb Jo Sy2e (x,y)

149



(Grid transformations) &5aa)l < Vss

dal> 5,2 oa T2 OY Lyl @ T2 aom )bl spusll a8l5a) il ¢ Jellg
£ 2 Al sds Lad n asly S bl Je Jlade IS Loy @ dE
1y Job e g enad 2305 LY
2 Jsb Js 8920 (x,y)

(v 3 X 08 (29) Beapdhl Lyl On o gkl e (3 WSCie 25 el Mia
agh alolad) ool > Of Sect. 43.3 (o S50 agudt Jsb s OSG IS7 2
Jsb Jo O IS0 sgadl by s lislss e K20 (elliptic) omduka)
alolid) Aslall o3us (sl Fig. 6.6 (3 Jo=ll o Lyes (U Il 515 5gudd
6.4 .waill 3 mose o LS iy B o 2l o) (S da ey asd
(Laplace) LY @slas o ISCa)l Ao ldaYl SVslall ol s sy . (Sect. 6.4
Dirichlet caki s 39ad) by s L Eos

I'1 Je el =n=n1

2 Je el =n=n2
[25T1US Jo Lad o E=E(x,y)
U 3 ¥ (6.25aand b) <¥sladl .l 4 pois Lo jlze¥) cpe 3 35l OF (bl e
S IS o sy s Blolid) Vo) dblay o s giad) 12 el

(3l Ll e 3y 3u1g) a2yall) yjidmgij (v ax o 19 E L) olgs
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Boundary-Fitted Coordinate Systems

Aomdla Yl S Vslaol) w2 Jomdl) e 69 L gmldb) Jalosidl U] Slppd)l Lalasid) e

(elliptic) amdda ) it sLiasl owd 32 o0 Balal 2l Jo Jlie o ( S2))

Fig. 6.7 Computational nl
plane, illustrating the bound- I
ary conditions and an internal e ——
point I (x. yYknown I
[0 9 Il
,r;i ik”“*” (x, y)calculated  y) f i;;
il here from known |||
|| y solution of |
! R |
p— "
i

ry

Jl or Fig. 66 & bl gty Sl laosd) Jo (S s 35 b Uy
Lbsdl) i n Of (4 ¢ (Fig 6.6b) gled) Losdl (3 dllores 55 oy
o ¥ ol (S8 ekl Vs mad) e 30 Bl e (Fig. 6.6a) (Sl
o 3kt bs 20 T3 danly o 5eell pq ot 1 jaad) Lpan e ASTRM bt
Sl el sgad) bas i T4 dhulsy al) 5oi Ul 1s Loy < pq s Sl
A 8 s 5 q g e o8 a1y p DL (Uil bl 8 s 09
LelS™ Ll oda ¢ gowldl Lalasidl (3 (U5 mag sl o DU s (Fig. 6.62) &
1505l Al ool pe o) Lol (3 302 e Jgadl o a8l (3 LAl
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Fig. 6.9 A detail of the boundary fitted grid (from Ref. [7])
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Fig. 6.8 Boundary fitted grid (from Ref. [7])
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Fig. 6.10 Adapted grid for the rearward-facing step problem (from Corda, Ref. [8])
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7.5.4 Supersonic Viscous Flow over a Rearward-Facing Step With

Hydrogen Injection
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Fig. 7.12 Velocity
distributions on compression
stroke for the
manifold-valve-engine
model. 12 x 12mesh.
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Fig. 7.14 Velocity

distribution on exhaust stroke;

X‘p' =6.99, CA = 600°,
t = 33.3msec = 11560 At.
30x 22 mesh

Fig. 7.15 Rearward facing
step geometry
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Fig. 7.18 Lines of constant Mach number with Hs injection
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7.5.5 Supersonic Viscous Flow over a Base
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Fig. 7.23 Velocity vectors
with injection from the center
of the base
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(Finite volumes) 333t r\qo—iﬂ
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Approx of Surface/Volume Integrals:
Classic symbolic formulas

'.;s‘ : \f.}

» Surface Integrals  F,= L{ 7, d4
- 2D problems (1D surface integrals)
* Midpoint rule (2" order): %= L' f,d4=18,= £S5, +0&") = 1S,
* Trapezoid rule (2" order): £ = [ . f,dd= S,@W(Ayl)

(re t A4S+ 1)
6

+ Simpson’s rule (4™ order): £, = f, d4~5, )

- 3D problems (2D surface integrals)
* Midpoint rule (2" order): FFL fydd=S,f, +0(&* A7)
+ Higher order more complicated to implement in 3D
: - 1
» Volume Integrals: 5.=,s 7. ®=7[ oo

