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distribution in an incinerator
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Figure 1: CFD model of the biomass furnace and boiler
Explanations: modeled tube bundles and rows are pictured dark
gray; SAN.. secondary air nozzles, FRIN. . flue gas recirculation
nozzles, TMT... suction pyrometer temperature measurentent
traverses
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From: Scharler et. al. 2004, Advanced CFD analysis of large fixed bed
biomass boilers ..., 2nd World Conf...., Rome, 2004

Biomasse-Rostfeuerung ausgeristet mit
einem Flachschubrost

CO-Konzentrationen [v-ppm] (oben) und
Temperaturverteilung [°C] (unten) in verschiedenen
Querschnitten um die Sekundarluftdisen
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Isoflachen der Rauchgastemperatur [°C] in der Symmetrieebene der Feuerung (links) und in
horizontalen Schnittebenen (rechts). Aus: http://www.bios-bioenergy.at/de/cfd-simulationen.html
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http://ar.wikipedia.org/wiki/%D9%82%D9%88%D8%A7%D9%86%D9%8A%D9%86_%D9%86%D9%8A%D9%88%D8%AA%D9%86_%D9%84%D9%84%D8%AD%D8%B1%D9%83%D8%A9
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http://ar.wikipedia.org/w/index.php?title=%D9%83%D9%88%D9%86_%D9%85%D8%A7%D8%AF%D9%8A&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D9%83%D9%88%D9%83%D8%A8_%D8%A7%D9%84%D8%A3%D8%B1%D8%B6
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http://ar.wikipedia.org/wiki/%D9%82%D9%88%D8%A7%D9%86%D9%8A%D9%86_%D9%83%D9%8A%D8%A8%D9%84%D8%B1_%D9%84%D9%84%D8%AD%D8%B1%D9%83%D8%A9_%D8%A7%D9%84%D9%83%D9%88%D9%83%D8%A8%D9%8A%D8%A9
http://ar.wikipedia.org/w/index.php?title=%D9%85%D8%B1%D9%83%D8%B2%D9%8A%D8%A9_%D8%A7%D9%84%D8%B4%D9%85%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%85%D8%B1%D9%83%D8%B2%D9%8A%D8%A9_%D8%A7%D9%84%D8%B4%D9%85%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D8%AB%D9%88%D8%B1%D8%A9_%D8%B9%D9%84%D9%85%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D8%AB%D9%88%D8%B1%D8%A9_%D8%B9%D9%84%D9%85%D9%8A%D8%A9
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http://ar.wikipedia.org/wiki/%D8%B2%D8%AE%D9%85_(%D9%83%D9%85%D9%8A%D8%A9_%D8%A7%D9%84%D8%AD%D8%B1%D9%83%D8%A9)
http://ar.wikipedia.org/wiki/%D8%B2%D8%AE%D9%85_(%D9%83%D9%85%D9%8A%D8%A9_%D8%A7%D9%84%D8%AD%D8%B1%D9%83%D8%A9)
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http://ar.wikipedia.org/wiki/%D8%B9%D9%84%D9%85_%D8%A7%D9%84%D8%A8%D8%B5%D8%B1%D9%8A%D8%A7%D8%AA
http://ar.wikipedia.org/wiki/%D8%B9%D9%84%D9%85_%D8%A7%D9%84%D8%A8%D8%B5%D8%B1%D9%8A%D8%A7%D8%AA
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D9%84%D8%B3%D9%83%D9%88%D8%A8_%D8%B9%D8%A7%D9%83%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D9%84%D8%B3%D9%83%D9%88%D8%A8_%D8%B9%D8%A7%D9%83%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D9%84%D8%B3%D9%83%D9%88%D8%A8_%D8%B9%D8%A7%D9%83%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D9%84%D9%88%D9%86
http://ar.wikipedia.org/wiki/%D9%84%D9%88%D9%86
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http://ar.wikipedia.org/wiki/%D8%A3%D8%A8%D9%8A%D8%B6#_.D8.B6.D9.88.D8.A1
http://ar.wikipedia.org/wiki/%D8%A3%D8%A8%D9%8A%D8%B6#_.D8.B6.D9.88.D8.A1
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D8%B7%D9%8A%D9%81_%D8%A7%D9%84%D9%85%D8%B1%D8%A6%D9%8A
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D8%B7%D9%8A%D9%81_%D8%A7%D9%84%D9%85%D8%B1%D8%A6%D9%8A
http://ar.wikipedia.org/w/index.php?title=%D9%82%D8%A7%D9%86%D9%88%D9%86_%D9%86%D9%8A%D9%88%D8%AA%D9%86_%D9%84%D9%84%D8%AA%D8%A8%D8%B1%D9%8A%D8%AF&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D9%82%D8%A7%D9%86%D9%88%D9%86_%D9%86%D9%8A%D9%88%D8%AA%D9%86_%D9%84%D9%84%D8%AA%D8%A8%D8%B1%D9%8A%D8%AF&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D8%B3%D8%B1%D8%B9%D8%A9_%D8%A7%D9%84%D8%B5%D9%88%D8%AA
http://ar.wikipedia.org/wiki/%D8%B3%D8%B1%D8%B9%D8%A9_%D8%A7%D9%84%D8%B5%D9%88%D8%AA
http://ar.wikipedia.org/wiki/%D8%AC%D9%88%D8%AA%D9%81%D8%B1%D9%8A%D8%AF_%D9%84%D8%A7%D9%8A%D8%A8%D9%86%D8%AA%D8%B2
http://ar.wikipedia.org/wiki/%D8%AC%D9%88%D8%AA%D9%81%D8%B1%D9%8A%D8%AF_%D9%84%D8%A7%D9%8A%D8%A8%D9%86%D8%AA%D8%B2
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D8%A7%D8%B1%D9%8A%D8%AE_%D8%A7%D9%84%D8%AA%D9%81%D8%A7%D8%B6%D9%84_%D9%88%D8%A7%D9%84%D8%AA%D9%83%D8%A7%D9%85%D9%84&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D8%A7%D8%B1%D9%8A%D8%AE_%D8%A7%D9%84%D8%AA%D9%81%D8%A7%D8%B6%D9%84_%D9%88%D8%A7%D9%84%D8%AA%D9%83%D8%A7%D9%85%D9%84&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AD%D8%B3%D8%A7%D8%A8_%D8%A7%D9%84%D8%AA%D9%81%D8%A7%D8%B6%D9%84_%D9%88%D8%A7%D9%84%D8%AA%D9%83%D8%A7%D9%85%D9%84_%D9%81%D9%8A_%D9%83%D9%85%D9%8A%D8%A7%D8%AA_%D9%85%D8%AA%D9%86%D8%A7%D9%87%D9%8A%D8%A9_%D8%A7%D9%84%D8%B5%D8%BA%D8%B1&action=edit&redlink=1
http://ar.wikipedia.org/wiki/%D9%86%D8%B8%D8%B1%D9%8A%D8%A9_%D8%B0%D8%A7%D8%AA_%D8%A7%D9%84%D8%AD%D8%AF%D9%8A%D9%86
http://ar.wikipedia.org/wiki/%D9%86%D8%B8%D8%B1%D9%8A%D8%A9_%D8%B0%D8%A7%D8%AA_%D8%A7%D9%84%D8%AD%D8%AF%D9%8A%D9%86
http://ar.wikipedia.org/wiki/%D9%86%D8%B8%D8%B1%D9%8A%D8%A9_%D8%B0%D8%A7%D8%AA_%D8%A7%D9%84%D8%AD%D8%AF%D9%8A%D9%86
http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8A%D9%82%D8%A9_%D9%86%D9%8A%D9%88%D8%AA%D9%86
http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8A%D9%82%D8%A9_%D9%86%D9%8A%D9%88%D8%AA%D9%86
http://ar.wikipedia.org/wiki/%D8%AF%D8%A7%D9%84%D8%A9_(%D8%B1%D9%8A%D8%A7%D8%B6%D9%8A%D8%A7%D8%AA)
http://ar.wikipedia.org/wiki/%D8%AF%D8%A7%D9%84%D8%A9_(%D8%B1%D9%8A%D8%A7%D8%B6%D9%8A%D8%A7%D8%AA)
http://ar.wikipedia.org/wiki/%D9%85%D8%AA%D8%B3%D9%84%D8%B3%D9%84%D8%A9_%D8%A7%D9%84%D9%82%D9%88%D9%89
http://ar.wikipedia.org/wiki/%D9%85%D8%AA%D8%B3%D9%84%D8%B3%D9%84%D8%A9_%D8%A7%D9%84%D9%82%D9%88%D9%89
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D9%85%D8%AC%D8%AA%D9%85%D8%B9_%D8%A7%D9%84%D9%85%D9%84%D9%83%D9%8A
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D9%85%D8%AC%D8%AA%D9%85%D8%B9_%D8%A7%D9%84%D9%85%D9%84%D9%83%D9%8A
http://ar.wikipedia.org/wiki/%D8%A7%D9%84%D9%85%D8%AC%D8%AA%D9%85%D8%B9_%D8%A7%D9%84%D9%85%D9%84%D9%83%D9%8A
http://ar.wikipedia.org/wiki/%D8%AA%D8%A7%D8%B1%D9%8A%D8%AE_%D8%A7%D9%84%D8%B9%D9%84%D9%85
http://ar.wikipedia.org/wiki/%D8%AA%D8%A7%D8%B1%D9%8A%D8%AE_%D8%A7%D9%84%D8%B9%D9%84%D9%85
http://ar.wikipedia.org/wiki/%D8%A3%D9%84%D8%A8%D8%B1%D8%AA_%D8%A3%D9%8A%D9%86%D8%B4%D8%AA%D9%8A%D9%86
http://ar.wikipedia.org/wiki/%D8%A3%D9%84%D8%A8%D8%B1%D8%AA_%D8%A3%D9%8A%D9%86%D8%B4%D8%AA%D9%8A%D9%86
http://ar.wikipedia.org/wiki/%D8%A7%D8%B3%D8%AD%D9%82_%D9%86%D9%8A%D9%88%D8%AA%D9%86#cite_note-3#cite_note-3
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D9%81%D8%B3%D9%8A%D8%B1_%D8%A7%D9%84%D9%83%D8%AA%D8%A7%D8%A8_%D8%A7%D9%84%D9%85%D9%82%D8%AF%D8%B3&action=edit&redlink=1
http://ar.wikipedia.org/w/index.php?title=%D8%AA%D9%81%D8%B3%D9%8A%D8%B1_%D8%A7%D9%84%D9%83%D8%AA%D8%A7%D8%A8_%D8%A7%D9%84%D9%85%D9%82%D8%AF%D8%B3&action=edit&redlink=1
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P &L 2 (control volume) M\ >=>9 (system) o gkl

(infinitesimal fluid element) g2l

e

Control volume V

oA

-

Volume dV

Fig. 1.3.1 a, left side: finite
control volume V, an a finite
control surface S fixed in

space:

The fluid equations that we
directly obtain by applying
the fundamental physical
principles to a finite control

volume are in integral form.

These integral forms of the
governing equations can be
manipulated to indirectly
obtain partial differential
equations. The equations so
obtained, in either integral or
partial differential form, are
called the conservation form of

the governing equations.

(1.3.1 aand b) Sz

([Wendt 2009], Fig.
2.1)
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(fluid and gas dynamics) </3ladlg C’\jl\ Sl I s

The equations obtained from < .y . 25 s Jsadl ¢ g‘ Yalal

the finite control volume

moving with the fluid (Fig. s 1.3.1 J@\) CfLL\ - o 59|

1.3.1 a, right side), in either . )
£, > . w \ ng . . ‘ . :y‘

integral or partial differential C e “51"‘ 2 Lfl" Jg“ G sy ‘(u}-f

form, are called the non- non-conser@ation) Lsk_a; j.‘."‘“ JQ;,J\ 4,21_; g}'l"b-.’.j

conservation form of the

governing equations. Al SVl e (form

If we consider an infinitesimal _ , 2l C"L” SR Last 15l
fluid element, which is fixed in ) )

space (Fig. 1.3.1 b, left side), S 131 b M‘) Ll g eab s

we can directly derive the Lol ¥aladl 5,50 oo QTQQ;L (wa
partial differential equations.

This is again the conservation Y Esl J@\ Lz FYARE-RIES

form.
If we consider an infinitesimal * ) o Lize CJL" e el 3 LA

fluid element, which is s (1.3.1b < ;5\) i Ll & 2 iy 9550‘5
moving in space (Fig. 1.3.1 b,

right side), we can directly Vsl il Jgﬂw B of u-<"~ ¢ (u‘S“
deri thy tial diff tial P
erive the partial differentia ) CS}A:J\ Lol n 1is ¢ agd) alolid

non-conservation form. . GE"";

equations. This is again the

In general aerodynamic theory, o e ¢ Aol Z\ML’%-’};&S“ il AUl
whether we deal with the

conservation or non u‘l‘-"“ﬂ 2 9 uk-‘”‘d\ JEs] g J‘\M

conservation forms of equations 3oVl s ol U SRRL
is irrelevant. However, there are
cases in CFD where it is FREL I J.(M <! ﬁi\ ‘>~ CFD J

important which form we use.
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ywliol| besll 1. 16
st barall — gllll bisll = alil) baa)
b 59illg Gl 593l 1.17
S el s zodan) sy 23U 88 Jia end) WS e Lo @) o Bl 5530
coadlly boxall 3 eSSl mbu e Lo
wadl sl X/ 1.7
Lobadl ol LY (3 sl JWy T 2l slex I G Bkl B e U s
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(fluid and gas dynamics) <3y 515l Sl I s

28

wrigine 1
W uEs

ol

wllio 4

u

&

dufdy
(1.4) yssidl

eeerereeenen(1.3)

alslzall o gamel) ojlod ol A
phzo) azces Ll ple g Tloso
olighil (a8 dorteownll  gilgoll
398l g elgplly elodl Lo dicwiipll
noalsleodl ol swtw g .osknadll
asgilll of aalholl asgzll of asg;lll
2ilgaldl Ayaig . PaLs lpissay 8.5 0l
A,y o afilall odel el el
- Augigull glgell anlb 6l

A1.4) 15
Vol gilgell dlead swowd

haill g dugl L) aliol .AuigiguiV gilgn ac ol Jlony Ladll oo dudas aslle sdagi

go iy Blewd) a1l sl 2o et Gus azgilll dod (08 b)lpmdl as )y b

cwlilal) ol =l sl

MALS Gasgy = 21 L LSV 25LaS) dagill 285
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J

(Governing Equations of Fluid gfgal| elilSs0 o8 q;_,l__,]l odldl 2

Dynamics)

[Anderson 1991] 5 2 b ([ ma0] Jo s LW

S 2.1

L) cVslee (2 5 Wl bl @ Bl SYsl) 52 CFD (3 L)
t )

.S Li>y (energy conservation) @)l lai>s (mass conservation)ikSl Lo
ISy ) Ol aomte iy ey SUS ¢4 5 .(momentum conservation) iS2!

Cbad) Y sles Jf@ Tfj.&.»@,a&

ool a0 2.1.1

2.1 Sl

L
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

=Ll Jo 5 SHL LA ales 5 Vo s (21) S8 3 mogll oSl ot
A M Ol Jder e df 3l (8 dim o U ) 201 0 dA 2Lolid

e Ll o Jslall (oalT aml o O kglp voandl o azsll (3 0L s
Ca dA L
dA=ndA

dm = pdV = pvd A

:}AACM\Jfﬁ;M\&QﬂJM=m

L;b LeS™ 2l Ol a3 25
pVv = (3\._,.«:>=>- 54}-} L} M\)(l@fm}\ w) = L) d\gjw A>le

g

V2
p(e+?+ OZ)V = (dpem> 5>y (3 BUall)(ds ) azmts) = @Blall O o0 azezs

s
= (Lo 34>y ¢ Dl LS (Aol amie) = Dl 84S Ol amce
A e xy,z SN puy, pvy, pwy

= A bl e B 0L Juns 0L 2
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(The Substantial Derivate) xSJ! 3lixs Y|

2

\Y
...................... ﬁAp(eq_?_pgz)\_/.dA

=Ac)a.~d\ﬁ.cﬂj>d\wopﬂ Je o

(The Substantial Derivate ) ./ koY 2.2

As a model for the flow, we will
adopt the picture shown at the
right of Fig. 1.3.1 (b).

Namely that of an infinitesimally
small fluid element moving with
the flow. The motion of the fluid
element is shown in detail in Fig.
2.2.1.

Here, the fluid element is moving
through Cartesian space. The unit

vectors along the X, y, z axis are

i, j.k.
The vector velocity field in this

Cartesian space is given by

V =ui +Vj +wk

Where the components of velocity
are given respectively by
u=u(xy,zt)

v=v(x,Y,z,t)
w=w(X,Y,Zzkt)

el e e Ope Obpdl 2350
2 V1131 () S e e aogal
o I aal sl Wl e e
3 il dbg e 0Ll jaie 3> 0Ll
2.2.1 . K

S cladl pe o U o) ¢ L
Jsb  Je ©lgmill 54>y .Cartesian space
T K 05S ox, y, 2 s

o JUE i (3 el Slenae J12 sl oo

: »¢ Cartesian space C))\gi-’ Jé

V =ui +Vj +wk
JIsd e ae i b sSe sllas] 0x o

u=u(x,y,zt)
v=Vv(X,Y,Zz,1t)
w=w(X,YVY,z1t)
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(Governing Equations of Fluid Dynamics)c“jl\ O & Kcﬂ:uiﬁ\ oYslall

Note that we are considering in ' .
general an unsteady flow, where u, 28 O pgendy las¥) Gy Jsb L Lle
v, and w are functions of both Rta( Q:JUZ*; BW 5V U e o)
(space and time, t). In addition the )

scalar density field is given by #* Al ] BLoYL s d ot Ll

p=p(XY.21). L e el LS e cllas]
p=p(XY,2,t)

(2.2.1) Kl

([Wendt 2009],
Fig. 2.2)

Fig. 2.2.1 ([Wendt
2009], Fig. 2.2)

At the time t; the fluid elementis Seorga C"\‘U nial ngﬁ PSR SECSN [
located at point 1 in Fig. 2.2.1. At
ibid) oda we 221 K20 Ao ] kil

this point and time, the density of
the fluid element is . o .
C:LU ) WSy ¢ ol

pr=p% Y120 )
Py =P, Y1 2 )
At a later time t, the fluid

element has moved to the point 2 2 il dl é w f"””"s ‘ J’Z“ ', g~ N <y 3
where the density is

P2 = p(X5, Y5125, 8,) o B
P2 =pP(X;,Y5,25,,)

Since p=p(XY,2,t), we can Sl ey LS ¢ p=p(X Y, zt) ok

expand this function in a Taylor’s Taylor's series sk 3 heghl oda
series about point 1 as follows:
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(The Substantial Derivate) xSJ! 3lixs Y|

QU sl e T abid) S

_ [l
pz—p1+(ale( 1)+[8yj (y, - y1)+[ j(z 1)+( j(t t)

+(higher order terms)

With ignoring the higher ul" Jaaé‘- g(j u);y\ i3 Oldbas J,a\_i -

order terms we obtain

P2~ Py :(a_pj X2 =% + a_p Yo~V + Z, -1 (8_,0) +(a_pj (2_1.1)
t,-t, \ax )il t,-t ) Loy )t -, t,-t, \éz ), \at),
Eq. (2.1.1) is physically the el Lawse & (R (211) aslal

average time-rate-of-change in
density of the fluid element as it ¢~ J-‘MJ ™9 Cfu‘ ainll asls” < ) Jasl

moves from point 1 to point 2. In

bons oo adt s 2 ks ) 1 aksd
the limit, as t, approaches t,, this ‘ C‘s J‘” ¢ S Al

term becomes CﬂaaM i )
Ilm p2 — pl = Dp
boul f, -1 Dt

% Is a symbol for the .BUS jad 3l Jums adad ) on %

instantaneous time rate of change <1 Lyl B L s ¢ Ca 11'93
A v) (g"“"‘i ..r*“‘U
of density.

By definition, this symbol is called -D/Dt ¢

the substantial derivate, D/Dt. D
Csurwa;ufﬁgﬂajﬂ‘jmﬁ_p

% is the time rate of change of Dt
Jy (W aiall ae lisl iy s

density of the given fluid element. & s < & ?

Our eyes are locked with the fluid sladl & iks

element, not with the point in the
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

Dp
Dt

physically and numerically from

space. So

is different (a—pj o bode ub,.e el Dp Sis
ot ), Dt

5 i 3 B pad ool Joall Lz a B
(—pj which is physically the
1

ot d as
time rate of change of density at
the fixed point 1. OF >3 ¢« (2.1.1) .ol i 555alL

Returning to Eq. (2.1.1), note that

- X, — X
Iim #j

t t J—
2> t2 tl

liml| Y2—Y1 |
t, —>t; t2 _tl
] zZ, —Z
Iim| =—=2—"% |=w
t, —t; t2 _tl

u

Thus, taking the limit of Eq.(2.1.1) (.. (2.1.1) asleadd ok Wl 0iay
as t, —t,, we obtain
Jad o, -,

Dp_op_ % % %P (2.1.2)

Dt ot ox oy oz

From (2.1.2) we obtain an BlazaYl e el &Jﬁbf_ (212) o

expression for the substantial
derivate in Cartesian coordinates :\33)&&,\5\ LYy < )&Q‘

D_0, 2 nwliwl 213
Dt ot ox oy e &Y

In cartesian coordinates the v oamdll el wﬂ&@)&u\ Sy 3
vector operator V is defined as
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(The Substantial Derivate) xSJ! 3lixs Y|

Hence Eq.(2.1.3) can be written as

D 0

Dt

Eq.(2.1.5) represents a definition
the

operator in vector notation; thus it

of substantial derivative

is valid for any coordinate system.

% is called the local derivative

which is physically the time rate
of change at a fixed point; V -Vis
called the consecutive derivative,
which is physically the time rate
of cange due to the movement of
the fluid

location to another in the flow

element from one
field where the flow properties are
spatially different. The substantial
derivative applies to any flow-
field variable, for example, Dp/Dt,
DT/Dt, ..

static pressure and temperature

., where p and T are

respectively.

The

essentially the same as the total

substantial derivative is

differential from calculus.

9685 (2.1.3) sl 055 ol S8 Juby

p +(V-V) (@15

Sla¥) ble Ly i (2.1.5) sl

Loldias) er_:
JM\W@@\&,&\QM\W %

BlsV) oy inl Aok 3 eall s
B et pl) 35l S Llad g Jladl)
Olpdl Jim 3 AT ] 0K o LI eial
L ade a0 atlas E
Ol (3 e ST e oy S0 GBlaza)
Dp/Dt DT/Dt «JUWll e e ¢ 38l
e BLH By Lrall (A T 5 p e

JIsd
Jolid) ger i Lol ga 1S BlizaY)

Szl ¢ G LS g Lol Ol e
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

Therefore, the substantial o el Frs 32 o st o S

derivative is nothing more than a

total derivative with respect to cdgll ol

time.

V-V (divergence of velocity ) dc s/ acli o 4l suill wirall 2.3

V -V (divergence of velocity) is ) dsls

VA (2.4)
o Dt
V\7 is contro]) M\ v;;;- LSAJJ\ ﬁ.:.iﬂ\ o V\7

physically the

time rate of (fluid element) &l g2 o (volume

change of the ¢>.=4-* = U3 5 (moving) >
volume of a i

moving fluid (per control volume) g‘..(x:}\
element, per

unit volume.

(mass conservation ) il bi> 2.4
(ol Ol e lilos AT i 05306 30

A S 0L Jane Jals a) Blae oSl oedt Jols s (ST s
A Sal oSl o 1

ﬁjfpdv = oSl pxsedl =l as)l alsl
TIJ’
:(contro] Volume) M\ (,.?;;-\ J.>'-b e sLs)) Jdes
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(mass conservation) i) Lo

d , dp
gﬁﬁﬂ‘”‘ :jiﬁgm-
s e daa ¥ LS sgas OY
S md) ol ) A O el (2.1) Al e

=<ﬁ pv.dA
A

ﬂ,j Py 4 ij Pv.dA=0
a

v

................... (2.4)

(integral form) 2alSH 550l (3 UK i Wslas » (2.4) W5

(2.2 J&:J\) dadl (g3l Ol o gadas

sl 3 Ja¥) b

;';F', Ao Sl (2.4)
W< LR L At s
5 (3) Ok
A" e Y (4)
Lgd e 2y
5 oUWl W LS
Jaw A Wslae

Ji el s Jpd
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(Governing Equations of Fluid Dynamics)zS!s Sl 3 amlY) Yl

8yl

Hp\_/l -d A +”p\_/2 -dA, =0
A A

oS el Sl ey A anall O 3kl
~[[pv,-dA + [[ pv, -dA, =0
A Ay
P VAF VA =0

(continuity equation) &, ,| jaiudl dslee 2.4.1

(24) Wl o 2y L 2LSlid B s (3 AT i Wslae o Bale ¥ a3l
Pzl ot Bl 300 I el oSl 590 e U Wb Led Se
.(divergence theorem) sl 4 L

To obtain the basic equations of fluid it el Y slal e |

motion, always the following way is

followed: DU 4G L)) gLl Wils 2 cc‘bl\
e Choose the . applTop.nate il A LA sl Ll e
fundamental physical principles
from physics sbsadl o Al
e Apply these physical principles to . )
a suitable model of the flow. C’J"*J R R
e From this application, extract the cowlie OL

mathematical equations which
embody such physical principles. < Yslll Al (Gekd) s e e

So, in our case the physical principle AUl sl eat gl Aol )
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(mass conservation) i) Lo

is: “Mass is Conserved”. Sy o IRRUER br.d\ Ll (3 o

»

.(“Mass is Conserved”) "absis|

ﬁ?f’_ﬁb IV + ﬁ?{v_pv_k”f -0
v
ﬁ:{: 1: %'Fv.pv]dy -0

39de olS g T S dad cilST13] i oS aad 0555 oSl (pilsd) Tag

Alasl LS
dp
& S 2 /Y -1 .- ) |
dt
rJJ;_J‘ o e e i
—+—(pu)+—(pv)+—(ow) =d., R o o7 )
o ok DTy T

YV Oudl Ol 3 9.z, y, x SLEY @ asldl OlSe p w0, u S
(incompressible flow) L;b\a.m\

ou ov ow
.............................. —+—+——0(27)

Divergence Theoreme:
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

f=1flx,y,2) o

razziodl g f Ulas
4;.4;.4
o .:?1 o
oo Z gy g X ldlssil Jing%ﬂlpxd_ﬂ.bﬂuh_pljﬂ_m A ils 13

P aslall OlE e

dp, I, clok
I .:?'1

aMally sceball JolSall 5 sozesell JolSall el ayybes by
(THv.p)dv={fpdA .

¥ A

(energy conservation) &bl bi> 2.5
2.5 Kl
Jo¥ OglE)) e Blal) Loam Aslas dazud

bt e o Tl 34 2.5

o Bl 0Ly Juass [alls 4 [ oS el sl Bl (ST Joe”
Glas Sl amedl s WU e dpdd) 3l sl Al JUsl oamdl o
S el s L 8L Ol Jiee 2l L)

2

.‘2 y .
gﬁj}p(e.’ +%+ g2)dV + ff;j;p(e +% it g:)g.dé:ﬁ(g{)d/ﬁ +P+Q
v = A = A
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(energy conservation)aslall Laa>

ot s W e Wil 50 e Ol 8 ALl il (3 OWSYY Ol
T Jabmy L S A s L g O Jass Q ( oS
10 (stress) slgxY! emay (viscosity)

o=-pn

<-

0 v? v? .
—[p(e+—+9g2)]dV + e+—+0gz)v-dA=—¢@g pv-dA+P+
f Lo+ =+ 0] {f\fp( ;g dA j‘i\jp_ A+P+Q

\Y
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(Governing Equations of Fluid Dynamics)c‘\)l\ O a3 AoV YLl

Azl Solol iy Ulpew sde (Suubos

alisl Jlazil Vg e Selows (2.8) alslandl s JeWl szl Of G wloowd| &,
A4) 5 (3) sVl e

8,0all (sd| alsleoll Jjass 2Uiug

2

<
e N

2.5 Jsdul
il +%+%+ 82V A + py(e; + Pr 22y gz )v, Ay = P+Q
1 e 2

(2.5) szl wslol sl Ol l) @Sl Jaas dlslesy @ilawil

Py VA =pavad: = m

ﬁl{el +ﬂ+i+gzl)+P+Q:n!{€ﬂ+p2 +'|.-'2 +gZﬁJ
2 2 ) 2 2 i
"‘j P ‘.) - el "'32
T o B I £z, +— +L P T - # 2y creeerrenna(2.9)
g P8 2 mg mg & P28 28
0=0 8,1l Jasl ol oS dwwiigll olaghil o S b
=7z, e =e:z S P = N -l | B Y i
Pr=pz:=p waolaasl Vol ped! jlac] o Seag
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(energy conservation)aslall Laa>

(2.9) alslooll Frusad

) 9

3 v, P y v,
SR N F— = B e (2.10)

.I{'JI]..[';F jg mg J"')? g 25\?

aaic Jioad adlw wilS 13 g dvan  Jios Lpild ausge Péyuall Ol Jls b
(2.10) alsleoll 7eai (2) ¢ (1) pushaoll 0 deic Hi Unan gy pAs > s

2 \"2 b \"-..2
B o= s il e 2.11)

Pg 28 rg  2g

heall cocw + ac | cosow + 290 cioaw = S sl 1]

o

oo slall ga 5 fus sasg o il t_.q:',_‘l::[
18yl slel (sl] Ll

8m sl

151/s som=ll U.._.{_).A.\.L.”_' lama

154mm  éseanll o wgaiVl dad
102mm cdsaell 1slw gVl ke
1000kg\m” reloll aslis

rols Lglholl

azeanll J8lwe aums dc (1)

I5] azeaoll oo d_=, L=l 6,08l (L)
anz i) Vol pdl e

(2.6) Jsal
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

44

e cablaail Ml ol (2.5) alisdl has alsles (1)

v, . A, =vs Az =V =0.015 nr/s

015
v, = %= 0.81m/ s
2(0.154)°
Fd =&5q= 1184_”!_;.5
Z(0.102)"

Aceanll Bl e @ sl g aswacdl s saed o aasAl s

(2.107) all=Jl aig) adllll alsles ()
'} v : P 1y 1"33
PoyBoy vy =2 B

mg

+ I3

Prg 2g rg 2g

a gl
Pr=P V2V

P

+{:‘.l - :|}
g 24 )

P=mg

s isim g gl Ulogian (2) g (1) vlalhaoll
P: =Pz = Ps
Pz-py =0

Z:—2z;=8 wulles

I yao ailasi ac,w 1 Ll pdaow (1) adaoadl

vy =0, vz = vy
m alisl ol Jasa

m =p V=1 000(0.015) = 15.0 kg/s
alslzoll Tl g

(1.84)2

+8]=1203W

1.2 kW = a2l 6,.4ll



(momentum conservation)& >} 45" Lad>

(momentum conservation) </, S hbis 2.6
- 2.6 K2

Ye

o [HS iS;>U (Second Newtonian Law) Gl e 09l e OSWE M daey
Jine Jalls et Blaae oSl omdl 15 Sl 508715 Jias” £ oSl o
e 3550 sl gt ol Al Ui, L;&,L:ﬁ\ o Sl ) S 2SOl e

no.

. CLL\
T C ot F—
Eﬁﬂpl}ﬁ +j§ﬂl{bdi}— ﬂfﬁd‘r +jq:fgd.4
ﬁ _{,m WV + ﬁp\{l dA)= MB&’ +ﬁcrd.4 (2.12)
bgall o B ol oS . 1 g - o pupminll £o0ce0 Ssluwy @ Slp=yl o lis g

fazg code ausl=ll 848 o8 ,.Cu.l;:-h,l x“g:.v:-h,l wd | lied g fuoses 8oy oede Qoo

B=—pgk sl asnxe
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

&ilsoll clolyy/ (@overning equations) duulu/ o Yskall st 2.7

wlbs o go

QJJLIAJS.” el Wl )b.dl U9 (viscousflow) gs\>)”| ULl).m“ odslee 2.7.1

Viscous flow: a flow which
includes the dissipative, transport
and
The

additional transport phenomenon

phenomena of viscosity

thermal conduction.
of mass diffusion is not included
because we are limiting our
considerations to a homogenous,
non-chemically  reacting  gas.
Combustion for example is a flow
with a chemical reaction. If
diffusion were to be included,
there be additional

continuity equations — the species

would

continuity equations involving
mass transport of chemical species
i due to a concentration gradient

in the species.

Moreover the energy equation
would have an additional term to
account for energy transport due

to the diffusion of species.

With the above restrictions in
mind, the governing equations for
an unsteady, three-dimensional,

compressible, viscous flow are:

46

(without considering chemical reactions )

sl g ey g a1 0L
o 4 Bl Leosdly apll ¢l
L WY S el el s el peas
5 Rl jle oMoy ] Whlael di
o JUl e e Sl WLaS e
oo N Y ol ) .gwyw & Oy
i atel OVl Sla 05 ) il
S el SVsles plsl = wilo)
PSS ) A JE e (gsks
N S ) e

e wlall dsles OB U3 e s9dley
v Bl B Ol Jo S 0L
s ez

¢ el 3yST sl las¥l 3 ds V) aa
sl S caul i) Bl oYl
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ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

Continuity equations iyl yaze ¥ Y 5las
(Non-conservation form — [Wendt 2009], Eq.2.18)
(sl pall JSady)
D -
hat i pV-V =0
Dt
(Conservation form — [Wendt 2009], Eq. 2.27) B )| !g [
0 -
P 1V(pV)=0
ot
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

Equation [Wendt 2009], (2.18) is the

continuity ~ equation in = non-

conservation form. Note that:

1) By applying the model of an
infinitesimal fluid element, we have
obtained Eq. [Wendt 2009], (2.18)
directly

in partial differential

form.

2) By choosing the model to be
moving with the flow, we have
obtained the nomn-conservation

form of the continuity equation,
namely Eq. [Wendt 2009], (2.18).

Equation [Wendt 2009], (2.27) is the
continuity equation in conservation
form. Note that:

1) By applying the model of a
finite control volume, we have
obtained Eq. [Wendt 2009], (2.23)
directly in integral form. Only
after some manipulation of the

the

differential form, namely Eq.

[Wendt 2009], (2.27), is obtained.

integral ~ form partial

2) By choosing the model to be
fixed in space, we have obtained
the conservation form of the
continuity equation, namely Egs.
[Wendt 2009], (2.13) and (2.27).
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isles & Wendt 2009], (2.18) &slsl)

B A S g gl

Pk bakdl

Bl 258 ks Pls e (1
Aslall e Lo rall sl
e 5,40 Wendt 2009], (2.18)]
S el S

G Zised Ll b e (2
e bhar 13 Ol e
bl e S
Wendt] 1ol ag ¢ aylazaV)
(2.18) 2009

& (2.27) (2009 wendt] aslb

il K 3 alenaYl Wsles
: L;li Lo ddo>"s
e A3 238 Gy s e (1

cadslel) ‘JJ& Ll csj.lé-\

5l (223) 4[2009 Wendt]



ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

g A b S S g

el el ol s

2009 Wendt] ¢ . H
e Wl 50.(2.27)

G w23 s mb e (2

B N R

L) ez Y] dlslak

Momentum equations D) S Y slae

(Non-conservation form - [Wendt
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(Governing Equations of Fluid Dynamics)a!s! Sl 3 amlY) Yl

2009], Eqs. 2.36a-c)

x-component: p—=-—+—+t-—+ +pf

y-component: P~ + pfy

z-component: p—:__+_+_+_zz+pf

[Wendt 2009], Wendt]
. ¥
Fig.2.5: {2009
Infinitesimall ( .
G § s
y small, Velocity T y>mz g -
. fluid components : 3
moving flui dy: w0 ‘/<p+wux)dydz 5};:2'5
element. Only e ] — o,
pdydz 4— ! f _/(f,na x‘d)()dyd[
the forces in Tlydz —+— | il i g el
the x direction oz //d 3=t ; o, :
b4 e & : .
are shown. ,/J 70 82 (f‘“Fdz) tedy ) Cas
: b
& <l sall
x ol£YI
Total force in the x-direction: F, x ol£ & alay! E}LH & F,

[Wendt 2009], S.28 Def. of body forces

and surface forces: DY s (3 89dll e ey s

1)  Body forces, which act directly on of» e Jolis ) dewr Ol (1
the volumetric mass of the fluid T

element. Examples: Sl gaall daxd A e

gravitational, = electric = and
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magnetic forces. Def.: body force 41l » dlsel 5 .(fluid element)
on the fluid element acting in the )

x-direction = pf (dxdydz). el lially 350 9 ¢SJly 23U

2)  Surface forces, which act directly Cﬁm ol u‘b fadl 3 53_“ o

on the surface of the fluid element.
They are due to only two sources: (a) = X oY 3 e
pressure distribution acting on the f (d

xdydz
surface, imposed by the outside fluid P X( ydz)

surrounding the fluid element, and

ke Jolis G Al SIS (2

(b) the shear and normal stress

distributions acting on the surface, ¢ U jﬁj.uxﬂl\ guzall Cja..w L5\.&

also imposed by the outside fluid o
fF (@) kB ol phas o

“tugging” or “pushing” on the surface
by means of friction. géj\’ CM‘ e o géj\ A
bl GbUll & ol o) ey
Slyjg A (b) 5 @l el
Jori Gl pedll g bl bral)
B ep LS gl s
R ERCHPH B G T

LIy Sk s C.E,,J\ P
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J J

7 o B b |
/

shear and normal stresses
“H,H\uhb"sj "S- oy

(Conservation form — [Wendt 2009], _ [Wendt 2009], Egs. — il Sl
Egs. 2.42a-c) )

2.42a-c))
0 - o0p Or, O, 0Ot
X-component: ) +V-(puV) =——p-|- ey
oXx ox oy oz
y-component: M+v.(p\,\7) :_@Jr 0t + 0Ty + 07y — pf,
ot oy ox oy oz
_ . 0(pw) - op or, Or, Ot
z-component: “VTV L (o) = -2 xz y z _ f
P a V)= ety T
Energy equation Bt 1sles
(Non-conservation form — [Wendt 2009], Eq. 2.52)
il S
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b e+t = q+a[km)+a T +6(k6T]
ol 2 ) T e ) Ty oy
_O(up) _olvp) _0(wp) , Ofur,,)

x oy oX
a(L”-yx) a(urzx) a(VTXY) a(VTW)
+ + + +
oy o OX oy
8(Vrzy) a(Wsz) a(WTyz) a(WTzz)
+ + t
i X oy 0z

+

+ofV

(Conservation form — [Wendt 2009], Eq. 2.64)

i) Il

sl

= fi+a(k 6Tj+a KT
P ox\_ ox) oyl oy
+5(k ﬂj _oup) _a(vp) _a(wp) |, oluz,,)
oz\ oz OX oy 0z ox
. o(ur,,) . our,,) . o(vr,,) .\ o\vr,,)
oy o X oy
+ a(VTZy) + a(Wz-xz) + a(nyz) n a(WTZZ)
oz OX oy oz

+pfV
el ol il oo (inviscous flow) o) Al lowdl odslee 2.7.2

( without considering chemical reactions)  4ibasSI

Here are the viscous terms of the el Llauy Vsl 2\.>-jJ~U\ L 0% Lia
above equations dropped.
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Surveying the above governing

equations, several comments and

observations can be made:

1)

2)

3)

54

They are coupled system of
non-linear partial differential
equations, and hence are

very difficult to solve
analytically. To date, there is
closed-form

no  general

solution to these equations.
the momentum and
the

difference between the non-

For
energy equations,
conservation and
conservation forms of the
equation is just the left-hand

side.

Note that the conservation
the
contain terms on the left-
hand side which include the
divergence of some quantity,
suchas V-(p-V), V-(puV),
the

conservation form of the

form of equations

etc. For this reason,

governing  equations  is
sometimes called the
divergence form.

Quulwdl Asleall Wle wlides 2.7.3

Jsis O maras il Y lall Ll 13

AU

lolad) OVolall s dalye desez
Mo Cnnall o JWbg ados pall a55d
J= ) g ¥ 0V e LU Ll

oYl odd &U&
oo G ¢ Uy sl 38 Yslal
oakadl 5 oakid el JKEY)

.dﬁﬁ\ GOl 52 g dslell

CVslaall il Ko OF LY
S S e by g
SO W T, EER YR VLY
5 dL by, Ve (puV) Ve (p-V)
OVl o 3 et ¢ omad] b
Bl OVsleal) Laisdl S

el Sy
sda (3 (brd)l g @bl byl

(1

€



4)

5)

ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

The normal and stress terms

in these equations are

functions of the velocity
gradients, as

[Wendt 2009], Eqs. (2.43a-f).

given by

The system contains five

equations in terms of six

unknown flow-field
variables, p,p,u,v,w,e. In
aerodeynamics, it is
generally  reasonable to
assume the gas is a perfect
gas (which assumes that
intermolecular forces are

negligible). For a perfect gas,
the equation of state is
p=pRT, where R is the
specific gas constant. This
provides a sixth equation,
but it also introduces a
seventh unknown, namely
temperature, T. A seventh
equation to close the entire
system must be a
thermodynamic relation
between state variables. For

example, e = e(T,p) For a

gas
(constant specific heats), this

calorically  perfect

relation would be e=c,T

ispdl Olbmy s e Y o Vsl

[Wendt 2009], Eqs. cww>  dons LaST¢

(2.43a-f).

& OVoles o P dagla:l ng»”- (5

Jid By me b Slpkne dd Sllliall
Sl @ PPV WE oL
S Ligas 25l OF Jgdall o ¢ 25
on sl OF opsy dll) QW) 5 ss
Jle WU 4y (ST Y LS oy
R po pRT o dll) dbladi ¢
Dolall ony s G sudt) ol ga
¢ ple ez L ady 4 ¢ awsll)
bl sl T ¢ A 2y o
e 055 Of g alaSTh alladl MY
JE o o AU lpize o 31~
wldglb Jle 5 2ndl e = e(T,p)
Soed o (342 Wb ) B
G =0T ay s 055
NOUJPRPEE RN RPN
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where ¢, is the specific heat Dol 4aS SVsles 5y ¢ W26 (6

at constant volume.

oSeie il OV¥sleg CJ-U\ el

6) Historically, the momentum

equations for a viscous flow sV IO &9 .(Navier-Stokes)
are called the Navier-Stokes )
2t = ame Mocgadl CFD )

equations. However, in

"

modern CFD literature, “a . el J" sl abl, - " u“fr“
Navier-Stokes solution”

simply means a solution of a &Yl S¥alall Jleazal 1 godl
iscous flow proble i ull

governing equations (including

continuity as well as energy (d =l 45

and momentum).

(boundary conditions) 4, ,|xJl o3l 2.7.4

The boundary conditions, and gt 43-:533“ RN R UL:>T5 ¢ Akl oYU
sometimes the initial conditions,

dictate the particular solutions to Lele Jyat ugﬁ géj‘ Bane Yyl

be obtained from the governing Yo Gl o Lo ling) ipeledl S¥slal

equations. (This makes the

difference for example between %y~ o Boing 757 JI s Ol on
the flow over a Boing 757 or past .
a wind mill, although the ot VL Ol e V%'M e ¢ ARl C\“JJM

equations are the same). For a | e ikt auk ‘CJ'U\ C’L“U (Lt
viscous fluid, the boundary
condition on a surface assumes Wy ol Gn deed dsld) Joss Y
no relative velocity between the .

de Al ey Lo A .Cia.MJ\ 8, dln
surface and the gas immediately ¢ ’ 2 S
at the surface. This is called the T3 <ol s CJQ,,J\ O 13) .(no—slip) YY)
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no-slip condition. If the surface is
stationary, then u=v=w=0 at

the surface (for a viscous flow).

For an inviscid fluid, the flow
slips over the surface (there is no
friction to promote its ‘sticking’
to the surface); hence, at the
surface, the flow must be tangent
to the surface. V-fi=0 at the
surface (for a inviscid flow),
a unit vector
(that

orthogonal) to the surface. The

where A is
perpendicular means
boundary conditions elsewhere
in the flow depend on the type of
problem being considered, and
usually pertain to inflow and
outflow boundaries at a finite
distance from the surfaces, or an
condition

‘infinity”  boundary

infinitely far from surface.

The

discussed above are physically

boundary conditions

boundary conditions in nature.
In CFD we have an additional
the proper

numerical implementation of the

concern, namely

boundary conditions.