—2D/3D problems, Midpoint rule (2 order): s, =.|‘rs°. dV =5,V rsV

- 2D, bi-quadratic (4™ order, Cartesian): 5. =
279 Numencal Fluid Mechanics PFJL Lecture 18, 19
19

Ax Ay
36} [165, +4s +45, +4s5, +45, +5, +5_+5_+5, ]
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(elements)
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e Element
Discretize the solid =
e ﬂ, Node
A quarter of Mr. Potato Mesh of the 3D solid

) Formulate a set of Usi -
Solve linear linear equations with sing a simple function to

equations displacements at each <$=== approximate the displacements

node as unknowns in each element

Lol LS Y Sy alslall i 4y

A set of simultaneous
Governing L(#)+ f=0 FEM algebraic equations

Equation:

ooty B(@)+€=0  approximate! [K]{u} = {F}
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[Kliwj =i 2 uj= (K] {F} <
Propeg '||I|I- Action

Unknown

Property [K] Behavior {u} Action {F}
Elastic stifiness displacement force
Thermal conductivity temperature heat source
Fluid viscosity velocity body force
Electrostatic dialectri permittivity electnc potentlal charge
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dulan]] gilsall
“CFD)

Jolall Wl Lo e gl of (Finite element method) agudd ol i
I BloYb At adolidl o¥slead) Gy adl Joldb) sy e B a b s dgad)

ERRCEINNRY
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Loy dabazie pf SASE e Aabate 065 OF ok Y Lok 3201 s of Aadtons

Ao [0 skins Slitin o Joladl (S ¢ R
O aaly pps alaine Uas J= OF » gl oball dib o 25U 2l 2l
i) i I e g ¢ R sliad ) em OF it L 1R 23l 05K

.a),,u&Jng;gmﬂ\ww;jinguL\wg&cwa@,@wy

*http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8A %D9%82%D8%A9 %D8
%A7%D9%84%D8%B9%D9%86%D8%A7%D8%B5%D8%B1 %D8%A7%D9%84%D
9%85%D9%86%D8%AA %D9%87%D9%8A %D8%A9%.D8.AA.D8.B7.D8.A8.D9.8A.

D9.82.D8.A7.D8.AA

and [Wendt 2009], Ch. 10.
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variational )
(formulation

Variational formulation = The minimization of an energy integral over the

domain.

Oldr ¢ oS 5 (FEM) dgell olial) i ol JulSS done i oo Adsoill 200
variational ) &Js=ill Gaeall woy Sl g e — ale (Say — Wl SIS

. (formulation

229


http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D8%AD%D8%A7%D8%B3%D9%88%D8%A8
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D8%AD%D8%A7%D8%B3%D9%88%D8%A8

: S;;.\s‘-\ ol

P13 o oo 1 0613) ol BB U] P25 PT Lsf o LsY1 55k
X =ke: 0 =0 Nee cadt JisYl by s gims D dlaze s 6f Jol o baase
(1) W oG x =150

s o Jol o iz 055 (1) 06 1 d lone aed Il o (WSTae Sy
A e s 0Ly P S 05 1 OF (e OF oSGl o Loy () e
(1) ahsladl et e ¥l IS plasiaalg) Gy slad (o dazmy ga9 Jeud
b e Jrai

0(0) = (1) = 0.01 2l ¢ Com

309 d> 3929 seby o

Of Hlasl Sl oy Hy (0, 1) asta Gllas ez b o Ble 2 (0,1) Eutt). o
st abdl aay A1 e (2555 (8l 80 GLaaM ALB) dhms 05T wlsd) ods
L) © 3 & ey s slir Jy2 (5 Hy (0,1) g ol ol 2t e

[ f@pydr,

VB L Ol (g Lasf a3l ada Sy ¢ sl slak
2 £
et Lp L0 ), sy s, el o ol g s il o
Ay J u Al 2 WLy (2) J4 P
P2 & ginll dopall
o 8B P2) e sa 1 OS] il ud G s e plsal el YL SN £ 13