(M oLdl) mandl Je U=V=W=0

ol e i S o s Jo
e el el e e g V)
OF ot Dbl bl Jo JUbg oo
codl e V=0 L mbdl 4 ol 06
nie By b 1 G (V) OL)
ol e (Lolais  sn 1dag) (S350
Ol o o1 SUT 3 ayladl N
A bl ot @) ASel g e e
S g I Ol dl sgas Bale las
39l W ol ¢ gl e 53902 Bl
el e s gllas I Bl
Ll el iy &) bl oYU
CFD & .amebll 3 a5lpd)l alad) VU
bl Bl Badl @l (Bl 6 L

Alad) oY
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Kol wle olbsdo zps g0 p Guilud) OXsleal JEI 2.8
(conservation form ) (bésil/

(conservation form) (il JSaIl ¥l Vsl dsgag (LSS 0 and
RN teATY

U oF oG oH [Wendt], Eq. 2.65
—_—t—t—+—=1
o ox oy @
P
s e
U=p H=<pmw-1,
o o+t
e+V?2/2
ol ) pE+V 712w+ pW—k(Zl—UTZX -VT, -Wr,
/A
A 0
puz + p_Txx pfx
F={pwu-r, J=14f,
-7, A,
Pt +upk, + Wt )+ pg

pe+V?I2)u+ pU—k(ZT—UTXX -7, —Wr,,
X

o

puv_Tyx
G={pv'+p-1,
pWV_Tyz

T
ple+V? 2+ pv—ka——uryX -Vr, -Wr,,

In [Wendt], Eq. 2.65 the column QL@:.-).U ([Wendt], Eq. 2.65 bebd.\g
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(conservation form)

vectors F, G, and H are called the flux
and ]

represents a ‘source term’ (which is

terms (or flux vectors),
zero if body forces are negligible). For
an unsteady problem, U is called the
solution vector because the elements

in U (p, pu, pv, etc.) are the dependent

variables which are usually solved
numerically in steps of time. Please
note that, in this formalism, it is the
elements of U that are obtained
computationally, ie. numbers

obtained the
o, pu, v, pw and p(e+V?2/2). Of

course, once numbers are known for

are

for products

these dependent variables (which

includes p by itself), obtaining the

primitive variables is simple:

olgrsll wdH 9 G 9 F 430l
has e s Ty b
el G ST he s sdly)
U o gy b A2l (ST Y LS
L
G e G 2 U(p, pu,pv,...)

oY Ao

L} rpbx.i\

Olghes 3 Lade e Ll o Ol

ol L} &b b= A u";“

@ 2 U jole 0B oS
o 3 A Y S Ll e Jpadl
PPN 1 s gk
Lo W) daday p(e+V2/2)j
Al Sl od 50 J9Y PN e
S Jsadl (w13 0> 3 P g)

s A & LR NWRCHPPEC
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P =p
u=24
Y2,
v=2
Y2
w =W
Y2

o pe+V?3/2) u?+vi4+w?
0 2

For an inviscid flow, [Wendt et. al. [Wendt et. al. dslll 7 ¥ 0L,
2009], Eq.(2.65) remains the same, )

except the elements of the column ol Yl ‘(SP LS (A5 2009] Eq.(2.65)

vectors are simplified. Examining the o) ol Gy3galall ol

conservation form of the inviscid

equations summerized in Sect. 2.7.2, i o Vsled) Lo (il WG 130
we find that i

OV 44 272 Ob (3 &)

yo, pu
ou pu’ +p
U=1{mw F=1pvu
o o
p(e+V212) pu(e+V?/2)u+ pu
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(conservation form)

oV
Y

P+ p

W
NE+VE2)+ py

For the numerical solution of
an unsteady inviscid flow,
the

vector is U,

solution
the

for

once again
and
dependent  variables
which numbers are directly
obtained
P, pu, PV, pW

p(e+V?/2). For a steady

are  products

and

inviscid flow,8U /6t = 0.

Frequently, the numerical
solution to such problems
takes the form of ‘marching’
techniques; for example, if
the
obtained by marching in the

x-direction, then [Wendt et.

solution is  being

oW

PUW

W

pv+p
ow(e+V?12)+ pw

plut, +Vpf, 4wk} + g
LS;"T Sfo cg',‘.;) }_\;J\ f)y\j\ d\gjmb (‘_SDJ\.&S‘ Jzu
o & 26l Y ald) oladly ¢ U gn ) e
5 P U v, W ) e 55 Lede Jsadd
A N oL p(e+V?/2)

AU /éet=0
JSLall odd ooual 1A 0B Ol e ST 3
S (‘marching)'aps" oll Ko dsb
Gk oo Jm e sed) 083 JUW e
Fox o @ pdl
W gl e Ll oSs Eq.(2.65)

[Wendt et. al. 2009],
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al. 2009], Eq.(2.65) can be

written as

x Ty

oOF _, 3G,

OH | [Wendt], Eq. 2.66

3

Here, F becomes the ‘solution
the

variables for which numbers are

vector’, and dependent

obtained are p, pu, pv, oW and
pe+V?/2).

dependent variables, it is still

From these

possible to obtain the primitive
variables, although the algebra

is more complex than in the

previously discussed case.

the
equations when written in the
form of [Wendt et. al. 2009],
Eq.(2.65), have no flow variables

Notice that governing

outside the single x,y,z, and t
derivates. Indeed, the terms in
[Wendt et. al. 2009], Eq. (2.65)
have everything buried inside
these The
equations in the form of [Wendt
et. al. 2009], Eq.(2.65) are said to

be in strong conservation form.

derivates. flow

In contrast, examine the forms
[Wendt et. al. 2009], Eq.(2.42a,b
and c) and [Wendt et. al. 2009],

62

il Olad) g "JslB) s’ mas F oL
05S lele Jeadl S&

cp(e+V?2/2) o £ PU PV PN

SO
o
o st Wiy Ss anldl wlpadl ods
s (primitive variables) 4Jo¥! lpasll
ale SIS e ST ga pb) OF e 2 ))
SVslall OF LW il oz &) AL 3
[Wendtet. JQJ\ 3 Leuls de dnlLY)
el e ¢ (2.6D) WLl ¢ al. 2009]
Z Y o X Al gl 0Ll s
[Wendtet. & bgall ¢ L3Il 3 .t olizadly
i s b ST e al. 2009], Eq.(2.65)
@ Obmdl oVolas olamall sda s
e
G @il i S b By 0SS

[Wendt et. al. 2009], J&al aulys ¢ olal)

[Wendt et. Al 2009], Eq. (2.65)
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(conservation form)

Eq.(2.64). These equations have
a number of x,y and z derivates
expliticly appearing on the right
-hand side. These are the weak
the

conservation form  of

equations.

The form of the governing
equations giving by Eq. (2.65) is
popular in CFD; let us explain
why. In flow fields involving
shock waves, there are sharp,
discontinuous changes in the
primitive flow-field variables p,
p, u, T, etc., across the shocks.
Many computations of flows
with shocks are designed to
have the shock waves appear
the

computational space as a direct

naturally within
result of the overall flow field
solution, i.e. as a direct result of
the general algorithm, without
any special treatment to take
care of the shocks themselves.
Such called
shock capturing methods. This

approaches are

is in contrast to the alternate

approach, where shock waves

Eq. (2.42a,b and ¢) [Wendt et. al. 2009],
oo ke Lpd Vsl oda UEq.(2.64)

S oren A Fz sy ¢ ox ol
bl JaY) & oo Nl Lol

Al (3 dieial
RARNPIURSVZRS PPORE W W NN U LS
25 byes (CFD 3 M g0 2 (2.65)
Olrse  Ledd Obdl oVl 3 Lol
@ ankall ol ol 05T Hls el
primitive flow-) Js¥ 0Ll Jl2 olpaze
» cppul ..., :(ﬁeld variables
OLpdl Sllas o el Cvas . ledall
adall Slrge 6bod danas & Sledall ws
il mS gl Ognb 3 b S
Bile AmaS ol plal) Ol Ji> ke o
Y aols il gl 095 sl sl
el s ey Lt Sledal) e A

el paddl ea s edall LU I
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are explicitly introduced into the 3, .} Slrss =50 Jlss) O W
flow-field solution, the exact
Rankine-Hugoniot relations for < Bl (“M\ e OLdl Jle JJ‘B 3
changes across a shock are used s Sl Rankine-Hugoniot 33
to relate the flow immediately
ahead of and behind the shock, ¢« astall slyy 5 plal 5,50Le Ol Loy dacial
and the governing flow

equations are used to calculate b ld psid Beul¥) 0Ll @ ¥olas

the remainder of the flow field. Cé L L Mj O Jle e S
This approach is called the
shock-fitting method. These two shock-fitting ) RSSO LU P VP | RN O

different approaches are )
. R P \ . . . \ . "M . : ) th d
illustrated in Figs. 2.8 and 2.9. In ¢ o el ople any (metho

Fig.2.8, the  computational & (2.8 Jﬁ,ﬂ\ & 29 5,28 J.{»J\

domain for calculating the

supersonic flow over the body L1 e Gal) Godll DLl ol Gl

extends both wupstream and e eally @*‘U po d> o i |
downstream of the nose. The

shock wave is allowed to form (3 M Lons dadall dxge .Y

crw\ O yudl J.fv- @JJ\}:L PN L}.L‘J—\ Ji

within ~ the  computational
domain as a consequence of the

general flow-field algorithm,
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(conservation form)

[Wendt 0 Free-stream boundary conditions [Wendt
et.al 2009], EL — et.al 2009]
Fig.2.8: S K
Mesh  for Poo Gg é Tt B
the shock- et P 1:7,;// st 2.8
e ] e
\_— RN
without any special shock 3 hols slaal ol al ) 93
relations being introduced. In this
manner, the shock wave is J*1° etell drse LLE = ¢ i3kl oda
captured within the domain by

the

solution of the governing partial

means  of computational
differential equations. Therefore,
Fig. 2.8 is an example of the shock-
capturing method. In contrast, Fig.
2.9 the

problem, except that now the

illustrates same flow
computational domain is the flow
between the shock and the body.
The shock wave is introduced
directly into the solution as an
the

standard oblique shock relations

explicit discontinuity, and

(the Rankine-Hugoniot relations)
the

supersonic flow ahead of the

are used free  stream

oYslad) gl A gk e s
RSSO URTPYE IV %% S - WIS
3 ela)) bl gl Je Jue 2.8
Oped) St w2y 2.9 IS ¢ LAl
Oyl 38 OV ledt JU1 0T Y) ¢ Lok

edall dxge sl andly Al o

[-X2N

Coply plaBl wls b @ Sals
Ll Lnldll UMl jlas pdsendy
Ol (Rankine-Hugoniot < BMal) alsll)

el 13 geall sl A L)
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shock to the flow computed by the

partial  differential  equations
the  shock.
Therefore, Fig. 2.9 is an example of
the shock-fitting method. There

are advantages and disadvantages

downstream  of

of both methods. For example, the
shock-capturing method is ideal
for complex flow problems
involving shock waves for which
the

location or number of shocks.

we do not know either

Here, the shocks simply form
within the computational domain
as nature would have it
Moreover, this takes place without
requiring any special treatment of
the shock within the algorithm,
and hence simplifies the computer
programming. However, a
disadvantage of this approach is
that the shocks

smeared over a number of grid

are generally

points in the computational mesh,
the

obtained shock thickness bears no

and hence numerically
relation what-so-ever to the actual
physical shock thickness, and the
shock

discontinuity is uncertain within a

precise location of the

few mesh sizes. In contrast, the
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idolid) oVslall dbuly 0L old
2.9 e ¢ sl L aeiall o4l agdd
e Sl 2 dedall Ol Je Jls
Jow o LA el e SO e
el denall Ll N Jul
S ks & sl Ol JSal LYl
sde ol O G Y G dedal) Sl
bley cldall Kise bs  oldal
ekl 300G LS pled) U s
i) 093 e o Idag « SIS e 39Mley
Jols deaal Wt s oMe o )
oy A S iy Ty QWL ¢ syl
OF sa gzl Ma 3 @l 0B o el
LU e sde o gl Lgas cletal
Jsad) Lby ¢ aysnldl a2 3 382
S B ¥ oaaa S e Lous
5 ¢ el SLpd) sl ey GOLY)
a2 ISk b Redal) abd (3 A a3sl)

o sl ¢ JA\.E.L\ 3 &.&: (bo—i URR
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(conservation form)

advantage of the shock-fitting

method is

[Wendt

et.al.2009]

, Fig.2.9:

Mesh for

tﬁe. shock- Doo, Ooo

titting - M_>1

approach

ppP N ///
Initial
data
line

that the shock is always treated as
a discontinuity, and its location is
well-defined numerically.
However, for a given problem you
have to know in advance
approximately where to put the
shock waves, and how many there
are. For complex flows, this can be
a distinct disadvantage. Therefore,
there are pros and cons associated
with both shock-capturing and
shock-fitting methods, and both
have been employed extensively

in CFD. In fact, a combination of

Shack boundary
conditions

& (shock-fitting) dwldl Ledall |

[Wendt
et.al.2009] :

Y SO
S

l TR
Body .
boundary e
conditions

¢z BT Lo Lo el el Of
ey Al AUl e MWl ity Lesdsng
Pl w0 (g e dad ¢ 83
5 el Slrge wig ol LeE 5
e 065 0 Sa ¢ dkins il L lasas
Sy SLlg] Sia ¢ LBl ol e
Ll ou sl IS e slow > e
i) a2l o (shock-capturing) szl
e cmsheVl pusanls o (shock-fitting)
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these two methods is used to
the

approximate location of shocks,

predict formation  and
and then these shocks are fit with
explicitly in those parts of a flow
tield where you know in advance
they occur, and to employ a
shock-capturing method for the
remainder of the flow field in
order to generate shocks that you

cannot predict in advance.

Again, what does all of this
discussion have to do with the
the
governing equations as given by
Eq. (2.65)? Simply this. For the
method,

conservation form of

shock-capturing
experience has shown that the
the

governing equations should be

conservation  form  of
used. When the conservation form
is used, the computed flow-field
results are generally smooth and
stable. However, when the non-
conservation form is used for a
the

results

shock-capturing  solution,
flow-field

exhibit

computed

usually unsatisfactory

(wiggles)
upstream and downstream of the
the

spatial ~ oscillations

shock wave, shocks may

68

el oz ¢ @l 3 LCED & auly Gl
Sy St gall bkl ols e e
sda gl o ey ¢ ladall &)
Jo ol 8 e e ol
et B Gl G de 0L,
i b sl bl aab lasanly
Y & cbra W el e 0kt i
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(conservation form)

appear in the wrong location and & 3 obdall ey U5 ¢ deda)) A
the solution may even become ) )

unstable. In contrast, for the <& - &% 2 Lal T2 R Jﬁg\ﬁ Uaid)
shock-fitting method, satisfactory L ssley ¢ Al Rkl o }Lw’}! ¢l

results are usually obtained for

either form of the equations- - [S& Y 4o Fl Jo dsad) oz
conservation or non-conservation.

Gbas) pé ol abaisadl SYslal) JICs]

Why is the use of the conservation form of the equations so important for the
shock-capturing method? The answer can be see by considering the flow
across a normal shock wave, as illustrated in Fig. 2.10. Consider the density
distribution across the shock, as sketched in Fig. 2.10(a). Clearly, there is a
discontinuous increase in p across the shock. If the non-conservation from of
the governing equations were used to calculate this flow, where the primary
dependent variables are the primitive variables such as p and p, then the
equations would see a large discontinuity in the dependent variable p. This
in turn would compound the numerical errors associated with the
calculation of p. On the other hand, recall the continuity equation for a

normal shock wave (see Refs.[1,3]):
P = p,U, (2.67)

From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as
illustrated in Fig. 2.10(b). The conservation form of the governing equations
uses the product pu as a dependent variable, and hence the conservation
form of the equations see no discontinuity in this dependent variable across
the shock wave. In turn, the numerical accuracy and stability of the solution
should be greatly enhanced. To reinforce this discussion, consider the

momentum equation across a normal shock wave [1,3]:

(2.68) py + pU; = p, + pyU;
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As show in Fig. 2.10(c), the pressure itself is discontinuous across the shock ;
however, from Eq. (2.68) the flux variable ( p + pu?®) is constant across the
shock.

[Wendt et. al.

2009], Fig.2.10:
Flow
Variation of flow s
properties through H ' L
a normal shock
wave o i
S -
X
g
b —
e *
c r—
X
(p+guz}il
x
d is

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in

the conservation form given by Eq. (2.65), we clearly see that the quantity (
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P+ pu’) is one of the dependent variables. Therefore, the conservation
form of the equations would see no discontinuity in this dependent
variables across the shock. Although this example of the flow across a
normal shock wave is somewhat simplistic, it serves to explain why the use
of the conservation form of the governing equations are so important for
calculations using the shock-capturing method. Because the conservation
form uses flux variables as the dependent variables, and because the
changes in these flux variables are either zero or small across a shock wave,
the numerical quality of a shock-capturing method will be enhances by the
use of the conservation form in contrast to the non-conservation form,

which uses the primitive variables as dependent variables.

In summary, the previous discussion is one of the primary reasons why
CFD makes a distinction between the two forms of the governing
equations-conservation and non-conservation. And this is why we have
gone to great lengths in this chapter to derive these different forms, and

why we should be aware of the differences between the two forms.
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G,b 1 (Incompressible Inviscid Flows) d 5] ¥ dbblasil X ul w3
Source and Vortex Panel ) dolgal ¢ gull @l b0 wle taaino dylus
(Methods

Jsw 3.7

Oled (numerical analysis) s34l ) 11 &l cla 01 v Jlad) 1ia 3

O S5 W .(inviscid) a>7 Y 5 (incompressible) ablazl ¥ (flows)

Ol day Lo 3 pluw &) — (finite-difference method) 54 Ga)l ddyb pidsuin,

A sk dlsae @b ) Bb dmn Sy ol e psd) s b - s

.(inviscid) &3 Y s (incompressible) &blezi) ¥ oyl pd dslis

5o ohbse o staias Bl Gb sl — Gk sds ds) 28k Ladll Vs

Gl » ool Gkl ods (Source and Vortex Panel Methods) asls!

1960 waall e tin 5 Sl wias g 1S2d 3 Bsle Lede dazally Gl

dyle 568 U CL:; (numerical methods) &sds iyt~ 3L > oLkl &b

Ang e Dl FsenesS MU g Rt

225 Y5 ol Y gl Gl ¥l G2 Y s 3.2

) &b (density) BUSS 0L o (incompressible flow)  blaal nall 0L,

.(p =const.

2 Ol 3 % (m = const.) i AsSS (fluid element) Sb sas sl

3L O (streamline) —lws) ks 3llss (3 (incompressible flow) bl

O‘Y 9 .(V = const. ) culb Loy pr.) L;JLA }.,'a.aj\ RPS (Volume) (,_?;4-\ L}\.:.SL..; aul



3dezas 4yl 3 b (Incompressible Inviscid Flows) : &5 Yy dblizil ¥ ol
(Source and Vortex Panel Methods)aslsdl 5 sl il bgs Lo

O pekid Ol s o Sl sadd end sl Ky (3ed) 2 V) VYV
NE?

—

(3.1) VW =0

v JI s NABLA-Operator iasls idle a9 gradJl s» s.gradient
L) dhlpe 3 Sy U sy ¥ Lyl (fluid element) ale sianl) 136 s ]
(irrotational) 313> ¥ s (flow) OLpd) 1is JWLE (streamline) <l
— (potential) JusssS (velocity) asmdl 5 s O [ S& ccplndl oy g 54 (P
SR

(3.2) V=Vg

d
()
godd=Vo= | 5 6= | &

9z

5) 51 amdke il -0l o 1k Anderson 1991 .(
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tdl e (32) 9 (3.1) Wslas OV Liaa 13)
V-Vg=0

)

Vip=0

(3.3)

A gyl 8ysg2dl OYslell U1 ((Laplace’s equation) Laplace dsles o (3.3)
(mathematical physics) &.2b ) sl Il 3 (R

i3 Y 5 (incompressible) iblazil ¥ (flows) cmle O 55 (3.3) Wsles pe
(Laplace’s equation) Laplace &slas Viz (inviscid)

(linear) 4= & (Laplace’s equation) Laplace dslxs o

oan o (added) Sl O (S (3.3) Wbl Beogas sl e sae 52U
AT it

s* 3 (incompressible flow) bl 8 0Ly o & Gslol dauds 5 s
20

(incompressible, irrotational flow) EUTH Y uia\x«m\ 28 0L dae OS5

(elementary flows) &l (ulw o (synthesized) &% O RV
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8dezns &yl 3 b (Incompressible Inviscid Flows) : &3 Yo ablazil ¥ ol

(Source and Vortex Panel Methods)aslg\)) o @J\ lbse Je

s L;.5\ (elementary flows) dwslul Cmlad! e & e o) Juy

.(Laplace’s equation) Laplace &Jslas ~ (satisfy)

Uniform flow

Source flow

JAN
=——1Inr
4 27T
Vortex flow
I
=——0
¢ 27

sl o,

2l Ol )

ialgl) 0Ll

In [Wendt et. al. 2009 ] there are two methods described which use these

elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source

Panel Method

e Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex

Panel Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings

Below and Above Stall” is described.
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Chapter 4 (Mathematical Properties of Fluid Dynamic [Wendt et. al. 2009],

Equations)

S 4.1

- T [ I P B [ S W S WU ERN T
.(integral form) gb\.iﬂ\ JSadl o) (differential form) kol JEAlN

el

J pd“l@#pf/’-aS:O
¥ §

1) ez V) Aslak gl.»\igs\ e

ddl inS” oYsll (Partial differential form) (Ji! Aol S

:(Momentum equations)

Du o or, O, oOr,
x-component: p—=-—+—+—+—+f,

Dt ox ox oy o
Dv  dp 81 ryy ('%Zy

y-component: p—=-— 22y

Dt oy & & @
Dw op or, Or, or,

z-component: p——=——— +—24+—+1

Dt o ox oy oz

+pf,




(Fluid @l lealys ©Vslel (Mathematical Properties) &ob ) <lio g2l

Dynamic Equations)

b 2.36 a-c Volell oo a5 aloladl JSY) 0 Ko 3 awle Y Yol
O U U (CFD) gl ilsh) wlialis (3 Llusezal 5 legesn ) ISt s
il e Vsl 0dd > |>) - (numerical methods) &l Gkl e
= Y e st B Rlolall Vol 2ol jatladl e ddle
wVsleell aalal 2oL ) jaflad) aslh dwols Jott O OVosleell s (s24s
L)

L>Y (Chap. 2) W) Joadl) o geminl Ledts i1kl cSd Bl SNl )l
(linear) ks 3i b &ud L35 LoV (derivates) wlizsll oYU s 3 )
(derivates) <lixina) (exponentials) a2 o) (products) wlnis dxg Y
Lt oo gl (coefficients) Julall dgpe Lot slil o glai — (i3 eI
skl 1ia fxs e ¢(dependent variables) anld) ol yazell (functions) <Yl
G U Cplpnd JW e Je (quasilinear system)  Jos ad) plladl oNoleoll
clizall 01 2.7.2 wdl 3 8595kl S¥slall s Ltie u£ (inviscid flows)
(first order) 1V} &)l w15 oo (highest order derivates) JeV) il ol
(linearly) Uas ¢l IS5

2.7.1 ) 3 8355l SVl )5 Latze a4 (viscid flows) &l Gl mds
455 LelSs (second order) &5W1 amlll I3 s LoV A ol oliall of

.(linearly) WS
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o b (system) plad jaflad) am e QW) aadll 3o cendl 1A

od» (3 .(quasilinear partial differential equations) 434! alolidl oYslel)

o U5 s —agd aloladl oYsll s gly! N Cess 25 o8 o dlasl

.(fluid dynamics) C’\J‘U Kol 3 w3 Al

i il Yol o Xsleal| yie 4.2

1] SUS e 39550 QW)

SC N[O B P[P [y WS FT NP

u, =1u,.,

: opiad| 5| oo g | s

U, =u, +u,

bl | LY oLy sl

1 1
u, +—u, +—uy =0
r r

G sl YT b i ged [ Uslas

U, =u, +u, +u_

1 Il Dl

u, =u_ +ou, + fu

i

-1

Partial ) sl 4okl oXskd)/ (Classification) cduai 4.3

(Differential Eq.s
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Dynamic Equations)

055 o & s as) Vsl Ld Loy (system) pllas juad ol
pad s Jla ga ) s OB L 1l am (3 LgeiS LS 0Ll Y sl
bl 83l Jos acidl Vsl alls

(4.1a) ala—u+bla—u+cl@+dl@=f1
ox oy X oy

(4.1b) az(’)—u+b20—u+c2@+d2@=f2
ox oy o oy

.y 5 x (functions of) J <V daldl Wl Vs u Co

N3 0S5 O s f, 5 33,8,,0,b,,0,¢,,d,,d,, 1 (coefficients) |slall

'V j leiu J

oda M o (WL o) bobs o G Lsed L Xy st (3 dbd (g aad
3342 58 0SS Vg u (derivates of) J olixil) co> (oday 1) akadl

inbite 055 W) Lape o (bl ) bkl oda Jsb s (indeterminant)

.(discontinuous)
.(characteristic lines) dwailadl boldl o5 bibidl sda

Quasilineare partielle Differentialgleichungen 2.0rdnung mit zwei unabhingigen
Variablen konnen in drei Typen unterteilt werden: hyperbolisch, parabolisch und
elliptisch. Diese Einteilung basiert auf Eigenschaften von Charakteristiken-Linien,
entlang welcher sich die Informationen iiber die Losung ausbreiten. Jede derartige
Gleichung hat zwei Sétze von Charakteristiken . Die verschiedenen Eigenschaften
der Gleichungen kinnen verschiedenen Stromungstypen zugeordnet werden. [3],
p-20
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5 ¢(continuous) speiws Vg u Ol i dwailadl bgladl oda Lo gzl

:L";\:JL.,

du Za—udX+a—udy su=u(xy) oy
OX oy

(4.2a)

ov ov
dv=—dx+—dy:p= o
o oy Y:v=0(xy) O

(4.2b)
i) ao (linear) ibos oVslas day) oo Ll K25 (4.2) 5 (4.1) o¥slal
JSay Valall ods als” S& (oI 5 Qulox,0uldy,oviox) wY¥ses
: J) ) e (matrix form) sieas

a, b c d,||oul/ox f,
a, b, ¢, d,jouloy| |f,

d« dy 0 O ||ov/ox du
4.3) 0 0 dx dy|ov/ioy dv

:(coefficient matrix) lelall d3sias [A] < a5 Lsed

a‘l bl Cl dl
aZ b2 C2 d 2
dx. dy 0 O
0 0 dx dy

[Al=

S sas u»[A] J (determinant) 3348 055 A 5 el s el
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By sk e Jpadl mbias Laie (|Al20 <3S 131 ((Cramer’s rule)
.OV/3y o 0ulox,ouldy,ovlox J (unique)

5 OU/OX,0UTBY,OVIOX OsS Lakis ¢ [A=0 <SS 1) (o) b e
oaldl ety £ (indeterminant) 8542 ne ¢ fa8¥) A 3 Ov/ 0y
Vo U J olamall bk e dl xy (plane) sd) (3 (particular) 3342
cS s 13l 19 235 9 (A =0 Jaf Lges GUU. Sous 58

a b ¢ d
a, b, c, d,

=0
dx. dy 0 O
0 0 dx dy
KJURY
(4
4 (102 —a10) ](r.l,';-']2 —{aydz —azdy + byoz — bacy Wdxi(dy) + (b dz — bad, Jdo =0

H(dx)? Je (44) Dolad) ()

(4.5) A2

d dy
(e —aacy 1(5) —(aych —azdy + byea — by ]d—Jr +{bydr—bad)) =0
1x X

. dy/dx & (quadratic equation) 43Ul dx)l s Asles 2 (4.5) sl

Jsb Je (slopes) <Lyl e (4.5) Aol | oxy sd) 3 2t &Y
3 Lokl oda iouz & 2V o5 U (derivatives) wlaall s bgbd
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Ykl allad (characteristic lines) bskd! wlid owd Wb Lo xy cladll
(4.1b) 5 (4.1a) o o Il
&> (4.5) Us ¢

a=(ajca—aacy)
b= —iayds —aad) + by —bacy)

¢ = (hda=bady)

1k LS (4.5) ok 1S S e

(4.6) a(%j + b(ﬂj +c=0
dx dx

:(quadratic formula) dxe ) dxeall o ) 1Ad

dy —b++vb®—4ac

dx 2a

(4.7)

dyme bzl s (Characteristic lines) Sjeall bsbd ol£ L;lz’u (47) Ul
el dad e s i da b U bsbdl ods L xy siee (3 (given)
Do el Je Js (4.7) 45l 3 (discriminant)
(4.8) D =b% —4ac
9 Lid> o) a2 ¢ (real) 4ai> (characteristic lines) 85k bshbd| Ojgi NY]

L.p}..a_a- .D a3 L;.c Tsleze! c(imaginary) Wz 9 (Loluce
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e 3 00 Likie xy sied) (3 dlai ST UM e 5 OLads Ol dy
(hyperbolic) 31y akad ony (4.1 3, b) oo pddl) SNl allas OB (L
D=0 <513
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(41a,b) oo pdl) SYslall plas 0L WLH ol (3 055 LS s 8pd) sl
(elliptic) S5 (ssliasy / AoV oy

il il ((elliptic) ks B abs azdl 154 adolid) OVslall Cinas
NCEE P U gl s (3 ple it 5o (hyperbolic) 131 dwled ol (parabolic)
¥ oIS ol Ll il Sl gl ¥kl e B3 ledd) ol
alzs bl sa (hyperbolic) )y ks 5 (parabolic) s(3Ks 2k (elliptic)

.(conic sections) &g sl aludd AL o Al

:(cone) L=l
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1] SUS e 39350 LU
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I XX
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Als)l dadl (3 (heat transfer) (5)),+ oo sl Cied i alols Usles s* (1)

LY Bl as T Jres (1) Joe ides i85 il L slee JS
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b’ -4ac>0

o] iy 8 e | D | a g i (a3l pdail | ¥ lasg

b?-4ac<0
il
B?-44C=0 0N (3o s slas u, =, =]
B’ —44C =4 P OY Wl b Uslas 1 =1, -
B® -44C =1 $OY W5 pki Uslas w1, =0 —

B? ~4AC = -4 0¥ jail gl Wslwo w2, =0 =3
a3 s 0 Loazs Y > 0

Ve T, =0 B? —4AC = -4ysiSagdosfi b p=0 - a
ﬂ'}t'hséjgﬁhuy<0

. (6kidgwoﬁcﬁnﬁ,sﬁmwmwmug;)
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05 Ol (hyperbolic PDEs) i) aladll a5 aloladl o¥slee 2l Lomd
S ag b sb e (distinet) 2l g (real) ddi> (characteristics) Cinb s
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P (numerator determinant) Sl Baus o

(4'9) a, fl C, dl
|N| _ |2 f, ¢, d,

dx du 0 O

0 dv dx dy

O .00 UK a2 g BUTBY O sr io 055 Ot [N 3L

N

055 0k planll i 055 0 4 B i U1 oy s o | A

8342 e oul/oy

JB Olpaie Jeo g5y géj\ OVsles U 6352 (4.9) Uslel) (expansion) fey O
ordinary differential ) &sle ilols Vsl > & (flow field variables) Ol ]!
ods .(algebraic equations) > Vsles & Y e 3 «(equations
compatibility ) ) oVslas  ewd (49) o Leks Jsed) 5 Gl ool
Ay 92 1a (characteristic lines) 8pell skl Jo bais azus s 5 (equations
:(original hyperbolic PDE) &koY! 513l ) aloled dslall > e

) (ordinary differential equations) &sls lolss Vsles — Lol OVsles oo ki
sl 3 3pell skt Jsb Je — ((compatibility equations) sl o¥sles o
@ysles 43y boll ods . (method of characteristics) _ailed| dyb e 43y bl odaxy
g5\ (inviscid supersonic flows) (352 3sdll ) S Ot 4 ale 2o,

b abdl old SVslll g e 055 Bmle¥l SVsld) 0Ll
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CHPLt o o) & (two—dimensional) sl Bl alal N2 éj\ 4.1

.(independent space variables) &slad)l dkiz.ll
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4.1 S
J+ o5 5 (domain) J
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el Ob .(equations
Two-) >yl S (steady)

.(dimensional

[2] o 395l )
inel) Gbil) — allll aibd) e V) (influences) ;5 ¥ P abill de ologall
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;3 o Bsas) b e o) U3 ki auie (boundary surface) (sl
P e 35 sl el gl <l
5 oxy Gyel) 3 (data) lasly ol I e dald) st |4 a2 (el g

.z oLV L} "M\";;) L}Lﬂb
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(Fluid & s lslys Yslal (Mathematical Properties) dwel ) < luws s
Dynamic Equations)

o£Y | (inviscid supersonic flow problem) A Y Gl 3sdl Ol LAY
2 oY Lay) 05 Ol ol

4.2 Jﬁiﬁ\

Domain and ) 234 o s
cedl oYl | (boundaries

)

SVl W el Ol

(Three-dimensional steady flow)

.(Unsteady inviscid compressible flow) %57-)3 b ‘sbta.-.a.a\ e Ob

Cs o B amle¥l OVsladl sVl S ) dsly dey e ) Y 0L
sl s wd (locally) W 58 Obpdl 05131 Lo ¥l el
Sl e ol g8 3Jl s (supersonic) dse $s sl (subsonic)
.(marching direction)

Aaidl (41 ol ¢ sl ey a2 U OLlIP) syl e ot S (3l (

4.3.
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Sl Sty e 5 54 Alolidl SYslall e ikl Sluod plell 8,1

S paflad e ndl o Al Alllall ddladl) s P oakeadl 33U adkadl (o5 5

U x 2l Jsb o ogidl e d gl G ga b Jold) 5 P IYs e pias

P ikl 3 ) ade dase

4.3 JL”J !

J= J= e 59l s (Domain) Ji
Al day e pite Ol 515N ij‘ oYalal

.(One-dimensional unsteady flow)

Skl 3 P oakdd) juad (two-dimensional) slaY) L‘;L:fﬂ u") U O )

A oy Sl (3 8,2l 2V SLLIL Tey 44 S 3 e a8 LS (xy,8)

(time) <35}l 3 ALY I (“marches’) " "

4.4 S

skl SW el pe 0L L

(Two-dimensional unsteady flow)
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(Fluid & s lslys Yslal (Mathematical Properties) dwel ) < luws s
Dynamic Equations)

Parabolic Equations / §8lSs ghill wisleo 4.4.2

aibdl IS Je 55 xy okl 3 P oabid) te Slslall sl bl & YVsleal
P N R o RT Y- “CANL PPN VAN VRN EA P CE R (FEISU

P oakeadl Vs e sl
ss2) e gt byt Sl Pase B agie (S85y el g x sBl O s
U abdll Vsl Jol b g e x st @ s oo b WSy
(boundary conditions) &3sdd! b, 2Jb Tedy ¢(‘marching’) "pws’ Jsk= Lyl

3 o e Vel U o e Skl sy x g e IS U e
- x el oY)

Jg-ﬁ‘:él.S

S bl SVslal e sl 5 L

)parabolic equations) pie & (in two

dimensions . (
Ssie = 3 Vslas e (reduced forms) aaiz JISCal s (&Sl WSelis &
eV bgya ol @ 1313 wbadll g5 p dske 18 2l (Navier-Stokes)
oA Yol ods 3 x U dedl wlaal) e (sshs gl (viscous stress) )

(S84 sbill  (Navier-Stokes) Sy =30 o¥slldl e s
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Sl Sty e s a5 Alolid) Vsl e dkdl SLoSU ol S50

ox o) 3 sl W) e J> i &) (‘parabolized’ Navier-Stokes equations)
G e gy s x gl b e e poseall bl an e Ten,
il (Reynolds numbers) Jsu, 314eY (Navier-Stokes) Syt — gl <¥slak
Jos By e B gé‘“ (boundary layer equations) ;i k)l ¥sles L) o5

8] LY cfaﬁﬂ Sl J.@.EV (boundary layer equations) 44! dilell ods

45 JSz

(elliptic equations) ,28lJ| glall w¥sleall 4.4.3

1hidl ke Slshall (@il sl SYslaallP sgad) 3 xy gbl) IS Je g
) Jb=all (5,5 Yldomain L}ﬁ&ﬂ 3 85l oda sy (4.6 S J2 (5 sl ¢

) [Sedirectangular. (

JS-J"J‘: 4.6

)two dimensions. (

oY () aladll o¥sleol) Labed A seabl s Lt LU lae sa JU L

90t LIS il Pakadl we 4 Loy 5 (JB 3 LG ST L 5 P oakd)
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(Fluid @l lealys ©Vslel (Mathematical Properties) &ob ) <lio g2l

Dynamic Equations)

JH) Pl e dlg OT & P kil e 1 ol 2 0 abed sl (boundary)
4l Joldl (“marching’) " & Rl el 3 06y 1 L bl &G

e S o)l g Wl alad)l o ¥sleold
Csall A 05 Lo gl ((steady) ulWl 0Lt Wil Solus @
o Ll M ailll abeill o¥slal iy 5o (inviscid) 5 V) «(subsonic)
Mach ) ¢l sae L ey 1) (incompressible) ezl DU oL,
B byl Geks (ot ) e IV odd 3L (he (ol (number
flow-) OL,dl Oldes | 9 cOL b Yols™ Lo g 4354 (boundary conditions)
Cil b g el ed O g Ol @ bW S (feld
o AN BE ST - Je Sn dnes ks W ) OY (simultaneously)
Lyl sda oS abed b e ayladl by all o O g 46 ISl e
Olprll LA JSCaY s b oo S (boundary conditions) A4

il Lo 2l e ol s lud) Job Ae 0 5 u (dependent variables) in:\d)

.(Dirichlet condition) cliyps b s

Jo v oo u il Olasd) (derivatives) olizil) (specification) £ o

Slags byd o BH Lyl e psdl s b b Je Ou/dy

.(Neumann condition)
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Sl Sty e 5 54 Alolidl SYslall e ikl Sluod plell 8,1

ol yoey 4.4.4

a5 aloladl SValdl jaad gl ISl e (Il e 09K a A oda 3
ol (parabolic) + 3N ol «(hyperbolic) 313 el gl e adadl (PDE)
(elliptic) 23\

colol N sl cusm il b
Well-Posed Problems / sy Ky Slaall 2,b 4.4.5

J= dl Lot OLY1 a3 Jedl e se ad alolid) o¥olal) 3
3 Ao po (boundary) 4l g (initial conditions) idel bgysi Jleazaly
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Fluid 23s4 Sl @Yslel (Mathematical Properties) ol JI <ol s
c p

Dynamic Equations)

G 2 U L (950) 1) s Ul Bole (oo Al T b esn St AT 8
BAup 9 839mmge A5 Aoy Wslel I OIS 1 L LS a J.{w iy s 1S e
el L}w\e AoVl aladl Lozl e jlexnl daxay I OSTIN «(unique)

e Sy By lae 0SS
&0l 4.4.6

[1] <lysice c(‘;ﬂﬁ;i)\ Sles L L5 ey agd adoladl Vsl B,
2005 Lo ¢ jlasll oe daols

[2] [Wendt et. al. 2009], Chapter 4 (Mathematical Properties of Fluid

Dynamic Equations)

[3] Ferzinger, Peric, "Numerische Stromungsmechanik”, Springer-Verlag
Berlin Heidelberg 2008
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(Discretization of PDES) du saJl dlslaill odslea) 50,45 5

o 355 b Ogeal) (laes

Chapter 5 (Discretization of Partitial Differential [Wendt et. al. 2009],

Equations)

Jsxw 5.1

s (PDEs) a4 alolidl w¥slad (Analytical solutions) s Jol>
(dependent variables) &) i) Slpad) Jans ISCad) dlsiie s
Jslbt (ell> e @lis . (continuously) et iy (domain) J L

discrete ) alain by e u.:; of ks (numerical solutions) &3l

(grid points) &Kl bl and g cais JI&) 3 (points

Sl b 15,1 el
Losd)

-

s

L

A,{

Jﬁ*_

{

O ——
|
= W

,xyw\gmmdﬁ;ﬁgﬂu

o i Y SO IS T > R (U WO

¢ Ax Lol gsj‘j «(uniform) A>%s s x ol£) 3 Kl bl asls of o2 fad

3 e o LS Ay el L;Jb «(uniform) A3ss Lo sa y ol&l (3 deld) Liag



(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

A OB s mey ol OUSG Ay 5 Ax el S 0 BT S
dege dely el e dode Jd e (ssbs CFD wlibdl e solasll
Bas o a2y k1S as ) by 1is OV ) ST ¢ (uniform spacing)

ST Ble s amg gsmldl il Ao lne
¢ (physical xy space) Sl xy sladl & us OF g ¥ dsgll seldl e
numerical ) &34l SLlud) 549 « CFD (3 0LV o 187 3 JU 90 LS
A5 g &) Jsdl (computational space) glad) sLadll (3 (calculations
transformed ) #e=d il oladl 3 (uniform  spacing) =g
non-uniform ) 4>kl x& deld) & s sl s ¢ (independent variables
Wl hedll lis 3 J>= &l 3 .(physical plane) Sudl sl (3 (spacing
o~ oy «(coordinate system) S plladl ol ST gl el o
oo Ay 9 Ax dxaie T (olEY) IS (equal spacing) Asladl & glace 352l
P8 e Ax s Ay LSS of Syl o e o Q-Qj «(constants) <alsl
A s i (index) gl Wy aKad) bl wad o 5.1 (K2 ] 5356 3l
Foge sa (1) OWTI3 (JUby Ly o) (3 dxe ol j (index) o5ey ox oldl (3
odng (i +1, ) BL w P o e daidl ¢ 51 K2 3 P akdd (index)

FVG ) 2 5ok e SV abid)
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Elementary Finite Difference Quotients)asldzl 53942 3,4} loguin Slars)

JUWby « CFD & puly Slai s (finite differences) 359451 3 al) day b pisezns
finite ) 5394 G dll adladl Pl o fad) s Jbes jeeaf iz
.(differences

partial ) a4 ol Jlacal sa (finite differences) 839ds) (39,41 danls
governing ) sl (COHUO WU IET NN P U IS & (derivatives
algebraic difference ) &yt wloguiall & J; & .(equations of fluid dynamics
&) (system of algebraic equations) &y SYslall s sl = «(quotients
3 aad) i) o anall L) 3 (flow-field) Ol Jis ol Ll Sk
Gp o pan e pmadl OV i Bges (510K 3 pedse 58 LS) Ol
piind Gl legl i i (algebraic difference quotients) k! lsguik
.(PDE) ;4 alolid) oYslall (discretize) 3,4

Elementary Finite ) 4uilsi/ & 910 § 4/ loguibo liisl 5.2
(Difference Quotients

el e (derivatives) wlizil) (Finite difference) 355! &4l |t ook
dot uii 13 (JWY Jew Lo (Taylor’s series expansions) LG able olews
iendl )06, ) daw & (velocity) sl x (component) 0sKs  Je
Slawg e 22l J‘jl’%“ s po of ugé (i+1,j) dezdl & uin,j (velocity)

AW el e () aaid) Js> (Taylor’s series expansions) LU dk.lo

du y Pu\ Ux)?  [(Pu) (dx) + 5.1
Wi1:=1U::+| — AX + = - -
L= gy i ox*); 2 ox*Ji; 6



(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

D13 W o8 B3 e Loy & (5.1) abll)
SIS Al 5 ((infinite) EY o (terms) aob) BLLYI e sae (1

«(converges)

.Ax—>0)T/j (<

Y osae Js) g}uﬂ 2¢ o 4B ((numerical computations) &3ds)l obluo
2gbis 065 (5.1) Wslall (HA L(5.1) Aslll 3 (terms) ULV o A am
order of ) i) dad Lol ) BILYI |ald o B3 JU s e (truncated)

tdl e (5.1) dslall ((higher order) LSLJY\ <Al 9 (Ax)3 (magnitude

au ’u)  (AxY
ui+l,j zuiyj +[&j AX+(6X—2J (T) ................................... (52)
1] ij

3 «(second-order accuracy) B4 e a5l A5 3 & (5.2) sl O) Joi5
Led 13) el w3 LeY) 5 (Ax)® (terms of order) —wiall 2k el oY

Wolall oo ot | Lgl:fﬂ\ 5 (Ax)? (terms of order) iU g\b\ﬁ)‘ o bl ey

«(5.1)
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} legeis Elani)

L) (5.3) 5 (5.2) wVolakl 3 Bl e LoY) amydll e s (5.3) Aslakl Com
Jf & (truncation error) g LY s 8 LY C ols aol )l 1LY

(truncation error) tUa-ZW\ Las |, JlEl Jere e .(finite series) 85941 ALl

NPV (5.2) Uoleadd
=2 (0"u) (Ax)
nz_;‘[ax” lj n!