955 0 sl

230


http://ar.wikipedia.org/w/index.php?title=%D8%AD%D8%B3%D8%A8%D8%A7%D9%86_%D8%A7%D9%84%D9%85%D8%AA%D8%AD%D9%88%D9%84%D8%A7%D8%AA&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AD%D8%B3%D8%A8%D8%A7%D9%86_%D8%A7%D9%84%D9%85%D8%AA%D8%AD%D9%88%D9%84%D8%A7%D8%AA&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%81%D8%B6%D8%A7%D8%A1_%D8%B3%D9%88%D8%A8%D9%88%D9%84%D9%8A%D9%81&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%81%D8%B6%D8%A7%D8%A1_%D8%B3%D9%88%D8%A8%D9%88%D9%84%D9%8A%D9%81&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D8%AA%D9%83%D8%A7%D9%85%D9%84_%D8%A8%D8%A7%D9%84%D8%A3%D8%AC%D8%B2%D8%A7%D8%A1
http://ar.wikipedia.org/wiki/%D8%AA%D9%83%D8%A7%D9%85%D9%84_%D8%A8%D8%A7%D9%84%D8%A3%D8%AC%D8%B2%D8%A7%D8%A1
http://ar.wikipedia.org/wiki/%D8%AC%D8%AF%D8%A7%D8%A1_%D8%AF%D8%A7%D8%AE%D9%84%D9%8A
http://ar.wikipedia.org/wiki/%D9%81%D8%B6%D8%A7%D8%A1_%D9%87%D9%84%D8%A8%D8%B1%D8%AA
http://ar.wikipedia.org/wiki/%D8%AC%D8%AF%D8%A7%D8%A1_%D8%AF%D8%A7%D8%AE%D9%84%D9%8A
http://ar.wikipedia.org/w/index.php?title=%D9%81%D8%B6%D8%A7%D8%A1_Lp&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%85%D8%A8%D8%B1%D9%87%D9%86%D8%A9_%D8%AA%D9%85%D8%AB%D9%8A%D9%84_%D8%B1%D8%A7%D9%8A%D8%B3%D8%B2&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%85%D8%A8%D8%B1%D9%87%D9%86%D8%A9_%D8%BA%D8%B1%D9%8A%D9%86&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%85%D8%A8%D8%B1%D9%87%D9%86%D8%A9_%D8%BA%D8%B1%D9%8A%D9%86&action=edit&redlink=1

(Discretization) i)

fﬂf*vds = —fﬂ?u-‘?vds = —¢(u,v),

el U sl @ iy ) ey o 32 V

gl 9.5

(Discretization)

Osll) smseld b o) Ly ally o(cB)5) Bled) Bls i dyaall ol we Hio sl
(Y
A sl o5 2kl Al Jlazal o dgl) joladl 2 b e 2l 5,5

s 1 £
of e € Hy o5 6

Aagie Ldey dxpay

such that U & VQJ&UT(?))

Yuv €V, —qﬁ(u,ﬂ):ffﬂ
Vv € Hy, —qﬁ(u,ﬂ):fﬁ:

231


http://ar.wikipedia.org/w/index.php?title=%D8%AA%D8%AF%D8%B1%D8%AC&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D8%AF%D8%B1%D8%AC&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D8%AC%D8%AF%D8%A7%D8%A1_%D8%AF%D8%A7%D8%AE%D9%84%D9%8A
http://ar.wikipedia.org/wiki/%D8%AC%D8%AF%D8%A7%D8%A1_%D8%AF%D8%A7%D8%AE%D9%84%D9%8A
http://ar.wikipedia.org/w/index.php?title=%D9%85%D9%84%D9%81:Finite_element_method_1D_illustration1.png&filetimestamp=20060318200122

: 8;5.\53\ olall

V) ohld) s aa) dla Hé.w%w;@fgszg}gﬁwﬁvw
) et sl S sliss T e Ve gl ol b 3 S
0=2x0<x1< ... <Xn<Xne1= o0 wd 1 X b (0,1) el AT P13
Sl e V Gl

V={v:[0,1] = R : v is continuous, v|jz, s, ., is linear for
k=0,..,n,and v(0) = v(1) = 0}

Bliza 2l je wly A V @ mlsd) O LoV xns1=1 5 x0=0 G Com
w6 esle 05 aad) 0B U E V0T Lolead) Sal Cagadl Je sl
QSA‘MJXJMMJKMW-*z-;aﬂx=xk,k=1,...,n.¢=ﬂm&fﬁ

el S o3 sxall s plasea)

Sy S st (3 plaie s w0

232


http://ar.wikipedia.org/w/index.php?title=%D9%81%D8%B6%D8%A7%D8%A1_%D8%AC%D8%B2%D8%A6%D9%8A_%D8%AE%D8%B7%D9%8A&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%81%D8%B6%D8%A7%D8%A1_%D8%AC%D8%B2%D8%A6%D9%8A_%D8%AE%D8%B7%D9%8A&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D8%AA%D9%83%D8%A7%D9%85%D9%84_%D8%A8%D8%A7%D9%84%D8%A3%D8%AC%D8%B2%D8%A7%D8%A1
http://ar.wikipedia.org/wiki/%D8%AA%D9%83%D8%A7%D9%85%D9%84_%D8%A8%D8%A7%D9%84%D8%A3%D8%AC%D8%B2%D8%A7%D8%A1
http://ar.wikipedia.org/w/index.php?title=%D9%85%D9%84%D9%81:Piecewise_linear_function2D.svg&filetimestamp=20070718001349