7 (truncation error) glas¥l las i Sy

dslall o) «(Taylor’s series) LG aluke 3 (terms) aol ) LY o all e (1
g J&f & (accuracy) B S5t ¢ Y o35 14a .(5.1)

Ax g j2iE (@

(Qu/dx )ij J Wdd 5 ¢(5.1) aslall ) 5405 Lges

((’Ju) | Ui j U ({’Jgu) Ax (63.;;) Ax?
dx L - Ax dx2 i 2 a3 i 6

Truncation error
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

g is1i — i
(ﬂ) e P (5.4)
ox i Ax

formal mathematical ) 6&«“«5\ 2 el sa O(AX) o (5.4) Aol 3

J 4l (of-order-of) il I3 (terms) &2l 394> ¢ sl (notation

abidl 3 Qux) il ‘;o\.a‘ﬂ\ oYL ddgd d)le o (54) kbl Ax
O ds) amps o3 (i, ) Sl

Blaleddl " 9 e sshan A ((5.3) Wslakl e s ST ek g (5.4) Wslad
gVl s ne (35 (54) Wbl & ¢ "(approximately equal) Ly
L0 (psb5 |8 p e [ <z ® (truncation error)

¢ ur1j J (Taylor’s series expansion) LG Ao sy 5 OV Lges

Ui, L;-C Qﬂ}ﬁ

du Pu\ (=4x)?
1 =W+ — _d' )+
o 1=J ”l,j ((,)“)j‘j( \) ((‘}.\‘2 )IJ 2

(03‘54) (—4x)3
+ +¢¢o
ij

ax3 6

6 Engl.: first order forward difference expression for the derivative (du/0x) at grid
point (i, j).
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} leguis Elani)

or,

. vl
i y acu
i—1i=up;i—|— | Adx+|—
R V2 i Ox2

3 u (A.r]3+
ax3 i 6

) (Ax)?
L 2

(5.5)

QI Wos: ¢ (Qu/dN) J ek

dx i B

Uij— Ui—1,j

+O0(4x)
I (Ax
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

(i, §) &Sl akidl (3 (Qu/dx) i oLV oLEVL 4355 5)Le (5.6) Wslall

7%;)\ dmyy o3

- (5.1) o (5.5) Wolall (subtract) ks OV Lyes

~(Ou Fu) (Ux)?
Uip1,j— Ui-1j = o Ax+ 3 3 +
Ox i ox i 3

S ed 9 (Qu/dx)i J (5.7) sl 14

x 24x

u i1 — Ui—1 -
i

Gy 13 (7, ) RSt BB G Qu/dx) i) 45500 4398 3yl (5.8) dslall

8 4t

7 Engl.: first order rearward difference expression for the derivative (Ou/0x) at grid
point (i, j).
8 Engl.: second order central difference for the derivative (Ou/0x) at grid point (i, j).
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} legeis Elani)

SE(02u/0x2)i; Wl L}J‘J}L\ griall 39as) OMW 4 5lall e Jgal]
o db (5.8) Wkl 3 (order-of magnitude) w2 cheas 5 of Yol

ou Uirlj— Ui-1 Pu\ (Ux)?
_ _ - - - + e 5 'L) }
(r.'ix' )i i 2Ax (r_’ir3 TR (

e bef (5.1) & (5.9) dslall Jlusal

Uirlj—ti-1j [(Pu) (Ax)? .
“i+l.j:”i7j+ — | — — 4 | AxX

24x Ax3 6
. (625{) (Ax)? N (53“) (4x)?
Ox2 i 2 ax3 i 6
) (Ux)?
a4 .. 510
* ((3_\4 )i-J 24 i ( :

e bed (@) J dndl (5.10) Aol >

(62”) Uip1j—2uij+ Uiy j
= 2
i (Ax)

+O(Ax)? (5.11)

ox2

second-order central ) &6 dryd o (S5SNI @\—‘J‘ Sl 8yle & (5.11) sl

==L, ) ) abais & (?u/ox?) (derivative) xiwd) (second difference
P [REEAT o Lgle ‘_}.44 y oo olaial (Difference expressions) 33,4

(R X olizel ialldl oV¥alad Ll akie C?LL;J\

du Ui j+1 o

— L +0(Ay) Forward difference
r.?y j Ay

au Ujj— Uij-1 .

=) = e +0(Ay) Rearward difference
ay |, i Ay

{ A\ Wil — i1 -



(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

(central second difference) Wl (gSH Gl OF LD O plaxad pill a9
forward ) L“;obf GBS opds S& (5.11) Aolall gk o JW o o Jaall
rearward ) ¢)sU 3,4l 3929 & ¢ (first derivatives) Js¥ olanill (difference
Jegenild Ublasl 13| . (First derivatives) oY) wlizill (3 asdszd) (differences

Ll O ijj\

du _[du
@ o (ou\] (Tr)m,j (Hx)i.j
dax? i | ax\ax i - Ax
Pu) [(“i+l,j — Ui ) ~ (”j.j — i1 )] b
Ix2 ij h Ax Ax Ax

> E
(0“:‘,{) Ui~ 2 i
i

5 (5.12)
(Ax)=

.(5.11) aslall lze (difference quotient) 3,41 |Jol> & & (5.12) doles

finite difference ) 942l G 4l Lol s Aol Lldll i plasezal Say
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} legeis Elani)

S (G, ) ks 3 (Pu/dxdy) (mixed derivative) delsll wliziwll (quotient

JE L s a2l

Fu_ 0 (o (5.13)
dxdy  ox\dy

Sliall wo ¢ ey yd i) g5 Bax] gradl ST (5.13) sl 3

. (Central differences) a5 M &) IS 3 Lyl v

Pu 0 ({m) (%)Hl,j _(%)i—l,j

axdy  dx\ oy 2Ax

A’u R i e A T R N e e e e I

axay 24y 24y 24x

0 u 1

iy N m(“iﬂ.ﬁl T Ui—1j—1 = Uis1j—1 = Ui-1j+1)

or
9u 1 ( |
= ———(Ujy1ip1 +Ui—1im] — Uig1io1 — Ui—1 i
r_'il.'e‘j_\‘ . 441-]‘.‘4\‘ i+1,j+1 i-1,j—1 i+1,j—1 i—1,j+1 (5.14)

+ O[(4x)?.(4y)?]

(derivatives) «latiwll ng.a'—&)}\ i adl Godll e waddl e Jsad Q.(.gj
U5 s (higher-order derivates) JeY! Cudl o3 wlizall o Sab ol

L@ML:@L:MLL! 4]
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

e il (difference quotients) 3,2l Lole JSaT o el fuzie Jgud
P 45 444 o\

Anderson, D.A. Tannehilll John C. and Pletcher, Richard H,,
Computational Fluid Mechanics and Heat Transfer, McGraw-Hill, New
York, 1984.

¢(boundary) 394} e Sus 15l
05 (differencing) 3,401 s gy & ¢(boundary) 35 Je ust 3L
394l e el A oY) (o) i g ol Y1 L) e OLSTIS) OISYL

¢(boundary)

S e iSal bl 152 JSJJ\
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} leguis Elani)

o0 1 s CA Jjw\.;-\ Sl c,\p)i (;S-Ub 5.2 Jg.&.“ Ja.o\‘JL:L\ J:M,u L;.C
2Ay 35 Ay (distance) Blows (3 3 52 Ll 5 s9ad) Lo 045 (grid) izl

gt e 530 LAl qudy J s iz OF i OV Lsgud) b

LS” (forward difference) L;ob‘ﬁ\ 3,4 &2 o) o

(d—”) =271 o)
av /), Ay )

I ks S S (first-order accuracy) Bl oY) ampll o o )
¢(second-order accuracy) B iUl am) ) e & ) dmadl s

&Y (5.8) bl 3 g» LS (central  difference) 550 &6 a5 O s ¥
2 kil 52 Sl (327 akaid) (3 mose g8 LS ey (6,5 2ok Gl
& u oo Slahee ol Losas Ld s ((computation) lud! GUss o)l
ksl oda

Uy =U, OF Lol e L b a3 Jldl e suatall Slas ¢ CFD e Lo oL 3
Y (oYW s 3 . (reflection boundary) oSyl b bl s enns
U els e 8T G L 0L e3> 5 3,%9 (1A (physical sense) (s3ls sxe
finite ) 592 G5 e ol LS oS e T e Il Mo s 4

5944} e (second-order accurate) a3 (3 AWl iyl oo (difference
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

G ol Ol g5l i b o Sy cda ey 154 $(boundary)
.JJ.XSL-\
(polynomial) 394 susze ais pey O (S6 u (boundary) g4l OF o i

u = a+by+c y? (5.16)
A e 52 el 3 il bl s ablal) oda Lib 13|

uir=a
u=a+bAy
+c(Ay)?
us=a+b(2
Ay)+c(2A
yr
1 b J il (system) pladl 1da (solving) =9
=3y +dur — u3
h= ——————— 5.
b 20y (5.17)
:dl ke (differentiating) ilolilly ((5.16) dslell 1) 542
8 9 S
(evaluation) —RY 9 ? =b+2cy (5.18)
av
seadl e (5.18) alslal
ty=0 S (1 4t we)
((E) =b (5.19)
av ),

tbe et (5.19) 5 (5.18) wVslall (p medl any
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(Elementary Finite Difference Quotients)asliz) 3942 3,4} legeis Elani)

ou =3uy +4ur —u
— | = e (5.20)
dy 4 24y

Taylor’s series ) J-L\J ke pon g 3 s (5.20) sl B 5 LY

1 4kadl s~ (expansion

) = i + ou . u _\'2+ & u _\'3+ (5.1
T Gy Co\2) 2 \avd) 6 o

(polynomial expression) 3sidl sdadl padl (5.16) 5 (5.21) <Nalkell 0,6
ko 3 Ollbas MW ol plasal Goley 32 (5.16) Wolell 3 sl il (sl
gl 1S5 3 .04y o 2 (5.16) Wslall ( QWb (Taylor's series) LG
(5.20) Aslall ot sl oY) ¢ Ay o oliand £ ((5.20) Aslall 3 (derivative)

Lk ST (5.20) alakl (S5 O (Sa JWLs O(AY P 55 0

= —— +04y)* (5.22)

du —3uy +4ir — 13 ,
1 24y

ay

second- difference quotient) &3 s a5l dmyll I3 G40 fol= sa Idag
s (5.22) 3 (5.15) (sl WS e Gy LS (gl 3904 e (order-accurate
I (derivative) sl o s BY (one-sided differences) d>ls il oo G
Ay Lol e der gl anb ol ol mllaas b e 3B (3 (function)
one-sided ) A=y il> e i oo el 1S S Lakid) ol e Lo
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

dl 2ils) bl alaseal cldy ((accuracy) B oo lmys Lol (differences

394! s (one side) 4>y ol

Basic Aspects of Finite-) 3gaal/ § 8/ o Xsleo/ Guull ciifs> 5.3

(Difference Equations
pldswsl s CFDJ) (3 (finite-difference) 3394 G0 @b o Jsh o s
wlaall Ju 5.2 b 3 el G (difference quotients) 33,41 ols gl
izl . (governing flow equations) 1l SIS Ll Yolall (3 g
(system of algebraic difference equations) &> 433 <Vsles 1o desbis &
(grid) izl o0 ok |S73 (dependent variables) an ) ool izl

.(a difference equation) 43, aslsl FIUAN il jamy i (oUW s 8

dependent ) pUl ) oy Of e oii Sy @) aadead) aolall el

.t 9x oy (function) s 05, s (variable

- b
du  O0u

or x>

e Sls e Wladle e 2l oda 3 ¢ Jeall Sgud alorn) aslal) ods

Y (flow equations) Ol <Y ales o P sk e e Jsad oS8

(parabolic) £ 3L cdll g5 e o» (5.23) Aslald i
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(Basic Aspects of Finite-Difference 394! 3,4l V¥alad dnli) Cilgr

Equations)

LY ) 3l (5.23) Wbl 3 (time derivative) sl grie Jidzal Lad 13)
Ja5 «sSe OMesl e (spatial derivative) L}LQJ suiws ((forward difference)

A Aozl

n _A,n n
i i i1 TS T

i—1
= 5.24)
At (Ax)? (

finite-) AkalS” 5902 3,4l Aslal (truncation error) gUazY! L g Lo Jlge
¢(difference equation
truncation ) gl clbsl ~oly (Saw 2S5 ((5.24) . (5.23) Vslall o aod

(5.10) 5 (5.4) <Yslall e (difference quotients) &, Jolst ks M (errors

ou A u _ Uttt -yl B (', | =20+ )
at - ox? At (4x)?
Pu\" At {*u\" (Ux)?
|- 553 o (5.25)
[ (5!2 )i 2 (ﬂ.x‘* )i 12 }

original ) alo¥) a5 aloladl dsldl Sla (525) dsleedl Ll Lol e
Wl JoV) cpmdlaall Sla N1 ol 9 ¢ (partial differential equation

lall o4 (finite difference expression) 83545t &4l sellasal
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(truncation error) tw‘ﬂ\ o> ] e Al 3l oldball
. » (representation) OLJ! 114 (truncation error) §lY) L halSI1 Dstacks
OlAt, (Ax)*]

écl.p;}!\ ilolad) dsledl (s9lus (finite-difference equation) 394! 3,41 Usles Ja
Sl @l yu Lo il bla sas 13| (original differential equation)
SAt — 09 Ax — 0 s

2l 1) cady (truncation error) g LY Los Of La> ¢ (5.25) Walall s
ilolad) Aol s > i@ (difference equation) <MYl Wslas s
koY

finite-difference ) 33948 34 Ol O] i JW ga e 05 s
bz (partial differential equation) 454 dlolidl dsleall (representation

.(consistent)

o) or Skt 3 (marching) sl S Il (524) Bl o
wle e i & (marching solutions) ) Jsk> of 432 cladll e STals)

((parabolic equations) ¢ SSU xladll &Yslal
(el o dbd aa 3 x :).Q (dependent variable) a2 Wl o6
st BT (55 ((5.24) Uslall Lamdy 5 .3ksl) (initial conditions) &Js¥1 29 k]
S8 ikl ods g a8y ((unknown) Ggme pb L dsly e Js

Flll e 55Le (t+AL) <34 (3 (dependent variable) sl il Jo Jsad
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el o Sl Lele Jsaad) o 6l G5 e ot <390 3 (known results) 69,2l
s3942) 3l > de Jle oa L Lupm 5 wan, uf (known values) g2l

(explicit finite-difference solution) &\ @55\ J.i,.db

original partial ) oV agd) adolid) dald U sen oolae Jlus” Ll
MYl oSSl sl L(5.23) Wslall Lgnads & (differential equation
average ) Jixll wldbas o <N LW L (spatial differences) &S

o2 ldag ((n+1) 9n o (properties

HH'I _ N

L ut+l yn —Zui‘“ —2u + ] +ul

i+l i+1 i—1 -1
(Ax)?

2 —

At

JSEN o (5.26) Aslall (3 ol (differencing) 2MusNI e il sy
.(Crank-Nicolson form) & 5SS =) S
terms of ) &g, LS e Loib we g Y urt Ogall xE (5.26) Uslall ol
Lyl QQJ Ut WMLt (A 9T N Ol dbs (3 (the known quantities
i gurlin & 9 T ntl Ol Ak 3 a9 By s 8 DlaS pe
o Y (grid) Bl 31 dne 1bd wie (5.26) Aslall 3lai O Wol= 131 (LU
% (5.26) Wslall (el o Yoy umt J M e Jged) B3 ug dbadl ods 3
system ) &l OVsledl -pe plas 1l (g3 L A bl it Zu.jzﬁﬁ Qjﬁs ol
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> S« 9 gt urt (unknown) Jsest) O 5% & (of algebraic equations
implicit finite-) 35421 Gl gaz > o kel asly oy @3 R
<Yaladl s (large systems) 35S o2l >~ ébu &Y .(difference solution
3kl ssle 2)Lisy (simultaneous linear algebraic) A>ly iy (3 4ol 4,
.(large matrices) 3,51 ©bsiall CeM (3 (implicit methods) el
i) (disadvantages) <lludly (advantages) lalgN) o >se dli Lasds
NUTTIUNNRES- Wi ¢

(Explicit approach) ) e (1

(program) z=+b (set up) L5y Lywd Lo :(advantage) aol4! (

At 05 OF gt cnms Ax J sl JUbl dao _Ls :(disadvantage) duled! (o
& -(stability constraints) L&Y} 358 goyd &) (limit) 29kl jon oo sl
((stability) LYl Jo bl LWl aleo At 056 O et (VU o 8
Sblas slxY b w3y (computer) FsmeSd Joais 1) (25 0f Sk 1ay
ot Ol e dime 578 (s e (calculations)

(Implicit approach)  sesa)! zgd! (2

dWly ¢ At o w8 S il (stability) LasY) e bl (Ss s
s e (calculations) apled) wllea)) lad o BT iy wlglos Pl

(computer) ;s 3 J3) T.:B) asb Bl oda Lt e dims 358
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(program)zsb, sLssy ke ST .ol (0

ele JKar o (massive matrix)iesea)l Bpiall oM O L e (2
L w5 ST g wdy sas IS8 el 0y 03l e Bk S8 A0
(explicit approach )2l eedl (3 s <ilS”

«(truncation error) ST gladl tasy ¢ 38 At 3 Ko o) L il (5
gl ldasl) aadl ) anll (implicit methods) e 3k aldsculs
zed aids 05 ¥ W ((independent variable) i) olpand)
(explicit approach )z -2

& (steady state) jLiz¥l A= ad oo 3L byt | L) Joosl]d G5 oy
Aegs oo 2 (inaccuracy) 3! b c3sll Aol Al Se M dnd)

sl e el 2 W 0B (1979 sle L= U 1969 ple o 3 U=
JW & JW g2 LS) (‘marching’) ') Jol= e ssbs &)l adasd) CFD
st o (explicit methods) aeslsll &)l o (oDl

e bl s ) e sy SYICFD J) il o kel OB (3 mag
(regions of the flow) udl gble j2e (3 leln oo M 4y (grid points)
small ) sprall sl St 1) Tl 5eaSW 58T Jiis <3y ez s

.43kl (marching steps
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(implicit methods) szl 3kl oMel 3,500 (advantage) 3k olds cilax Ay
1ads B8 Bl 3 3S g Slibs plsual e 5l a9 VI AL i
L)) s liiled & (implicit methods) el Gl <ol Cond! b o
CFD J! wlinks

ale Gdei 5.3.1

a5 bl Jagel ddly Lind g ¢ 53508l G ol OF molsll ad
3,4l Lelsz (governing equations) &) Yol (3 (partial derivatives)
odd Jol> o Js=ll G4l 25 o (algebraic difference quotients) & x3)
oda (2> aaey A b e abis ST (3 (algebraic equations) dgpd! < Yslall
CLLdl i o O ez Lo Sls o e gl Y allas 3540
& b 3 (stable) 3 3> o «(accurate) iids OsSiw (calculations)
inme AL (boundary conditions) 39l b i 0L (23 e 3dley Loy 2l
& (boundary conditions) 3943 by il Cawldl =3l OB JWby ¢ J> o)
Yl gl & Al (finite-difference) 39421 &l Laws Yy (3392 35 o)

slyéiu Yl Jisig lhsErrors and an Analysis of Stability - 5.4

At the end of the last section, we stated that no guarantee exists for the
accuracy and stability of a system of finite-difference, equations under all

conditions.

93 Bl alas ldnaly B> Oled) ey ¥ oal 0SS ) abdl B 3
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However for linear equations there is a formal way of examining the
accuracy and stability and these ideas at least provide guidance for the
understanding of the behaviour of the more complex non-linear system that

is our governing flow equations.

BV e GV sdag laals B) asd) %) Alsy Jla 2ol oNosleal) Sy

Bl SVl a olng s Sl bl 8 plldl Sole 1 0L 4y oS
0Ll

In this section we introduce some of these ideas, applied to simple linear

equations.
Ao k) SV Lo b g G ods oy pus il s (3

The material in this section is patterned somewhat after section 3—6 of the
excellent new book on CFD by Dale Anderson, John Tannehill and Richard

Pletcher (Ref. [1]) which should be consulted for more details. Consider a

partial differential equation, such as for example Eq. (5.23). The numerical

solution of this equation is influenced by two sources of error:

Sadl ad) CFD QS 0 6-3 ) iy Lot ] OU s (3 31l s Loty
5lizys (John Tannehill) k&G Os> (Dale Anderson) Osw guy L 3
L3835 aads Y Lere sl s (&) (1] @-,U ) ((Richard Pletcher) Lz

@l A 3y (5.23) @bkl JW Lo Jo Jze cagibl aloladl dblal) e

:;Lh':L\ 5ol o B J,é % Jalell odd
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1 .Discretization error. The difference between the exact analytical solution

of the partial differential equation (for example, Eq. (5.23)) and the exact

(round-off free) solution of the corresponding difference equation (for

example, Eq. (5.24)).

From our previous discussion, the discretization error is simply the

truncation error for the difference equation plus any errors introduced by

the numerical treatment of the boundary conditions.
analytical ) el o B4 .(Discretization error) &l s .1
Jere JAe) (partial differential equation) 4534 &lolid) dsleald 3340 (solution
Uslas ae 3lsz s ((round-off free) ~ Lu&) g 4y ((5.23) dsladl Jull
((524) absll JE L Je)  (difference equation) &,
— los abley s (discretization error) &l les aallll Lezdle 3
& sV 1 LoYL (difference equation) 3,4l &slas (truncation error)
boundary ) 3944 bgi) (numerical treatment) w3}l Akl (3w
. (conditions

2 .Round-off error. The numerical error introduced after a repetitive number

of calculations in which the computer is constantly rounding the numbers to

some significant figure.
A% (numerical error) (s>l (N J>4 .(Round-off error) 2! Ls 2,

ot pody sl JeeeS 5l (33, SA (caleulations) duled) ollea)) s sus
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. (significant figure) 3yl slae¥) j2n Al jleznl oG 5,1 (rounding)

If we let
A = analytical solution of the partial differential equation
D = exact solution of the difference equation

N = numerical solution from a real computer with finite accuracy
LSy 13
partial ) &54 aloldl Wsled)  (analytical solution) Jd>dl |41 =A
(differential equation

(difference equation) &,4)) aslal (exact solution) &34 |+ =D

dalie 48> & gﬁcﬁ.;\ FaemeS g o0 (numerical solution) a4l JJ-\ =N

then,

Discretization error = A-D

Round-off =e = N -D (5.27)
From Eq. (5.27), we can write

N=D+e (5.28)
.

A-D = (Discretization error) j,&dl Uax

(5.27) N -D =¢ = (Round-off) <&\

S of S o(5.27) Al e

(5.28) N=D+e
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Where again ¢ is the round-off error, which for the remainder of our
discussion in this section, we will simply call “error” for brevity. The
numerical solution N must satisfy the difference equation. Hence from Eq.
(5.24),

CM\ e (3 Lezsla il c(round off error) 2l L FLI 6J->-‘ 0p0 L

ns

—#% N (numerical solution) (34! JH s Uos" dbluy arond Cou g

,(5.24) dslal) s JWbs .(difference equation) &,&)) &slxs 6& ol

DIH—] []+ Dn ._!] Dll 2DI1 _ ’)8!] + D]] E’.F]

i iv1 T |+l i =7 i—1i—1

At (Ax)?

By definition, D is the exact solution of the difference equation, hence it

exactly satisfies:
difference ) 3,41 Wslel (exact solution) 33l |4 o8 D cCiyyadl v{;
- LG L;‘“'i &) L}L:ij c(equation

Dr1+1 _Dn Do f)Dn + DN
i L i+1 i—1 (5.30)
At (Ax)?

Subtracting Eq. (5.30) from (5.29),
/(5.29) o+ (5.30) Wslall # b

ol =28l +e (5.31)
At (dx)?
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From Eq. (5.31), we see that the error ¢ also satisfies the difference

equation.
difference ) &) dslas Liay) e (error) W) O 55 ((5.31) sl

. (equation

Stability Analysis - ),z Y A<

We now consider aspects of the stability of the difference equation, Eq.

(5.24). If errors ¢; are already present at some stage of the solution of

this equation (as they always are in any real computer solution), then

the solution will be stable if the¢,’s shrink, or at best stay the same, as

the solution progresses from step n to n+1; on the other hand, if the Cirg
grow larger during the progression of the solution from steps n to n+1,

then the solution is unstable.

That is, for a solution to be stable,

34l aslee 3 (aspects of the stability) LYl Ciler OV jua o4
ELTINE R EYC VIS ells ) cols 13 (5.24) .aslal) (difference equation)
M 0B (GaeesW i 6T 3 Wl o LS) bl odd e
i eV el 3ol (alin g slasY colsT13) (stable) e 0
g <SS I3 (A At ey ] ) 1Skt pdiy ) G et
e b 0 B0 nkl ) n oAl e s e 5SS

(unstable)

[(stable) ixes 555 o 41 bostl) (5,51 2 o

125



(Discretization of PDEs)ad ;3! dloladl woV¥slel 5 &

g™l /eM < (5.32)

I 1=
For Eq. (5.24), let us examine under what conditions Eq. (5.32) holds.
Assume that the distribution of errors along the x-axis is given by a

Fourier series in x, and that the time-wise variation is exponential in t, i.e.

r9 O 2. (5.32) Wslall jexas by ST ed s Lges ((5.24) Wslall
J8 oo olons 0SS (x-axis) x js= Jsb e (distribution of errors) sUasY!
g’“g}‘ s MY Cl Al e Mag ¢ x (& (Fourier series) 4u)ss dlulos

L;T ¢ t & (exponential)

e(x,t) = e Z okmx (5.33)

m

Where km is the wave number and where the exponential factor a is a
complex number. Since the difference equation is linear, when Eq. (5.33) is
substituted into Eq. (5.31) the behaviour of each term of the series is the
same as the series itself. Hence, let us deal with just one term of the series,

and write

exponential ) gﬂiﬂ\ Lol o> (wave number) wl=sl) sde o8 ki Eo
difference ) &,4) Wsles O & .(complex number) S+ >4s sa a (factor
(531) Wslall (3 (5.33) Aslall Jltzwl oz Leie ((linear) aks  » (equation
(series) Aol .di o2 (series) dlwdedl oda oo (term) mloze S 4l

LSy o(series) Akl odn o i dxly melloias ws folas Lges f g \B13
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e (X, 1) = elethm¥ (5.34)

Substitute Eq. (5.34) into Eq. (5.31),

(5.31) dslal) (3 (5.34) .abslal) Jldzal

a(lul {kmx o n'\mx oo ik (x44) oy fkm.r Al n’\m(x -I)

I i (! >

L
L
L
S

Divide Eq. (5.35) by exeikmx,

cetteimx L3 - (5.35) slall (Divide) ponds

M é,ikmd.r_z + c,—r'kmdx
Mt (4x)?
Of,
adt At Sikmdx | =tk Ax -
¢ =l ——= (™ e -] (5.36)

Recalling the identity that

25 (identity) & sbl S5
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2

e

cos(kyAx) =

Equation (5.36) can be written as

AW S e (5.36) alslal als” S

) 24t
M= | + O [cos(kpdx)— 1] (5.37)

X)<

Recalling another trigonometric identity that

P IE >1 (trigonometric identity) L}Ll;» Lok HSL

| —cos(ky4x)
7

e

sin’[(kpAx)/2] =

Equation (5.37) finally becomes
Sl 418 (3 i (5.37) Wslal)

41t

Ax)?

adt _ | —

e sin®[(kyp4x)/2] (5.38)

From Eq. (5.34),

(5.34) sl s
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8;l+l oA ik x

= . = Mt (5.39)
ch eat (_)tkmx
i

Combining Egs. (5.39), (5.38) and (5.32), we have

L) ez ((5.32) 5(5.38) ¢(5.39) <Yslall (p (Combining) xed!

L sin?[(kpdx)/2] < 1 (5.40)

_)2

Equation (5.40) must be satisfied to have a stable solution, as dictated by
Eq. (5.32). In Eq. (5.40) the factor

Al s W Wy s > L 0 bya IS (5.40) Al 35 Of 2

Lol ((5.40) .4l 3 .(5.32)

! sinz[(kmdx)ﬂ] =G

(Ax)?

is called the amplification factor, and is denoted by G. Evaluating the
inequality in Eq. (5.40), namely G < 1, we have two possible situations

which must hold simultaneously:

=2 .G ) e &l ene (amplification factor) M\ Jole w929

o) OV e ol L (G<1 T (5.40) sl 3 (inequality) < gl
gl ek (3 pered g ot O ot G
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44t
() 1- TP sin’[(kpmdx)/2] < 1

Thus

44t .
e sin®[(kpAx)/2] = 0

Since At/(Ax)?is always positive, this condition always holds.

Loy jor bopadi 1 gl Lsls s At(AX)? 01 s

2) 1- (jf'; sin’[(kinx)/2] 2 ~ 1

Thus

(,ﬁﬁ; sin” [(kpdx)/2]-1<1

For the above condition to hold,

el Ly 2l ez

At
(4x)

(5.41)

| -

<

I

Equation (5.41) gives the stability requirement for the solution of the

difference equation, Eq. (5.24), to be stable.
J+ (stability requirement) ;.Y ok b (5.41) abll)
05 o Se ((5.24) sl (difference equation) G4 wstes
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(stable) ; .

Clearly, for a given Ax, the allowed value of At must be small enough to
satisfy Eq. (5.41).

slall Bl Al SSG Us Bpien At e 0SS O o 3302 Ax =Y (rgoy
(5.41)

Here is a stunning example of the limitation placed on the marching

variable by stability considerations for explicit finite difference models.

2,4 &l (marching variable) sl pite Jo 358l mod Jade Jlis 5o La

explicit finite ) d=ly)l 39021 34l =3l (stability) )Y il
.(difference models

As long as At/(Ax)? < 1/2, the error will not grow for subsequent marching

steps in t, and the numerical solution will proceed in a stable manner.
¢ t (¢ ) (marching steps) sl Slsbd oy - (VX At/(Ax)?2 < 1/2 W
.(stable manner ) itws W= (3 &> (numerical solution) (s34sll |4

On the other hand, if At/(Ax)?> > 1/2, then the error will progressively
become larger, and will eventually cause the numerical marching solution

to ‘blow up’ on the computer .

& s ¢ S TLAN may B L1 T3] cAL/(AX)2 > 12 13) cs T b oo

(‘blow up’) =44 (numerical marching solution) yl (s34 J> Clall 418
oS Sl

The above analysis is an example of a general method called the von

Neuman stability method, which is used frequently to study the stability
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properties of linear difference equations.

O il dipb ewd tale dib e Jle on oMsl 541 (analysis) bl O]

BT WIRUFRESI P MLQJ\ «(von Neuman stability method) Oless

linear difference ) ki) 341 <¥slal (stability properties) iy
.(equations

Another Example: Stability analysis of a hyperbolic equation - Jl

Akl dslaad) AN S 0 5T

Let us quickly examine the stability characteristics of another simple
equation, this time a hyperbolic equation. Consider the first order wave

equation:

Laissez-nous examiner rapidement les caractéristiques de stabilité d'une
autre équation simple, cette fois une équation hyperbolique. Considérons

I'équation du premier ordre d'onde:

dslel (stability characteristics) &Yl aflas dul) ps& Asywmy Lged
iyl dsles jued L (hyperbolic equation) dsks dslel 511 oday L;ff o

:(first order wave equation) dx>sl) | N
q 9

du  du
—+c— =0 (5.42)
ot Ox
Let us replace the spatial derivative with a central difference (see Eq.

(5.8)).
central ) &SN 3,4 & (spatial derivative) L}\il\ auall Jacas Laes
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((5.8) dslall Lsl) (difference

: n o _.n
Ou Uiy = Ui

Jx 24x
Let us replace the time derivative with a first order difference, where u(t)

(5.43)

is represented by an average value between grid points (i+1) and (i-1), i.e.
first ) Lo¥) axm, ) w13 3,4 ¢ (time derivative) wdsll 3uiw Judzud Leeo
Kl bs ou (average Value) Jaall a3 ek o G (order difference

&t ¢ (i-1) s(i+1) (grid points)

u(t) = %(.f.r!ll+1 +ul )

Then .
: n+l _ 1, m n
Ou _ui =5l +ug,)

ar At

(5.44)

Substituting Egs. (5.43) and (5.44) into (5.42), we have
Ll zzc (5.42) & (544) 5(5.43) Vsl Jlan

n n n n
et M Ty AL (M T (5.45)
L 2 Ax 2 ah

Combining Egs. (5.18) and (5.19), we obtain The differencing used in the
above equation, where Eq. (5.44) is used to represent the time derivative,

is called the Lax method, after the mathematician Peter Lax who first
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proposed it. If we now assume an error of the form em(x, t) = evei*t as done
previously, and substitute this form into Eq. (5.45), the amplification factor

become sin

¢ pasadl (differencing) 3,40 Jo et ((5.19) 5 (5.18) Vsl o med
time ) <35l Grie Lied dlemtes (5.44) Aokl oo oMl 5,STL alslall
e (Peter Lax) SV fe dmy (Lax) SV aib end &) (derivative
em(x, t) = (error) Lkl |Sa 0V Lol 5 e b oo Jol O ) lsl
el fule [ (5,45) Aol 3 JSad s Jldzaly (ale s Jgenll eateitmt

sin C.:«a\
G = cos(kmAx) —iC sin(kmAx) (5.46)
where C = c.At/Ax . The stability requirement is le*| < 1,which when

applied to Eq. (5.46) yields

lext] < ¢» (stability requirement) & ol b i)l C = c. At/AX G
t e bef (5.46) dslall e gl e 1

At
C=c— <1 5.47
‘ Ax ( )

In Eq. (5.47), C is called the Courant number. This equation says that At <
Ax/c for the numerical solution of Eq. (5.45) to be stable. Moreover, Eq.
(5.47) is called the Courant—Friedrichs—Lewy condition, generally written as
the CFL condition. It is an important stability criterion for hyperbolic
equations. Let us examine the physical significance of the CFL condition.

Consider the second order wave equation
Jsis dslall oda (Courant number) 0))sS sas C o ¢ (5.47) sl 3
sl 3 (numerical solution) (sadall 41 06, O J»?'T o (At < Ax/c) O
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— OhS by s (547) Wl (U5 e sdles (stable) Tines (5.45)
bsas (Courant—Friedrichs—Lewy condition) ) - -+up
SVslaoll plal (stability) il jlae dL 5LaY) vl o (CFL by28 K
IV b,2d (physical) 25454 2830 0,4 bses . (hyperbolic equations) sl

il &yl w3 (wave equation) a-sll dslas jead (CFL

7 ]
a-u du

-— = C—=
Jt? 0x?

(5.48)

The characteristic lines for this equation (see Sect. 4.2) are given by
dedie 055 (4.2 el 1) Wslal) 00b (characteristic lines) &)l boskadl

s

x=ct (right running)
and

x=—ct (left running)

and are sketched in Fig. 5.3(a) and (b). In both parts (a) and (b) of Fig. 5.3,
let point b be the intersection of the right-running characteristic through
grid point (i — 1) and the left-running characteristic through grid point
(i+1).

= 53 UK e (b) 5 () A NS E L(b) 5 53(a) S & ey
(right-running) 14 t\.&x“}!\ 25led (intersection) ClaLa.? ()}Q O b aead

ibs M (left-running) bL.«.g &\é.b“}!\ ot 5 ((i-1) s abs S
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L(i+1) 3

For Eq. (5.48), the CFL condition as given in Eq. (5.47) holds as the
stability criterion. Let Atcs denote the value of At given by Eq. (5.47) when
C = 1. Then Atca1 = Ax/c, and the intersection point b is therefore a distance
Atca1 above the x-axis, as sketched in Figs. 5.3(a) and (b).

N s Jam (547) bl @ sl CFL J) bys ((5.48) Wl
Aslal) Aoy Leddll At J) e Je Ju Atcea 2 . (stability criterion)
b (stability criterion) xblidl i Wby Atcr = Ax/c & .C=1 & (5.47)

(b) 5 5.3(a) e @ oy LS (xaxis) x 52| Bsb Atemr Blus s

Now assume that C < 1, which is the case sketched in Fig. 5.3(a). Then
from Eq. (5.47), Atc<«1<Atc-1, as shown in Fig. 5.3(a).

slal) e (c‘ .5.3(a) VMJJ\ Q& e (case) Wt ™ ,C <1 OV o pad
5.3(a) JSa) 3 e o8 LS (Atca <Ateat (5.47)

Let point d correspond to the grid point at point i, existing at time
(t+Atc«). Since properties at point d are calculated numerically from the
difference equation using grid points (i-1) and (i+1), the numerical

domain for point d is the triangle adc shown in Fig. 5.3(a).

(tAtca) sl (3 83925l i dbadl e izl (3 dked o 3s5 d abid) o pad

calculated ) Usde cnd d akidl we (properties) _ailadl O L
9 (i-1) (grid) &2 bl pldssb (equation) &) Wsles s (numerically

.adc (triangle) &) 04, d 4baid (numerical domain) s BUadl (i +1)

5.3(a) JSed 3 ey )
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BIN (W sUzs{Errors and an Analysis of Stability -

(shaded triangle) sl cdd) s» d daidll (analytical domain) Jd>d) Ji
bS5y .d dbeidl wie (characteristics) afladl ws il [53(a) JSKadl
J Jeiy d aeid) (numerical domain) s34l JI) 53(a) ISadl 3 of
L 5.3(b) S 3wl WLk o ad Ll 3 (analytical domain) L)
53(b) Sl 3 e 98 LS ¢ At > Atcar ,(547) Aol o J3C> 1 (i

d ikl s rad.
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

1AW o5
physical)
significance
a5zl (
CFL b,
-
: K

O e (trAtes) gl 3 839l i a2l dhd mo nlis 1 5.3(b) ISl 8
G,d) Wsles o (calculated numerically) Lsds cund d abidl 3 oilad
Sladl ¢ (i+1) 9 (i-1) (grid points) s bls pldsnl (difference equation)

3 ek @ ade (triangle) il sa d dkad) (numerical domain) (s34l
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= (R W sUzs{Errors and an Analysis of Stability -

Hel eddl s d 4kad) (analytical domain) =3 Jl .53(b) oAl
oladl s e ae Dl 53() Kl 3 (shaded  triangle)
a3l JiE) 5.3(b) Jﬁsz\ a3 ol b .d abksadl we (characteristics)
& Iday | (analytical domain) (ke J=) 8 ks Y (numerical domain)
«&ldy . (unstable behaviour) fiws & Sl 1| 38 Ul (condition) b2l
(CFL JI L,2) 1) (physical interpretation) Sl sddl puds ol S«
:condition) CFL

of s (computational domain) gt Jil ((stability) )z J:,-T o
& ool el 3,500 @l )lzeV! (analytical domain) (ke dst IS Jezy
OV Jan (3 LU el &y (accuracy) @l Jlas (stability) ) azsY)
L.S” (stable case) &irdl I puad 53 . Kl b dgamg o oy Of Ll Sk
422U (analytic domain) (ke JE Ol kxS 53(a) Kl 3 e o2
o 5.3(a) UK (2 (shaded triangle) Ml eJidd o d akall (dependence)
LU e b dexe s d 2k 3 afladly ((Chap. 4) 4 bl (3 WLzl
dgsdal A L o) LasY (23 t+9-(shaded triangle) Ml cddi =15
(of dependence) il Jlz @b’- &5§3 (i+1) s(i-1) (numerical grid points)
iU o .d dealdl we (properties) _eilad S Se Y O s L L}L:JLU
i (3 (properties) LaSlesd) (numerical calculation) $sal olud (551
2 0SS AU odms(i+1) 9 (i-1) (grid points) &l bls o Slashes 456 d
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(Discretization of PDEs)ad ;3! dloladl wo¥slel 5 &

) e Al sda (3L Atca << Aterdds Bphe Atca )it 4x bikis il
) 0SS W5 ((stable) 3itws Wl (3 (calculations) duled) clleall O e
J&) o Cj"}j‘ (mismatch) dadl [AF; (inaccurate) 4ids n¢ (results)
Adedl) dpaaall SULL WBge Gn 9 o d (domain of dependence) ikead) ..
ss2 (3 .d Ls (properties) eiled! old dsdsal) (actual numerical data)
05 Of % (Courant number) JW saall Of ) Lald codel a5l azilll
a sl (C <1 (stability) LYV =T s (unity) sa>s o 81 o (soluns
Bl e JlalS (unity) sasy ) il C 05 Of oa iyl i

. (accuracy)
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(Grid transformations) aSuall @l 6

Jsxw 6.1
1) plasal cdekaxdl aglpdl Jsiel) o s CED ks |57 o5 13)

LSe 2 g e sdend) (Sl SVslen pid o s s 0S5 ) cldas
sy Volell oda 839ust) Bodlls ((X,Y,Z,0) clad (3 Voledl odn 5.b5 dbly
AY AXY 8050 o3 plsial oy Oladly S ol e saaldl G40 Lol
s 23y 6T o T eleel S5 adad SLl an (S Aty A2
co FIg 0.1 & moly oo LS (bl o clibl 335 Ol s Wl il
kb 18 & it Laog

PO e gl s e STl 2

dad o b Bl ol Ll AT G ) ol 80 bl jan bius (1)
CLU ods ) Lo 01 S5 &) 331 pailas

o M il mlan Je ai g B B e g O] g BB sae dls (2)
oot gl Wby (Bl aad gl se bib s il mlan OY ellsy Lo
cgadall AL Sks moos gl Of

JE > olgY aebse pe Fig 6.1 (3 albedd sadl Of manes OF S S
s 5 ke Fig 6.2(2) & leatlas ol o) aCsdl (alls n aid) L 33
99 8¢ bslsll i 3o i) Jo LSS OLIVL 20 o diomite 5 dalomie 18

M (3 Y eaddl Lgnidlio gty (ASH—350d) slal allas oy Lo Mg Lol =




(Grid transformations)iSaa! < Vss

2 LS il mhan Jo b (s s 308 B OF s dagll daidly | Ll
G ol JUsal ) 3 ol pa @Y el i ea Loy, Figl 6.2(a). 3 oo
2o bl (g b el Cay @) 2aad 31 Lol « Fig. 6.2(a)
3Ok M 5 & o e Aoz 15 ) SUpdl sliadll § ) 3020 oS
9o LS Al 22l M § e e sl 2l s moy gFig. 6.2(b)
oda o ki) 3 mladl 3L s | geuld) Ladesd) Ll sy Fig. 6.2(b) & oo
e Sl bkl Lal s Fig. 6.2(2) @ meull Lokl sy 102
92 bl s sy (Fig. 6.22) slpd Lbsdl g€ 3 b ya Ll (JU o
5 ¢ idlnns AT 5 s AG pei @iy glodl desd 3 € 5 b
G oVl > L (@3 U] BLolb L JLnd)l badesd) U] &) leglall
STy 5 X o Yo o) Wylasb My Eo el o b Y (gsuld) aad) (S
) i) oladly (1 68) J) (X, Y) = sl dps of s

v 3L WS ) SVsleold plad) ol 50 S5V oy s Ladll s e o 4l
gl Lol g Sldl) Lalasd)

J# 3 sgbze Sl Jo Jle a sl sda 532 OIS se RaBle gz (U3 ey
JeH s s CFD
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Fig. 6.1:

Airfoil
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lar grid ' p———

Fig. 6.2 (a)
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(b)

Comput "
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(Grid transformations)iSaa! < Vss

General Transformation of the Equations 6.2

X 502 oo Aiad) Sl e Gl Sl Cline 335 o Cae oY) b
X, V,2, 582 ¢LP ‘U izl ol & el L“553’\5 cad) gsad) cﬂ:u ¢ (y, t)

DY e e o g5k Wl g cislia o (1)

o c(‘c m c&) A (X, Y, Z) L“;L“;ﬂ.d\ s J° Ol JU”:" oy

E=E(x y, 1) (6.1a)
n=ny,t (6.1b)
T=1(t) (6.1c)

et =T Ko Jo dowi b 1Sy (kb © s T i codel STl Ligmd) (3
YDCE\?&?&)\ M\ oMVJ}'QTvéEq (61C) ¢¢UJ Cﬁj ‘:LoJo-Jl L@_éb j.k.g

gl Lo i)l e i

(7, (), G2, 3, 52),
(). &1,
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General Transformation of the Equations

G A Aol oYaldl 3 el sa b e ST oMol ) 3 alind) il
AU W) Ll Ll b (S ey adald) bla] e i Yol

CICES L RSWE USRS PR

L ac] (a )(E}?})

dx _(r?-‘f][-'?l N\ ax (6.2)
Similarly,

r_'] _( a ](f?&)+( a )(ﬂq) ©3)

dy & g J\ dy .
Also,

(@), (), (5., (), (5),,
(3),5),

r GGG
(0¥, 1) s 02 e 3 b ol mans (6.5) 5(6.2), (6.3) =Nsle
N T & aln b wlizall wdlld L Ty 1§ gl Lod wlinie J) Joos OF )
ke > O[Oy, ON/OX OG0y «OG/0X JU Jor o ¢ maldll iy
5 .Eqgs. (6.1a, b and ¢) .o¥slaal) sl Jsmdl e Licde Jgad) (Ss gl
ok OSYLy (olie JlZ JSa azkel Egs. (6.1a, b and c).o¥sll
Egs. (6.1a, 3 o ot ) Jomedll OB 3 mng . 3hae [0 3 el e
ULk oda 3y ik Bsde Be semy o &b OV e ST (3 sab, and )

S UMY Bale — 5390l Ga i)l Lols 1S e Lpensdl S8 il

or,

(6.5)
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(Grid transformations)iSaa! < Vss

Jois U @il o¥olas OF LS ¢ 200 (3 shennd) (Sl SYalal) 2y
o s Jsadl S oliadl odb Jemdl ) axle Wk Uy il olixal)
¢ Eq (62) Uslal

Then,

Jsad) S EQ. (6.6C) aslll 3 C 5 B abauly U el dlalisill lazall

P gl e k) 5055 e Lo

_ ik B i ( {3)
T ooxdE T dx\og

el &;j cEq (62) Ll caledud) sues GL" CRedzs

_ a* \[aE &\ [y
#= (a_sf)[ax]+(ana§)(ar) e
Similarly:
" i
L YT WEATIN o
Axdn  Ax\dy dedn |\ Ax ant )\ ax
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General Transformation of the Equations

Eq. bl 3 Lroyy (6.8)5 Egs. (6.7)cVswWll o C 5 B Jinzat,

ol ez byl ks (i B3lels (6.6)

(6.9)

e (—)()(1

LoV claxal) e o X o skay Wb W At ol ‘;’a.u (69) alall

Jead) 3 ez OV Lges Laaki glic Uypas o)y & glan L Lalislly sl

s (EQ. (6.3) skl ay © Glan L ) as Je

-2-2(15- )
( (s é) (& )(a.sax]+ )

Using Eq. (6.3),

|
&) G)ea) oo

SRR e
SN CRE IR

JuW e fed (6.10) 3 (6.12) 5 Egs. (6.11) Jlaza
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(Grid transformations)iSaa! < Vss