(Discretization) i)

ot IS (3 QL e wlgdl r degat e 3l V0SS OF 2led P2l T
(L 3) (g5ll 3 Q o 15 pr iz otk alize s s Ll e
or ke S e T 005 U eall W (e g sl T bt iy
Sl o e S s ahs 055 i e (s V slad) O o s

sl
Jad) & Cus sy il oy Mg el an 3 Vi IS0 Jo 25850 Vel
Al s ) oo Lo d= () 05K U1 (B) o) dlecad) @51y 351 Jol> S
Gad 93 Jolad plisal el g o3 P2 Vlld 2l IO NP oYl
Glio pST ot Jolal) s Loy o g Lipio ded 53 05SG sllg B> 0 Bk
O V Jad) alaidl) cliab OB ot 554 W5 Ladiey i) (3 o) Lo

233


http://ar.wikipedia.org/wiki/%D8%AA%D8%AB%D9%84%D9%8A%D8%AB
http://ar.wikipedia.org/wiki/%D8%AA%D8%AB%D9%84%D9%8A%D8%AB
http://ar.wikipedia.org/wiki/%D9%85%D8%B6%D9%84%D8%B9
http://ar.wikipedia.org/wiki/%D9%85%D8%B6%D9%84%D8%B9




sl dndaill o8 doxsiiwall ol 10

s et 23l Sl il Bbozed g ¢ Aulll) odin 3 gald) o didall Liadtseza)
(el gt 5 5 S oy 5 et 0L ) o

g3V sl & edsindd 1Y e ALk Gy ool aesdl (3
374) sazes STV Ol dske 31 L2 Y1 05U g LY ods (3 Bzl

UL r 858 e oo OF (S Vg lor 83502 Y ol gzl Lol e e




STty o dad) (3 Bedsxd) L2 )

format ) wlile/ Guwis 710.71
(of files

AT Al by e JUY Ui o Lagarly G Sbgmall e Bl

L OlaasY il glos b g ¢ 5 palipdl & ot Y G il it B3
Wy feolid) odn ST Y daglel) smalall 5 ¢ s taS i) 15 e Wil drall
el Sl ClaasN L Ty

- Jed)

FreeCAD

STEP.caldl

JSU‘\ Elmer

(post processor) <Yl Elas

236



235l oL

es0adlly wlill 10.2

() () Q
©
(3) 3 () )
D-type boder Atype Q-type

Figure 2.2.1: A-, D- and O-type boiler configurations.1.Burner; 2.Steam drum; ud drum
Jogerd Bl Y1 L) Byl s (3 Likazel L3y colulll) (3 835750 3L Be

A2 0San B aelio OF 5 Lo miadl ke

Brickwork

Fire grate

f Feedwater

237



By dx o) (3 dedserll) L2yl

wle @ §ubi 10.3
2eaill

s zalipdl Bl Lazel (FreeCAD ol o ponall 8,21 2358 e A 25
oS e il UL e 3B e bl s OF W s Sy ¢ FreeCAD Ll
Olgd) 315 5 skl o IBY bl s (o dsly aie e Kl m35edl

age MK g L) e 1008 e kil
btrg Jxdllgc FreeCAD gooly i jome U oLl Jo 3,56 olt o Sl Ll

grall pslall ed 59 &% L .Gmsh 9 Netgen, Lex ol e Lpdadl

1G] g asdl b dgry e Gmsh ga Jaid) OF Loy 5 bl ods ISTUgL>
Lrei a2l 39 (3 dinn 358 o 320wy Jo 46,085 FEM 8 K2l 595 ad
A Szl we &

o5 Y1 ey YO (slaal) ¢ bl ol )l Js~ Gmish g
3 g ) ool gy el el (St L) sy 57 e 3l
R SRR E
g 5 Ry Bappn 090 Aoy dhels oty 1) ¥) liosl) o e
- JlasY!
et o) o B A (T (3 S et et jler Je tae) @
) s 5y 320 ey o 3,56 05555 sl LeGmish g
C By 3ads (3w o) Ode ooy
0 05 O gt g 301 adl uas e 3511 ST 065 OF gt 135101 @
of it U3 gty OF S oty jlan e BUST 8 s o as

238



Tl e 8 ke

sjjfﬁﬁ;dbd}’c“faﬁ’gﬁ&mydiuécﬁbﬂ\w
Ly Sl e

Q] pistiel] s B J) pisnd) gy et 1 Jlae Y Wggn @
L 30 Oginé 3ty OIS il

239



STty o dad) (3 Bedsxd) L2 )

ing 893 (Cylinder. apt>

8 points that are dup for Dolaunay meshing

Nezhing surface 3894
ing

ne. Delaunay)
<Plane. Delaunay)
3 dapt>

CPlane. Dolaunayd

(Torus: MeshAdapt)

licated for Delaunay meshing
>

(Torus, Mes
(Plane. Delaunay)
ane. Delau

(Torus, Mes
2 (Plane. Delaun.
(Cylinder, MeshAdap!
t are duplicated for Delaunay meshing
rface 3914 (Plane. Delaunay)
3915 (Plane. Delaunay)
(Cylinder, Meshidapt)
hing surface 3917 ane. Dolaunay)
hing surface 3918 (Cylinder, MeshAdapt)
i rface 3919 (Cylinder, MeshAdapt)

240



Elmer JS’uL\

Elmer JX=/10.4
aiy b sl agls Slan ST 1] a2 i i)y e e 52 Elmer
ElmerGUI : » malil sds o &3 . (FEM ) 5301 ol
cd o sl el mgie il oo N . ElmerPost (ElmerSolver
- (GPL) tagodd) s das)
Dol iy by aslasend S Elmer
Ay oY e e clad] (SK) L (GUIT) aiase ) pascnid) agarly alascals @
(GUI auk>
AV a5 Gl plasaals @
o O g eple el 8Tl L elesdl 5 aaadl st 50 el Y Elmer
. Elmer ) el 5 anaidl sy
s 1K L b dgry oo IS ailer sy anaibl s Elmer
. GMSH
25 ikl iee wad ga 28T SV Ll e By ol e W) A b 8
L& by

241



Baledk) Wbl OS> Oldas (3 Basy ) e Y sl plisena

dlus]l @il gall wliSaoliny gl w9 das , Wl 2lisi Y @ol s alasiwl 11
Jaoi b dhzo S50
aolw LB vl
Lok

)@_}Jjuuyu;u\ﬂ\}ﬁxﬂjm;uﬁs_)j)“
a5l g8 Bl L3 A Bl Ja s Wkl iy -

Boiler
P %S a5
U,;n;,..,;snu,h,'gu;ﬁ
Sadgh 1 W) Turbine [T mp
(599 Odad o )

® Y

A a0
At Ay sl A8kl odn (e SAELA ey g

242



sl el Sl Jo fons B dlaz 515 ol 0L

aladl Jubilhb G5 elall Hsud bl § > @b e @b doso 11.11

incInrason

oLl ohsa
(Rooling cycle -~;\1/,'%
2

s s oLl 32 W pesdl al g b e B U oLl sw
J ol bao e beie | sedhdm s U)ol Ly 3> 88,20 Ggb O (3 55l
Aol eyl 2% S s et U1 (654 bl dalesal) c-“’j L 14
A B aeall b e e g 3L O 1 e sl s 5l moy e S

A Ol )

L

L

—
Water Tank
@

243



Baledk) Wbl OS> Oldas (3 Basy ) e Y sl plisena

Incineration

LU o) Ll G b e byeS g Ol W (3 bl 3 Ogidl — b)) (3 dlnd) Bk} das

244



sl el Sl Jo fons B dlaz 515 ol 0L

S,S) all Sasl lles go palsill psi wis a3 S Ao
cleSIl L s

),

»{1,-;23:#:&_/-} TR
&
- E %
; AECENAR /; sJEmo =
Association for Economical and Technological Cooperation LASGR_/ 5
Asian and North-African Region = / Yog _ 4°
5 el ol acad apindll aaal
20 ,:r www.temo-ek.de
-

(WArS., MEAE - A member of AECENAR Applied Research Center

B % www.aecenar.com/institutes/meae

Ras Nhache/Batroun - Tripoli, 11" Jan 2015

e

IPP has

is from

Vaporizer of TEMO-IPP incineration demonstration plant at Ras
Nhache/Batroun

CFD Analysis step 1: Upscaling CAD Model of
vaporizer (to be done by student working on Master
Thesis Mechanical Analysis of an upscaled version of
the Vaporizer (pressure vessel and circulation tubes)
of the incineration pilot power plant TEMO-IPP)

CFD Analysis step 2: Grid
generation

11.1.2

TEMO-IPP Incineration Demonstration Plant Ras Nhache/Batroun, Lebanon

4l Upscaled
vaporizer train
element (TEMO-

to be

upscaled in such
a way) (picture

Dr.-Ing.

M. Franz,
“Dampferzeuger
", WWW.axpo-
holz.ch/Dampfer
zeuger.pdf)

CFD Analysis

step 3: Calculated water/steam flow

Master Thesis

Computational Fluid Dynamics (CFD) Analysis for Water/Steam flow in an

upscaled version of the vaporizer of incineration power plant TEMO-IPP

To be able to upscale the TEMO-IPP incineration plant to a commercial incineration plant (about 40 MW) in Tripoli or
otherwhere in North Lebanon critical components shall be verified by Computational Fluid Dynamics with the tool
Abaqus. The main critical component is the pressure vessel with about 100 bar pressure difference. Working packages:

tation

1. CAD Modeling 2. Mesh Generation 3. Solver 4.Visualization | 5.Documen-

Upscaling CAD Model | A mesh generation C++ code shall | A finite difference and a finite volume | Shall be done
with ProE (to be done | be taken from the open source C++ code shall be taken from the open | with the tool
by other student —see | code OpenFoam and migrated to source code OpenFoam and migrated Paraview

above) TEMO_IPP-CFD tool. to TEMO_IPP-CFD tool.