(a5 ()Gl )

ol Aodsl) |
a2 I\ dy i [\ dy

clizally (da¥) o p y o glan L B asH Slzall s (6.13) dslal)
el Laadl OV Loty ailiz olic dg,e My & sl Lo ablslly sl
Y s X gk L W ash e

n\[ &
P 6.14
ay ﬂqax] ©.14)
L

Ay (6.14) bl 3 i e C BJJ (6.8) 5 Egs. (6.7) Jax

Al ey

e 3 e IS e I e 5
() (GG (e (A () )

(Y e e Y X ke L Bl agdl oleall e (6.15) abul

(6.15)

Ak eolig Lgpe My & o lan Lad Ly ail) ozl
F 3 (S B oVsldl bt gy00 ga Lo IS JaE oMol a3l Vsl e
olpaneS” T M & J dazes SlpanS(x, y,t) C«Chap. 2 3\l Jgadl
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General Transformation of the Equations

Tj N c& EPUWE Y $u) géj‘ C)YJL’J.\} ¢ bgmdl 1da ok Ledis ¢ ny Loyl Uataws
c@byﬂ\ s cCJ'.U\ 5 3 eae (o Jle & s Lses (L ey dleb ad

Vg Sl LY dslee Eo (Dbl LU p g cculdl
Laplace’s Equation —_ + —1 =0 (6.16)

Noy) =My Ey) =€ o « (N &) LUX, Y) o (6.16) ol s
. (6.13) 5 Egs. (6.9) s sty

()3 () G )*(Zl—if](%]g
I B G
(el 3)(3)+ G5

-

hﬁfﬂrr|(a”)(%)+(£ (

i E A
A vt | a

T =T
—+—|=0 (6.17)

sladl 3 apludl JOWY Whles ¢ Egs. (6.16) and (6.17) wVslall daxls dn
S
roos Wbl xd (1 &) sl slad @ LY Wl 2 55V 5 ¢ (x, )
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(Grid transformations)iSaa! < Vss

Lol e ddadl
sEgs. (6.1), (6.2), (6.3), (6.5), (6.9), (6.13), of x5 &5 5,0
dl (% y) Supdl Lol e pad) (S SVl pd pases (6.15)
St 5o CFD lidad phoas 3yl oo bt 0y ¢ (], £) okl Lashsnd
samse 30 1) (Fig. 6.22 3 op o LS J10) Slpdll ) (3 50 b i
a5k alolid) (Sl o¥oles (Fig. 6.2b 3 cpe 58 L Joe) gl 54 3
ANy isbnze AL dag o (gled) Lbsdl 3 B —iras 0SS Wl
L o (3 @) Oldes Slpaze Sl oz Fig, 0.2b 3 tne oo LS sl
o oks Fig. 6.2(b) a, b, and ¢ bls oo (sl Llasdl (3 2Kl
a, b, and c abul L Supdl Lbsdl 3 dag G B I lpiie i
Eqgs. s oo ol Sad 3 0de |7 522 ) Jsdl ) Lidly (Fig. 6.2(a) @
IS o oVl e Al > B (JW axdyy (6,12, b, and c)
aledl sl i il Lanad g U Egs. (6.1a, b, and ¢) 15 o0 ol

A L) (3 5o SN gl e
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Metrics and Jacobians

Metrics and Jacobians 6.3
Eqs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9), &

iedin 52 g byl (6.10), (6.11), (6.12), (6.13), (6.14), (6.15)
o 1ld (s ) Ly (ON/Dy ON/OX (OE/Oy « DEIOX Jan (Sl
o e sad) Ko adddl oW e (610, boand ¢) asd (Jemdl 0713
o Al ol Al 1S

Npdl s« (6.1a, band c.) (CFD okl o a3 s ang
B35 B il LS bkl nd Ly coae Sy

Eqgs. (6.1a, _.s&aaS ST asgus oVomdl o colinbad) oo Laal (3 Lz

oS gl Ll e Ilasb),

x =x(En,T) (6.18a)
y=y(EnT) (6.18b)
t =t(1) (6.18¢)

151



(Grid transformations)iSaa! < Vss

aatl) SVl (3 (23 may alinadl ol o T 51 & (6.18a, band ©) &
Egs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), =¥slal L5 3
Lyay (6.9), (6.10), (6.11), (6.12), (6.13), (6.14), and (6.15)
Llasebt 5X, Y, Com e A Slite Y| o L ON/OY ,08/0X il
el o Walall ol (3 oLl by o e ol e (@lly Lalinad) ool
U3 dl by (ON/OY « 05/0X L) axl> 3 £ (6183, b and ) & S
S et A il e sSas JKEYI o 41 OY/ON ¢ 05/0x JSa S
28 bses (6.18a, b and ¢) je S Jomill e 3500 Lisle Jsadl S
U oda e sl L

U A 0 X e Jre (330d) (SE Vol @ () mU) el (3 )
YM &) =y s xn &)= x,6.18ab) bl oo (X, ) = 0 e
e U] S Lol

J udx  ou dy .
a_ e, a9y (6.20)
JE  Ox & dy o€

Weet osles Wlael Ligd) by of S (6.21) 4(6.20)  ouYsll
0ulox)  (6.21) 56.20) skl sl |~ . Ou/0ys0u/Ox o)

L (Cramer IS 346 alisusly
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Metrics and Jacobians
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(Grid transformations)iSaa! < Vss

du dy
€ 0¢
du dy
du F:r; F:r;
gx  |0x ay
o& o¢
dx dy

an on
6.22
¢ Jacobian determinant 3sS\> bsiaeS lsdsl e Ol oz ((6.22) Al 3
ax dy
J= dx,y) _|0E o0&

dE.n) — |0x dy
an on
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Metrics and Jacobians

AW S e (6.22) bbbl sy

du 1 {{du\(dy du\ [y .
—= == === (6.23)
dx J\\oEN\on] \on)\oé
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(Grid transformations)iSaa! < Vss

Ouldy J (4« (6.21)5 Eqgs. (6.20) il ssm e 0V

ox du
0¢ o€
ox du
u @ ﬁ
dy  |ox dy
e o€
dx dy

(Hu)(ﬂ.x" r")u)(r‘ix‘
an, _EJ‘_E) o0& f’h;)

or,

u 1

— == (6.24)
dy J

G 2 olpase e olizell e e 3N Egs. (6.23) and (6.24). .l

Lo Al 3 gl e wlpaee (] oliill o e SLpdl A 3
Eqs. (6.2) et WS aial)l eVl i 55 (6.24) 4 (60.23) ¥l
¢ 0E/0x » wall bysd e (6.3) 5 Egs. (6.2) (I . (6.3),
e SA) il 552 (6.24) (6.23) and  saadt o¥sll 5 F) (ON/Oy
dsiae Jo23(6.24) 5 Egs. (6.23) of Laf b=y 41 0y/ON « OX/O
Egs. Ko & en Jpd L 0 WIS (U sl 0 Jacobian 8>
IS 3 il e Wsges Jpadt WSs e S g 5 ((6.18a, b and c)
G oo Vsl o padl (S6 Jedl (S4 ) il () OX/ON < OE/0x
ilgb 5 il assez Sy JLA Jacobian Sl asiasy 1nSel uglill ol
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Metrics and Jacobians

(€M Q) dL(X Y, 2) e sle¥) 93 Jsf 3 Lk Jpadl (S il o 5T
Jorl o e Ul s ) 8 oMol 2Bl Joolidl e b [ 1] ) gl

ol n Bl gl 093 2wl L3l )
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(Grid transformations)iSaa! < Vss

Coordinate Stretching 6.4
AL oYeE gl B ey Gy ¢ hadl) s e 23l 251 LY 8
S Al ST sasly (3 3SKCad) A o Ly L Ls By lae Wbl ST

REFPAN]

Fig. 6.3(a, b) & et slud, S Losd) e slaze¥ly (U for Lo
Lol Ko a5 depdl o (s mhae o o 305 pe Jolas Wl 2l
Fig. ) sbpd) Ldesudll (3 sy dopm G Gile 3 s 98 LS ol e 2L
Vol @ selan 8 e dainl mhdl 0 3l Vs Lol oLt (6.3a
(el e I (IS ey L SUdll Bbasdl (3 ey ST S pasns Of s
s T oSS of sl e

sholite L)l el g bshs Gt (5T 3 8oy el 35201 05ST OF ot U
G Bse B me boladl 3 iy oF T Bl el e Ll LS
Fig. 6.3(b). JSal 3 e 38 LS (gludhl Lol

oy dge 303 U I LS (ol 8 Jlpall p A 3 aSad of (o5 aaad (3
OF do 3B by JUE JoZ L Y olEY1 (& Iogno tal BBy (bl e dalas e

A 3 sl s day
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Coordinate Stretching

n
y
1 o
! (i, j)
~
(i j) s
I f
=
a X u b

Fig. 6.3 Example of grid stretching. (a) Physical plane. (b) Computational

plane
£=x (6.25a)
1= In(y+1) (6.25b)
2 Sl gl

x=¢ (6.262)
y=enl (6.26b)
W sl e e Jgadl gz 2 Sl e G
6.22

ox_p, B_g, Do, Doa (6.27)

o a0
Jacobian L}j{l" LIV JMVMLTJ\ Olsds L;"‘ <2 ) = 4(622) AR S Q3

J= en M\}; W ))ﬁjl\ cdeterminant
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(Grid transformations)iSaa! < Vss

PSS Of e (6.22) LWl (LWL

ax ) 0x —0- fh‘ =0 ":]_} — A

;o —=0; —==0; =e 6.27
dE an € an ¢ (6:27)

Dl SW 3300.(2.27) L aslll odd oage & iyl exe Yl dsles (3 b5 Uges

dpu) N alpv) _

0 6.28
0x ay ( )

oS sl olda Sl sl Eom e iy S Ayl ez V) Aslas & (6.27) Walal)

Al <Egs. (6.23) and (6.24) a8 &) Rl bl |3 o Syt O

I

J

] =0 (6.29)

0é

dn

dn

i3

dn

0é

0é

d(pu) ( 0y ) dpu) (ﬂ}' ) ‘

dpv) (ﬂx ) dpv) (ﬁx)

1(6.27) Wsll) e s sSl il (3 (6.29) sl Jlazal
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Coordinate Stretching

n 2w oo (6.30)
dé on

o e Jsad) S LS el ksl 3 Bylane) Wslas 2 (6.30) dslall

t o oelilly (La UEqs. (6.25a and b) axes g1 Ll Js>dl

ax

ay

an 0: an 1
ax 7 dy  y+1

1; 0: (6.31)

: JWE7(6.28) Walall s «(6.3) 5 Egs. (6.2) Lexes &)l Vgl alisezialy

dpu) (O€ N d(pu)
a& \ox an

an\  dlpv) [dE\  dlpv) [dn
— — —1=0 6.32
r_'ix)Jr i3 _f,?_‘.-‘]+ an (f?_v (6.32)

) ey ((6.31) sl (3 el 3 (6.32) ALl Jlazal,

d(pu) 1 dpv)
=0 6.33
o0& i (v+1) dn ( )

1 (6.33) Wslakl i Lyt =em ((6.26b) Aslall pe

dlpu) 1 dlpv) 0

—+_—

ae e an

or

E”M + e _ 0 (6.34)
daE
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(Grid transformations)iSaa! < Vss

G Jpadl A4S h s s 4 Lad L IS .(6.30) Aleedd dilas (6.34) Ale
ST e Jlo ek 2 2l oS Jod o 8Ll 62 L) cded oYall
b e L [3 2] el 2y WSy 5 X oY e ST 3 s i
) Olbabsdl mogy Bl ssl Jo gl Ao g Sl s
U8 o psaed Vs M e e sl LG (Sl OTLFig. 6.4, 3 bty

.[4] Holst Candgn

X= %[sinh((é —Xp)Bx)+A]

where
A =sinh(B,xp)
and
L L+(eP - 1))
wm=—I—
0 205 1+(€‘ﬁ1—1)§{}

@ ol ga By ceblaal pasl adl G Gl Lbsdl 3 Sl ga £ G

o g bladl e s o by
oy b B2 pe L) g ASGLadd) aild) 3 0 s i Be o ST 0
JU 5 3 (2) 5 skt sda oy el A (1) ropend d) SUsd) Lol
S 8 o Bl S e Sl 1A ity sl (G pUT ols)

M e aaig «[5] Roberts
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Coordinate Stretching

Unifarm grid

Compressed grid

Fig. 6.4 Comparison of uniform and compressed grid

‘ (ﬂ}""l)_(ﬁy— ])e—ctn—]—cﬂjtl—m

T Qa4+ 1)(1 + et 1-a)/-a)y
where Byl
By-1,

c=log

Olel Laaad & Al el e Gy st W el ay By
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Boundary-Fitted Coordinate Systems
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Boundary-Fitted Coordinate Systems
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Fig. 6.8 Boundary fitted grid (from Ref. [7])
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Fig. 6.9 A detail of the boundary fitted grid (from Ref. [7])
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Thus, from this result we write
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Adaptive Grid
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Fig. 6.10 Adapted grid for the rearward-facing step problem (from Corda, Ref. [8])
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Adaptive Grid
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Fig. 7.19 Lines of constant H, mass fraction
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7.5.5 Supersonic Viscous Flow over a Base
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Fig. 7.24 Lines of constant pressure with injection from the center of the base
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(Finite volumes) tsgxall sl 8
dolc ibi 8.1
S Vsl ) Vol s4 s 53904 o) b ez
d

d . . o <
dz*fFP?ﬁdV—F stpgﬁ(v.njdzi ‘quﬁ.na’.ai + ;Iﬂ’s{‘.d?’

—

L -
Advectve (convectove) fluxes Orther ransports (diffusion, atc)

Sum of sources and
sinks terms (reactions, efc)

tslall oda pusnd g 22O Lt (3

d . -
v peedV + Lm po(v.n)dd = —ngﬁ_n dd + L,ms{,. dv

3] 3 e i Y ) OF s Gam OV 5 ¢ hadie om 6T 52:V(1) o

V(H)=V

d

 Jopav + [ ppmdi=—[ grda+[ s, av IS Dbl sy



(Finite volumes)3> s-st| (\->.=>-‘Y\

U TUIREE VIR [ o C g W G P VY

A “time-marching method” needs (<skid) jT) oWl 3kl ) D= Jl,ﬁ'@dV
to be used to integrate
. dd
= | p¢dV podV =—
JI'E 4 to the next time dr [ dt
step(s)
dd
Wil V7 =——
dr [ P =

F
CV IS ssi> 3 el = @ o) o)y Ll
Foridd= vadA+ | g5 d4
Total flux estimate ~ ¥ required .[s ¢ .[s po () .lsq'?"
at the boundary of each CV e.g. F,= advection + diffusion fluxes

g52) sl Jo IS Al 0SS O (s

Sy = L_ s, dV
Total source term (sum of sources) v J5 e (3balt
must be integrated over each CV d .
d—+LF¢_ﬁ di=Ss,

¥ J— f . s - -
Sm—L_sﬁE dV a5l WLy
Hence cons. egn. becomes: FV bbsl iy olall ) o5 ol ods
dd — .
EJFLF“"”“TA:SP Dy 0 by 1) a2 4 Sy

oV Aslal " plli—cddl g b

These needs lead to basic
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elements of a FV scheme, but we dd —
—+ [ Feridd=s,

need to relate ¢ and @. dr
“Time-marching method” for CV dle 5 ks
equation: CV =070 bw s
dd ~ =
—+ | Fyndd=S5 dd 0= .
dr IS ¢ ¢ I;iﬁ—+J5P$J?di=:%
The average of ¢ over a CV cell
dd - - 39kl a5l Bl UM e @ Lo [ L)
I;TE—+|5P$dei==S¢ » jWJ ot O ) Q
Total/Net flux through CV [ I o1 dd = Z [ ,f,;& d4
boundary is sum of integrals: -3 PR

[ Fosida= ;L} Jodd 8l 15 3 0 el Sl WS el ol

) @ 3N e ¥ O Sy el

To compute surface integral, o

is needed _everywhere on 3 (CV
surface, but @ on ,
=+
nodal (CV center) v o | " oM NE °
]
Fa W w nw ‘N ne ]
o o ® gF e nE_w -nEE
h'_r., B j: 55 J
¥ o |:|E"""'I a5 }E -]
A
! i X, X, x
X
el p
Ifi -
- lfl
fxff 1 1 fffgﬁ
1
1 __F’--:I: Ax
T
T
,f? W : ﬁ;f e EH
_____ Mr o _
L |
ﬁff 1 e
5. i be _
> a- : |~ 1
o
B -~
Ay
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(Finite Volumes)Qpﬁ\@qlDyC)M\

1D surfaces (2D CV)
e Goal: estimate

F,= J’Ev f, d4

e Simplest approximation:
midpoint rule /P~ pxdosd

- Fe is a1:£: J__.;a fodd= f.S.= 1.5+ ?(&12j ~ fS,

product of the integrand at cell-
face center (itself approximation
of mean value over surface) and
the cell-face area

— Since fe is not available, it has

to be obtained by interpolation

Another an order

approximation: Trapezoid rule
—F is approximated as:
e

&

d =.[s f dA= SPM+G(,5}.-3} -

F, = J‘.a £, d4

JERE N NP
fe B Lol @

(F 3b) ezl abois 3acts

%\@Q&@\W\U»NFeqj@)—

NCRUS W) PE

]l

Sk oF el sl o Y W Bisme p8 fo dis -

izl

Ot and (S 12 o Jol T

QU sl e Fopdg -

S, sf. Yo @ ol oo W eds 3 -

sliae) g b oo Leds Jsaadd ) 22

bw MY Com U

— In this case, it is the fluxes at
the corners f and f_ that need

to be obtained by interpolation

Higher-order

approximation of surface
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integrals require more than L REES U]

th I Je o T ¥ I 85 sl il -

- Simpcnn’Q rule (4 order _
approximation): Qp's ad)) oda i CaSs gddl gdiae ol
F;ZL fydd~S, (ﬂw+4é:+f;ﬂ}+ﬂ(ﬂ:1’4) ;

2locations

el
Values needed at 3 locat| ,, :
— To keep accuracy of { B I
e.g. use cubic polynon RS L SO
estimate these valuey 1. o .| = .
—_— " Ax
Dps nearby }f r- oo
F.= L,- £, d4 |
3DCVJ ) JIRE T Ny

(J,oi ndz) el i suels J\j N T Jaw.:i i

e

F = L £, d4

(.

Goal: estimate

for3D CV.

¢ Simplest approximation: still T . .
3D J ded s ST Ly L allzd) ®

the midpoint rule (2nd order) AT S Je

— Fe is approximated as: Ccv

F, = .“S__f'? dd~ S f, +{3(.§..1,3135L—3) NNl L2 13 J'@""J‘ J"'&'ﬂ\ .

U o e el Jom cpne S8 055 0T 2D
* Higher-order approximation

possible but more complicated LS £ 294 saaze clizNI 2D
to implement for 3D CV

* Integration easy if variation of

fe over 2D surface is assumed to

have specific easy shape to

integrate, e.g. 2D polynomial

interpolation, then integration
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. YIRS RV I
5.;:-—L.% dV »%2
S | 3
(Fir g _ = LYl
53 erpgﬁdr ¢

(P suial Sie 3 dagdl) o i) ALl 28

:L}Lﬂ\ )zzj\ LELC SP ARy —
e Goal: estimate _
. 531:j‘:,r's"':ﬂ"‘ﬁ‘r"lrrz'?.ﬂV*'SPPr
Sg= L, s, dV
‘f’=lf oddV CV s alal 5 o ga S sl 13) @
| L
e Simplest approximation: product Sls OYs e Gl Cs) e

of CV volume with the mean value
of the integrand (approximated by S+ 2% o @l o ST ol Jlad) (s
the value at the center of the node

P) 1) o R LB ¢
- §,approximated as: P ey e & v,:5_5\ @ ey —

S,=[s5,dV =5,V ~s5,7 Aasizals ol il ) Gyl G e Ll fam
e Exact if S_ is constant or

: Soddl 350aza | s sl
linear within CV 2 Jg‘” )

* 2nd order accurate otherwise : c el L
iy C_ib o by Y o=>) 2D Lzdll 3 L e
* Higher order approximation ( v ) .

require more locations than just el sl alszal,
the center

¢ Higher order approximations: i J;-T J s el Riy Al S -
— Requires D yalues at other (= elss 9) cg‘j“

locations than P
— Obtained either by interpolating SV iauly lele Jsadd € g“éj‘ Hlas 9 -

i h
nodal values or by using shape (4,1@;5:1\ s U—if") e é‘y’g el
functions/ polynomials
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¢ Consider 2D case (volume . Jax 1day ¢ Cartesian grid @)&_ﬂ\ ,g. s
integral is a surface integral) using i
shape functions ke 315

— Bi- quadratlc shape function leads Jis Y ‘( ) | wa) R
LeSJ ikl D) Sy

toa 4 order approximation (9
coefficients) 9 114 el e dazas

2 2 2 2 2 3
s(x,y)=a,+ax+a,y+ax +ay +axy+ax-y+a,xy +a;xy

— 9 coefficients obtained by
fitting s(x,y) to 9 node locations
(center, corners, middles)

— For Cartesian grid, this gives:

[
SP:“FS'F' dV:ﬂI‘ﬁ}r[aD_Fﬁﬁ h e [ w

& m n
e W lw P el E

Only four coefficients (linear
dependences cancel), but they
still depend on the 9 nodal
values

o5 AW JU L 2D
J.Aé‘; J>lg (34>gs Cartesian grid @)\gﬂﬂ\ M -

19 Lidl ) e wiby Ldos s Y 2D e

¢ 2D case example:
— For a uniform Cartesian grid,
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(Finite volumes)3> s-st| («L?Q-‘Y\

one obtains the 2D integral as a A e gt il Posdaa) (3 sl degd)) s
function of the 9 nodal values:
Ax Ay L padl

S, = L’S{‘ dV = [165, +4s, +4s, +4s, +4s,+5,+5,, +5,, +5
A LS S N CP AP - U)J:.g of —%
Since only value at node P is

oSl ) T Lolas

available, one must
interpolate to obtain values

at surface locations 3D - ®

th
Has to be at least 4 order

i)l e ST 2D W aslen olas -
accurate interpolation to CJj A e S <ol

retain order of integral 5 il A
approximation
¢ 3D case: ALl —

— Techniques are similar to 2D

Idas ST o alalSe ()5 jnnall @

th
case: above 4 order approx

directly extended N T T T
— For Higher Order 5 T g 3 el e i
. Integral approximation
formulas are more
complex
. Interpolation of node

values are more complex
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aule 3 k2

w Approx. of Surface/Volume Integrals:
Rty Classic symbolic formulas

» Surface Integrals  F,= L £, dA

- 2D problems (1D surface integrals)
» Midpoint rule (2" order): %= L{ f,d4=15,= 1,5, +0(") ~ £,
+ Trapezoid rule (2 order): 7 =|  Jodds S,M+ o)

(fu +45,4 1)
6

+ Simpson'’s rule (4 order): £, = f,d4=5, +0(M)

- 3D problems (2D surface integrals)
+ Midpoint rule (2 order): F,:J's fodAx5,f, +0(4y'.A)
+ Higher order more complicated to implement in 3D

1

*Volume Integrals: S,=|,s . == psav

—2D/3D problems, Midpoint rule (2 order): S, =.|‘rs°. dV=5,Vrs V

. . . Ax Ay
- 2D, bi-quadratic (4™ order, Cartesian): 5 =—; [0, +45, +45, +4s, +45,+5, 45, +5,+5,]
279 Numencal Fluid Mechanics PFJL Lecture 18, 19

13

239






59l Holiell 9
(Finite elements)) oo/ oliel W) S0 9.7
aay b st i Vsl ) dsldl Jo£ ol Lds

. 83948 olia)

Element
Discretize the solid /

Node

=

A quarter of Mr. Potato Mesh of the 3D solid

Formulate a set of Usi mole function t
. . . sing a simple function to
linear equations with = P

i . === approximate the displacements
cquations displacements at each app Pl
in each element

Solve linear

node as unknowns

Lol U Y Sy alslall i 4y

A set of simultaneous
Governing L)+ =0 FEM algebraic equations

Equation:

ciﬁ?fim; B(¢)+g=0 Approximate! [K] {ll} = {F}

With:



:3>j~\5L-\ J..p\.:&“

— _ -1
IKJ{uj ={F} o {u}=[K] {F}
A
II
Property l'. Action
Behavior
Unknown

Property [K] Behavior {u} Action {F}

Elastic stiffness displacement force
Thermal conductivity temperature heat source
Fluid viscosity velocity body force
Electrostatic dialectri permittivity electric potential charge

N

;‘g\ﬂ\ L}S.\ﬁ\‘_;c daa;.:u\u;.)

b hiae JS5 e Gl JSU e aladll 40K

_ - (.. [ (D))
k] _k] 4 u 1 . — 4 1 i

—ki k SOl I 20
- ] 1 L”z J . 2
_ - ( ) [ £(2) )

— u
k2 k2 . : r = 9 f 2 p SVl gens Tl

| (2) (2)

L k2- k2 = M 2 4 3 !