4 weeks 6 weeks 4 weeks 3 weeks

Keywords: Alternative Energy, Steam Generation in power plant, Computational Fluid Dynamics (CFD), OpenFoam, C++

Contact: Samir Mourad, Email: samir.mourad@aecenar.com
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Chain of tools 1 used in TEMO-IPP_CFD
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Chain 1: <Y dula 1 alsiiul; OpenFOAM
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MKDIR build-gmsh
Cd build-gmsh

o GMSH .G ¢

ccmake -1 ../gmsh-2.6.1-source
Lol colalal) Baclas cgaly 1) s g (oS (o250 et (S et £
A S P
1o Lty GMSH ey o0 ¢
make

sudo make install
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Figure 11.1.3-1: &3 Jsead Gmsh Jaddll a3 e Linux- Red Hat
& Redhat Linux Je gmsh e terlg ) JSLal) e Ly
e ao ples ¥ g cmake cos Loy "S5 e g2 Y
Redhat
ol £ ¢ Ubuntu i 3 « Linux-gmsh-2.9.3 Lo 255
(./gmsh) G ( ) Luxy ben ils Jis5) (share 4 ben)
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~-rw-rw-r-- 1 iap iap 1868585 May 6 09:56 Re_El_Haoun_03052015.pdfF
-rw-rw-r-- 1 lap Llap ® Mar 27 2014 touchs§517
Lap@lap-HP-G62-Notebook -PC: ~/DownloadsS cd CMakeFlles/
fap@iap-HP-G62-Notebook-PC: - /Downloads /CMakeFilesS L1
total 12

druxruwxr-x 2 iap iap 4696 May 25 11:06 ./

druxr-xr-x & iap Lap 4096 May 25 11:09 /

~rw-rw-r-- 1 Lap Lap 85 May 25 11:09 cnake.check_cache
Lap@lap-HP-C62-Notebook -PC: - /Downloads /CHakeFilesS cd ..
iap@iap-HP-G62-Notebook-PC: - /DownloadsS cmake -i gmsh
gnsh_2.8.5+dfsg-1.1ubuntul.dsc gnsh-2.9.3-Linux64.tgz
gnsh_2.8.5+dfsg.orig.tar.xz gnsh-build/
gnsh-2.9.3-Linux/

Lap@lap-HP-G62-Notebook -PC:~/DownloadsS cmake -1 gmsh
gnsh_2.8.5+dfsg-1.1ubuntul.dsc gnsh-2.9.3-Linux64.tgz

gnsh_2.8.5+dfsg.orig.tar.xz gmsh-buildy

gnsh-2.9.3-Linux/

1apglap-HP-G62-Notebook-PC:~/DownloadsS cmake -1 gmsh-
gnsh-2.9.3-Linux/ gmsh-2.9.3-Linuxé4.tgz gmsh-bulldy
Lap@tlap-HP-G62 -Notebook -PC: - /DownloadsS cmake -1 gmsh-2.9.3-Linux
Would you like to see advanced options? [No]l: b

Please wait while cnake processes CMakeLists.txt files....

CHake Error: The source directory “/hone/iap/Downloads/gnsh-2.9.3-Linux" does no
t appear to contaln CMakellists.tixt.
Specify --help for usage, or press the help button on the CMake CUI.

1apglap-HP-G62-Notebook-PC:~/DownloadsS cd gmsh-2.9.3-Linux/
lap.:cp-lr-uz-lotebook-rc:~[mlo.ds[’sh-z.9.)-Ltnuxs A8

total 16

druxrwxr-x 4 iap iLap 4696 May 25 11:88 _/

druxr-xr-x 6 iap iap 4696 May 25 12:42 J

druxrwxr-x 2 iap Lap 4696 May 25 18:39 Lo/

druxrwxr-x 4 1ap Lap 4696 May 25 10:3%9 hare/f
Lap@lap-HP-G62-Notebook -PC:~/Downloads/gnsh-2.9.3-LinuxS cd bin/
Lap@tlap-HP-C62-Notebook -PC: - /Downloads /gnsh-2.9.3-Linux/bins 11
total 66488

druxrwxr-x 2 iap iap 4996 May 2S5 10:39 /
druxrwxr-x 4 iap iap 4896 May 25 11:08 ./
~rwxr-xr-x 1 Lap Lap 67972688 Apr 18 10:45 o

~rw-r--r-- 1 tap Lap 196859 Mar 17 18:03 onelab.py
iap.iap-bl’-“z-noteboolbnz—loaunloadslgnsh—z.s.S-leulblns - /gmsh

Figure 11.1.3-2: Jxaa3 Gmsh Jaddl) alli e Linux- Ubuntu 14.04
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Fle Tools Mindow Help
MM L) Modules
=M=l ) Geometry
1apfl @ Mesh
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1apg!
1apgli
total
driexr)
drwxr] "_ﬁ_j

drixri=

drixr =0 X Y 2C 118 1 011 Gmsh293

{apgiap-HP-G62-Notebook-PC: ~/Downloads/gnsh-2.9.3-Linux$ cd bin/
{apgiap-HP-G62-Notebook-PC:~/Downloads/gnsh-2.9.3-Linux/bin§ 11
total 66468

drwxrwxr-x 2 iap iap 4696 May 25 16:39 ./

druxrwxr-x 4 iap iap 4696 May 25 11:08 ./

~ruxr-xr-x 1 iap iap 67972608 Apr 18 18:45 *

-rw-r--r-- 1 iap iap 19059 Mar 17 18:03 onelab.py
1apiap-HP-G62-Notebook-PC:~/Downloads/gnsh-2.9.3-Linux/bin$ . /gnsh
2

5

Figure 11.1.3-3: &0 » 44209 Gmsh Ja&dll slii e Linux_Ubuntu 14.04

FreeCAD w3 64 Bl 2b2 s

Figure 11.1.3-4: FreeCAD azasalll
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$FOAM_TUTORIALS/incompressible/icoFoam/cavity

i ¥ o /*[{files.msh name}

493 o OpenFOAM 5™ &) .msh Ll gmsh 50,4 . B
Gmsh main.geo -3 0 file.msh .1

case-vaporisor gmshToFoam file. msh .2
blockMesh .3

icoFoam .4

paraFoam .5

S Y S,

Y asJy snappyMesh alsaat i file STL ) filemsh & .C
%
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icoFoam 3 wus Wz fax .1
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fluentMeshToFoam file. msh wus .4

1icoFoam .5

paraFoam .6

(oo oy el 390) eaadl Bad) by 2l e Lde OF (55 LS

ant polyMesh

Places

| = 1= 1=
nt polyMesh © Recent [N [ 1
boundar: cellzenes faces
P A Home y

= = [ Deskto
© Recent d R RN " =
i

[ Documents

A Home sets blockMeshbict boundar 1 ) i)
<& Downloads faceZones neighbour owner
Deskto @ ”
= § = e [ dd Music
[ Documents I TR 1R
B 1 Pictures
~ Downloads cellLevel cellZones
dd Music Iz foooe iap@iap-S5000VSA: ~/OpenFOAM/fiap-2.4.0/runfvaporisorfvaporisor
| = | =
[ Pictures RS 1% 4739
Evid /home /iap/OpenFOAM/1iap-2.4.8/run/vaporisor /vaporisor
ideos g

{@ Trash igFpe : Enabling fleating point exception trapping (FOAM_SIGFPE).
fileModificationChecking : Monitoring run-time modified files using timeStampMas
ter

Level allowsystemoperations : Allowing user-supplied system call operations

Devices

476 GB Volume

@ computer b7 5080000050558 50 55050 8905965855550588 5 0
Network Create time
@ Browse Network pointZones refinementHistory

B connectto Server
--> FOAM FATAL ERROR:
Cannot open mesh description file
" fhome fiap/OpenFOAM/iap-2.4.0/run/vaporisor /vaporisor/system/blockMeshpict”

From function blockMesh
in file blockMeshApp.C at line 149.

FOAM exiting

1ap@lap-S5600VSA: ~/0penFOAM/iap-2.4.0/run/vaporisor/vaporisors [I

Figure 11.1.3-7: 4y Linux-Ubuntu

Sl of Gmsh 3 aatll file.geo o seadi oda Lo il Jold 4,
Lzl Gmsh o file.msh
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Figure 11.1.3-9 3 wnall e Lod, test.msh J gmshToFoam sb;

Allclean Allrun tem test.msh test.stp
iap@iap-S5000VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/cylindre$ gmshToFoam test.ms
h

OpenFOAM: The Open Source CFD Toolbox
peration i 2.4.0
nd www.0penFOAM.org
anipulation
2.4.0-fe842aea0e77
gnshToFoam test.msh
Jul 13 2015
12:38:51
"{ap-S5000VSA”
3535
Case /home /iap/OpenFOAM/1iap-2.4.0/run/vaporisor/cylindre
nProcs : 1
sigFpe Enabling floating point exception trapping (FOAM_SIGFPE).
fileModificatioenChecking : Monitoring run-time medified files using timeStampMas
ter
allowSystemoperations : Allowing user-supplied system call operations

[[ % % kR R R R K Kk kK K K Kk K K KKk R KKk K Kk KK KKK E KKK [/
Create time

Starting to read mesh format at line 2
Read format version 2 ascii @

Starting to read points at line 5
Vertices to be read:122
Vertices read:122

Starting to read cells at line 130
Cells to be read:631

Unhandled element 15 at line 132
Unhandled element 15 at line 133
Unhandled element 15 at line 134
Unhandled element 15 at line 135
Unhandled element 1 at line 136

Figure 11.1.3-10: (&xki gmshToFOAM 1 4aiil)
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Unhandled e line 156
Unhandled e at line 157
Unhandled e at line 158
Unhandled e at line 159
Unhandled e at line 160
Unhandled e at line 161
Unhandled at line 162
Unhandled e at line 163
Unhandled e at line 164
Unhandled e at line 165
Unhandled e at line 166
Unhandled e at line 167
Mapping region © to Foam patch ©
Mapping region © to Foam cellZone @
Cells:
total:365

Size
365

skipping tag at line 764
Patch @ gets name patche

FOAM Warning :

From function polyMesh::polyMesh(... construct from shapes...)

in file meshes/polyMesh/polyMeshFromShapeMesh.C at line 627

Found 230 undefined faces in mesh; adding to default patch.
Finding faces of patch ©

FaceZones:
Zone Size

Writing zone @ to cellZone cellZone_0 and cellSet
End

iap@iap-S5600VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/cylindre$ icoFoam

Figure 11.1.3-11: sk gmshToFOAM 2 4.l
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ield | OpenFoAM: The Open Source CFD Toolbox
peration | version: 2.4.0
nd | Web: WiW . OpenFOAM. org
anipulation |

2.4.0-f0842aeabe77
icoFoam
Jul 08 2015
Time 10:22:34
Host "{ap-S5000VSA"
PID i 4476
Case : /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/test
nProcs : 1
sigFpe : Enabling floating point exception trapping (FOAM_SIGFPE).
fileModificationChecking : Monitoring run-time modified files using timeStampMaster
allowsystemOperations : Allowing user-supplied system call operations
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Create time

Create mesh for time = ©
Reading transportProperties

Reading field p

--> FOAM FATAL 10 ERROR:
cannot find patchField entry for patche

File: fhome/iap/OpenFOAM/iap-2.4.8/run/vaporisor/test/6/p.boundaryField from line 11 to line 39.
From function GeometricField<Type, PatchField, GeoMeshs::GeometricBoundaryField::readField(const DimensionedField<Type, GeoMesh>&, const dic

tionary&)
in file /home/openfoan/OpenFOAM/OpenFOAN-2.4.0/5rc/OpenFOAM/InInclude/GeonetricBoundaryField.C at line 209.

4
FOAM exiting

iap@iap-S5000VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/tests l

Figure 11.1.3-12: (35 gmshToFOAM 4aiil) 3
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Command Description
cd Changes Directory to dirname
cp Copy source file into destination
mkdir Create a new directory dirname
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The flame-sheet model allows a complete decoupling of the modeling of the
formation and destruction of species from the modeling of the flow an

mixing process.
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Bei der Verbrennung handelt es sich um die Hochtemperatur-Oxidation eines Brennstoffes,
bei der im wesentlichen Kohlenstoff und Wasserstoff, die in verschiedener Form im
Brennstoff enthalten sind, mit Sauerstoff exotherm reagieren. Eine Verbrennung heif3t
vollstandig oder vollkommen, wenn alle brennbaren Bestandteile in ihre hochste
Oxidationsstufe tberfuhrt werden.

Jede Verbrennung wird durch eine Ziindung eingeleitet. Unter der Ziindtemperatur versteht
man diejenige Temperatur, bei der mehr Warme durch die Reaktion freigesetzt als durch
Strahlung an die Umgebung abgegeben wird, so dal sich die Verbrennung von selbst erhalt.
Die Zundtemperatur ist im strengen Sinn kein Stoffparameter, sie wird aber als
Erfahrungswert bei der Auslegung von Feuerungen und Sicherheitseinrichtungen immer
wieder herangezogen. Die Ziindtemperaturen der verschiedenen Brennstoffe weisen
erhebliche Unterschiede auf und sind dariiber hinaus abhangig von der
Brennkammerbeschaffenheit sowie den Reaktionsparametern Druck,
Sauerstoffpartialdruck, der katalytischen Wirksamkeit organischer Bestandteile und der
spezifischen Oberflache des Brennstoffes.
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