(Finite elements))s3sds) olall 1) |5ds

il e AV (il e il Jais g aad gl (el AS sy
: Aull

(11 {’)
Ug u, = UZ Li 7 = Ug

(Y Sle Jeans UL

(1)
—k Uil _ ) 1
ki Ur | (1)

2

vl )Y
k- Us | (2)

3

aiall e A ghuall 3 g8l Jiall (), < (e padiu Lia
L‘Sm‘ﬁg
A8 ghiae JG (3 Aalaall JS s 8
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0 6} 0 0 "o
0 0 0 0 0
I:O k> —kz:l{ Us } =1 5?2
0 —ks k» Us £

AN M8al) (e 3y yadiall asad)l lalade ) 5uds clld aa g

2 2
f(i) — Fl f{é) 4 f(z} — FZ f{_?,) — F3

kk =k 07U F el Jal
—ki kithky -k VU=
0 -k k Jlu Fs
ky, =k 0 © A Ol e JS selial) Cul 5 48 shona G
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0 -k K

cilale Al JUial Jall 58 138

it ki 2 8k 3
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——— ] It * gy *
1 fl'z“"' ff] 2 FZ 321 F.
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(Finite elements))s3sds) olall 1) |5ds

sdie & at an [/ 2= Jshall glade paliall (g il
Al raial gy ddad jall (aball Ly )l
A1=7A0/8

Lol D patell Anally W
B A E B TAWE B TALE

k| = = =
\ L, 8(L/2) 4L
¢ Jlal) (e g 5 Y aahy Y i) Jas O Ly
o paind) e o5l sl Yol sl
S5Ay A E SA\E SAWE
Aj=— and k= = —
8 L, 8(L/2) 4L
1 Aagill Ul = 0 28l oy kel
_kl kl —|—k2 —kz U:_:_ — 0
0 —k> k> Us P
ky + k; —k; U, 0
—k> k> U, P
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dulus] gilsall liSaolins 9 (FEM) dpgial] uolicl/ d@)b%//uﬁ.m 9.2
(CFD)

@ode Jobd 1 b o agll ol LW Lol ede gl of (Finite element method) zexl oball 22b
el Jld ) BLoYL agd alolid) ooVsled) ayadl Jold slgy

A K25 ) poliall e U ] oS o JaH T ¢ bolall JU O a gl e

1) i o Rt 055 OF Sy ¢ UK o)1 5 ISl S0 Lo (e 13 s &) olid)
Ay K Blinn Sldin o ool (S8 ¢ e Ly Zabazie pb OIS e Aalaie 0SS 0T ok Y i
JE 0 3l 00 OF Baly ok Bladn A > O 2 Bl oball 2k e L) ALl 2l
o baws ol Ut JUEU o e e Bk 2y o o SN e o g Bibg slas ] e OF (£

adis bl (3 3

b ¢ ol Cramie bli ¢ ozl Cilr bl ¢ ol oo poliall o e Lo o ¢ daad) o ¢ Badall blad)
U s i) ko) e 8zy Jape W) L OS5 L) 1A iy S

JAL ad Uy W13 a2k adolid) Vsl (3 AL ad Y agal) olall 2k O o W) 2wl Al
AL Yl e sbazeNU

0http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8A %D9%82%D8%A9 %D8
%A7%D9%84%D8%B%D9%86%D8%A7%D8%B5%D8%B1 %D8%A7%D9%84%D
9%85%D9%86%D8%A A %D9%87 %D9%8A %D8%A9%.D8.AA.D8.B7.D8.A8.DI9.8A.

D9.82.D8.A7.D8.AA

and [Wendt 2009], Ch. 10.
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X Jgzel]
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P2 : Upy | uww = f ill g}]
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O sl () ad G el Al i Akt (2O ce
LW olaad) B Uy 9 Ux 9 e J§;~ 55&&9 85le @aﬂ 03 94>
A ey 5 x lgmnel
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(variational formulation)i s>/ dxuzll

P

loghoss ol el o M S ly il e o 0 g Lin 2
Agall bl Ay b alisaly ) 23 dlew 4

Ji«i Jdl (boundary value problem) &t dodll s Loy :Jﬁl\ 35k
Lo Ll oSl e 06 o ol sl plasinal ) G ane it doey
PUEPR- FAREE P

e e S g dge olie ] S8 852 G (i) s 1isU) S5kt

Rt
Ol et S adle s @13 Blas 1 2l arps Ly 05w 35kl ola dny
sds a2y on £ ey Rl aedl Il T S 0 Ul gy ades 0SS
sl e ag b

(variational formulation) d/e~ia// deuca)| 9.4

Variational formulation = The minimization of an energy integral over the

domain.
Oles & oS 9 (FEM) gl olial) 32 o) 265 dinnks a0 W5l 222l
variational ) &Js=zll 4.2l 28 Ol u,{_: 2 sn —ole ey — C‘}’U Ll
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Ras Nhache/Batroun - Tripoli, 11" Jan 2015

e

IPP has

is from

Vaporizer of TEMO-IPP incineration demonstration plant at Ras
Nhache/Batroun

CFD Analysis step 1: Upscaling CAD Model of
vaporizer (to be done by student working on Master
Thesis Mechanical Analysis of an upscaled version of
the Vaporizer (pressure vessel and circulation tubes)
of the incineration pilot power plant TEMO-IPP)

CFD Analysis step 2: Grid
generation

11.1.2

TEMO-IPP Incineration Demonstration Plant Ras Nhache/Batroun, Lebanon

4l Upscaled
vaporizer train
element (TEMO-

to be

upscaled in such
a way) (picture

Dr.-Ing.

M. Franz,
“Dampferzeuger
", WWW.axpo-
holz.ch/Dampfer
zeuger.pdf)

CFD Analysis

step 3: Calculated water/steam flow

Master Thesis

Computational Fluid Dynamics (CFD) Analysis for Water/Steam flow in an

upscaled version of the vaporizer of incineration power plant TEMO-IPP

To be able to upscale the TEMO-IPP incineration plant to a commercial incineration plant (about 40 MW) in Tripoli or
otherwhere in North Lebanon critical components shall be verified by Computational Fluid Dynamics with the tool
Abaqus. The main critical component is the pressure vessel with about 100 bar pressure difference. Working packages:

tation

1. CAD Modeling 2. Mesh Generation 3. Solver 4.Visualization | 5.Documen-

Upscaling CAD Model | A mesh generation C++ code shall | A finite difference and a finite volume | Shall be done
with ProE (to be done | be taken from the open source C++ code shall be taken from the open | with the tool
by other student —see | code OpenFoam and migrated to source code OpenFoam and migrated Paraview

above) TEMO_IPP-CFD tool. to TEMO_IPP-CFD tool.

4 weeks 6 weeks 4 weeks 3 weeks

Keywords: Alternative Energy, Steam Generation in power plant, Computational Fluid Dynamics (CFD), OpenFoam, C++

Contact: Samir Mourad, Email: samir.mourad@aecenar.com
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druxrwxr-x 4 iap Lap 49096 May 25 10:3%9 hare/f
Lap@lap-HP-G62-Notebook -PC: ~/Downloads/gnsh-2.9.3-LinuxS cd bin/
tLap@tap-HP-GC62-Notebook -PC: - /Downloads fgnsh-2.9.3-Linux/bins 11
total 66488

druxrwxr-x 2 iap iap 4896 May 2S 10:39 /
druxrwxr-x 4 iap iap 4896 May 25 1 /
~rwxr-xr-x 1 Lap Llap 67972688 Apr 5 -
~rw-r--r-- 1 tap Lap 19659 Mar 17 18:03 onelab.py

Lap@iap-HP-G62-Notebook-PC:-/Downloads fgnsh-2.9.3-Linux/binS . /gmsh
Figure 11.1.3-2: a3 Gmsh Jaddl) sl e Linux- Ubuntu 14.04

File Tools Window Help
=PH=r} L@ Modules
sl 5 Geometry
Ll @ esn
nut @ Solver

{apg
apgly
total
drwxr

driexr _l

:monv 2Q13s {011 Gmsh293
1apiap-HP-G62-Notebook-PC:~/Downloads/gnsh-2.9.3-Linux$ cd bin/
1ap@iap-HP-G62-Notebook-PC:~/Downloads/gnsh-2.9.3-Linux/bin§ 11
total 66468

druxrwxr-x 2 1ap lap 4696 May 25 16:39 |

drwxrwxr-x 4 iap iap 4696 May 25 11:68 ../

-rwxr-xr-x 1 iap iap 67972608 Apr 18 10:45 *

-rW-r--r-- 1 iap iap 19659 Mar 17 18:03 onelab.py
1ap@iap-HP-G62-Notebook-PC:~/Downloads/gnsh-2.9.3-Linux/bin$ . /gnsh
L2

.

Figure 11.1.3-3: &3 44319 Gmsh Jaiddl) o35 e Linux_Ubuntu 14.04
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Figure 11.1.3-4: FreeCAD paalll

Figure 11.1.3-5: FreeCAD asasaill

:Gmsh slsaunl Ko e Lad
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Figure 11.1.3-6: »& araaill dlill Gmsh

:OpenFOAM s & Joi4 oY1 A

i Y :gmshToFoam .1

Cp - 2
$FOAM_TUTORIALS/incompressible/icoFoam/cavity

e Y /¥ [{files.msh name}
: A93 a OpenFOAM es” g .msh il gmsh 5.3 B

Gmsh main.geo -3 0 file.msh .1
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case-vaporisor gmshToFoam file.msh .2
blockMesh .3

icoFoam .4

paraFoam .5

A Y WSy

Y «sJy snappyMesh s Wi file STL 4 file.msh s .C
A&

EEHPEIND

icoFoam (3 s Wz e .1

oebad) bl sy 2T e ) s 3 BV Ol s 2
A 1is g file. msh 55 3

fluentMeshToFoam file. msh w4

icoFoam .5

paraFoam .6

( 099 b ch.b-) M\ 3\,3..\;-\ _lajj.ij\ J» LQLQ OT Sy L;,&Jj
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Places
polyMesh © Recent

Places = A Home faces
by Deskto,
@ Recent J I E p =
A Home sets blockMeshDict boundan ) Pocuments I
& Downloads faceZones neighbour owner
[ Desktop i v
[ dd Music

D) Documents

|
L

¥ Downloads cellLevel cellzones 0 Pictures

dd Music . © iap@iap-55000VSA: ~/OpenFOAM/iap-2.4.0/runfvaporisor/vaporisor
=
[ Pictures 1 4739
: /home/iap/OpenFOAM/1iap-2.4.8/run/vaperisor/vaporisor
H videos -

@ Trash igFpe : Enabling floating point exception trapping (FOAM_SIGFPE).

n— fileModificationChecking : Monitoring run-time modified files using timeStampMas
ter
[ 476 GB Volume allowSystemOperations : Allowing user-supplied system call operations

[ computer [/ xx s s x v x xxx xx x A xR x A A A A A A KA A A KA KA Xk k]
Network ! Create time
S Browse Network peointZones refinementHistory

B connect to Server
--> FOAM FATAL ERROR:
Cannot open mesh description File
" /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/vaporisor/system/blockMeshDict"”

From function blockMesh
in file blockMeshApp.C at line 149.

FOAM exiting

1ap@iap-55008VSA: ~/OpenFOAM/iap-2.4.8/run/vaporisor/vaporisors i

Figure 11.1.3-7: 415 Linux-Ubuntu
Sl of Gmsh 3 antl file.geo o s9ad) ol o st Jold 4y

Lzl Gmsh e file. msh

1S Ol me T Gmsh (Gmsh 2.3) s s ases 0¥ Jol4 4,
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Figure 11.1.3-8: (8 ¥ il Jliall Gmsh

& el olile e fad test.mesh ast Lile o gmshToFoam ag)
Lol jan s @ pladly O Cile olss] da poenatl 2031 by 2)l eas

) Laas de oW D e fad Laf

Figure 11.1.3-9: gmshToFOAM J#i a2 Lgule Ulaa Al cildlal)
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Figure 11.1.3-9 3anad s Lafy test.msh J gmshToFoam ks

278

© Allclean Allrun system test.msh test.stp
iap@iap-S5000VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/cylindre$ gmshToFoam test.ms
h

ield OpenFOAM: The Open Source CFD Toolbox
peration Version: 2.4.0
nd Web: www.0penFOAM.org

2.4.0-fe842aea0e77
gnshToFoam test.msh
Jul 13 2015
12:38:51
"{ap-S5000VSA”
3535

/home /iap/OpenFOAM/1iap-2.4.0/run/vaporisor/cylindre
nProcs : 1
sigFpe Enabling floating point exception trapping (FOAM_SIGFPE).
fileModificatioenChecking : Monitoring run-time medified files using timeStampMas
ter
allowSystemoperations : Allowing user-supplied system call operations

[[ % % kR R R R K Kk kK K K Kk K K KKk R KKk K Kk KK KKK E KKK [/
Create time

Starting to read mesh format at line 2
Read format version 2 ascii @

Starting to read points at line 5
Vertices to be read:122
Vertices read:122

Starting to read cells at line 130
Cells to be read:631

Unhandled e 15 at line 132
Unhandled e 15 at line 133
Unhandled e 15 at line 134
Unhandled e 15 at line 135
Unhandled e 1 at line 136

Figure 11.1.3-10: (sxki gmshToFOAM 1 4aiil)
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Unhandled 1
Unhandled 1
Unhandled 1
Unhandled 1
Unhandled 1 line 160
Unhandled e 1 line 161
1
1
1
1
1
1

156
157
158
line 159

Unhandled at line 162
Unhandled at line 163
Unhandled at line 164
Unhandled at line 165
Unhandled at line 166
Unhandled element 1 at line 167
Mapping region © to Foam patch ©
Mapping region © to Foam cellZone @
Cell:

skipping tag at line 764
Patch @ gets name patche

FOAM Warning :

From function polyMesh::polyMesh(... construct from shapes...)

in file meshes/polyMesh/polyMeshFromShapeMesh.C at line 627

Found 230 undefined faces in mesh; adding to default patch.
Finding faces of patch ©

FaceZones:
Zone Size

Writing zone @ to cellZone cellZone_0 and cellSet
End

iap@iap-S5600VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/cylindre$ icoFoam

Figure 11.1.3-11: &k gmshToFOAM 2 4.l

:1coFoam gl Lie w34l s wlgdall s fad ¥ 1S

|
ield | OpenFOAM: The Open Source CFD Toolbox
peration | version: 2.4.0
nd | Web: WWW.0penFOAM.org
anipulation |

2.4.0-T0842aea0e77
icoFoan
Jul e8 2015
10:22:34
"iap-S5000VSA"
4476
: /home fiap/OpenFOAM/iap-2.4.0/run/vaporisor/test
1

Enabling floating point exception trapping (FOAM_SIGFPE).
fileModificationChecking : Monitoring run-time modified files using timestampMaster
allowsystemoperations : Allowing user-supplied system call operations
sy
Create time
Create mesh for time = 0

Reading transportProperties

Reading field p

--> FOAM FATAL IO ERROR:
cannot find patchField entry for patche

i /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/test/0/p.boundaryField from line 11 to line 39.

From function GeometricField<Type, PatchField, GeoMesh>::GeometricBoundaryField::readField(const DimensionedField<Type, GeoMesh>&, const dic|
tionarys)

in file fhome/openfoam/OpenFOAM/OpenFOAM-2.4.8/src/OpenFOAM/InInclude/GeometricBoundaryField.C at line 209.
L«
FOAM exiting

{ap@iap-S5000VSA:~/OpenFOAM/iap-2.4.0/run/vaporisor/test$ [l

Figure 11.1.3-12: (35 gmshToFOAM 4aiil) 3
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a el gmsh ool 3613 LSE Y 2y (i ¥ OpenFOAM,
W ol el 0 s .OpenFAOM

3 pdiiny &Y Libi o) s Sy Al e OpenFOAM asc) @
LW A e dacdadl

o ) el Y agleie ST a gl OV aw command LY Jas Y ¢
(ds e 5 Yy eVl gedad il

oo oS g pdsas WY s gl e e s Sy Juws ¥ Gmish ases
.Gmsh
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Elmer @oli s alasiul 11.1.3.2

Chain of tools 2 used in TEMO-IPP_CFD

) Ele
FreaCAD >, msh
el sl
v JOL
Elmer
Paraview

/]

&

UL jguns

Chain 2: & s3¥) Aulu 2 aladiuly Elmer
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(o5 et Sl 513 oy Elmer of e 2T 0lg ) 4 La

Figure 11.1.3-13: 4 w 5% Elmer

file. msh o s ji55 gmsh e sCad) pn CobY) s

idoY) g 2l

Navier-Stokes Sy b dsles jlas) @

il o elilildly (s Rl aga gl (B30 5l aamys sW) sl alasaal Wil e
(... &yl

sadt S A Jls] 13 el (3 3pad) dad o

J sy Joris ¢

ElmerVTK ,f ElmerPost i sa- ¢ ©

W byl o Lt (a8 o 0 Lile el ) i of s

282



sl el Sl Jo fons B dlaz 515 ol 0L

Dy e 30.2 Wl ) o o By ) B 3 2

G5 Jdae mo cdiste )3 520 > b 120 o tangyed) U] s @) Al Slislys
AW 3 g58 Sobuy sl

o ) e OF s OF LS LSl A 3/ a8T 1000 (ol BLSIG el pasans 4
A5l a0 0.058 (sl

T 2%l = 2Ll g e P ALl = S (Pl T a L) = sl b = Q
e 7 0.03=

&2 1944 golus a1y

:(ElmerPost) e 5wy (start solver) pejsliac, i o3 e Lot

Figure 11.1.3-14: 4 )l a8
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|

Velocity_abs

Figure 11.1.3-15: 43 a3 5554 0 4 ) ad

Sl I gr Codly (b s o2 ) e i Ciasll (3 aSY) A

SLLYI die de ) (i e CasYl Lt £ nall 83U e

9.6e+020 1.9e+021 Z2.39e+021
I . |
Velocity_abs

Figure 11.1.3-16: <\l il
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Figure 11.1.3-17: The studied design

Figure 11.1.3-18: £ 58 &
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Figure 11.1.3-19: Noted drump

Figure 11.1.3-20: Noted design
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ol 3 olhdll pei o UL pasd eSS jler 3 Rme il

ise aslhl 3 dul )l led GV deesei)l Wesl 3 be,. quadriquard

Jasy e 3 auhll e ) & bes q q
et FenaS ey (a1 lalll) doezl)

H(C) J&) o) & aoyal Elmer olile 24

stra.  drumpstp  pipeams

~ [ 42 ][ search Locat Disk ()

e TR 0
@kjv‘w » Computer b Local Disk (C)

New folder

Marne Date modified Type

Organize *  Sharewith »  Bum
45t Favorites

B Desktop cfd 8/14/2015 11:26 &AM File folder

8/18/2015 2:16 PM File folder

& Downloads Elrmer
PerfLogs

Pragram Files

= Recent Places

3 Libraries Prograrn Files (xB)
£ Dacurnents Users

Windos

TAL4/2009 6:20 2
771472009 10:46 Ak
8/14/2015 9:22 2N
871372015 5:47 PM
8/14/2015 9:22 2N

File folder
File folder
File folder
File folder
File folder

o Music
| Pictures

B videos

4 /M Computer
£, Local Disk (C)
(9 MEGBI (D)

a Local Disk (E)

L8P (F)

—a Local Disk (&)
DVD R Drive (H

- 7 items

L

Figure 11.1.3-21: 1 a3a0 44aly

) zed s Gl oyl ¢ Elmer adi ) ¢ (C) 21 o3 () Jsss
:MEGBI (D) 3 0" Elmer, Gmsh o,
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G vloar Computer v MEGELD) » - [ 42 |[ seoreh pizci (0

Organize * Include in library + Share with + Burn New folder
~ Name : Date modified
{ Favorites
B Desktop gmsh-sen-Windowsid-dynamic 871472015 9:09 A
& Downloads 3 elrmerfern-8.0_ Windows-ADE4 6/16,/2015 8:52 A

=l Recent Places 1) grsh-svn-Windows64-dynamic 772972015 T:00 PM

3 Libraries
5 Documents
o Music

&= Pictures

B videos

1% Computer
&, Local Disk ()
a MEGBI (D)
 Local Disk (E)
o 18P (R
o Local Disk (69

DWD RV Drive (H

3 iterns

Figure 11.1.3-22: 2 a3i1) 44aly

Type
File folder

Application 102,590 K8
Cornpressed (zipp... 20,616 KB

A s b Sy Sl o ¢ a5 Gmish y FreeCAD ol 5 LS’

g5 I s oLz e Gmish f FreeCAD aas o (Sasd pls e

Sl o) el o byl aas WY ol e cl) o Lo ol ot OF bl

djgfﬂ M\ fJJ-LS Elmer c»bjs L} (S)\j;-‘ 3}-).\.5 u.ej
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Figure 11.1.3-23: JB&) jlua

26 e BElmer .3y (Elmer of gmsh slascal vaad 554 0 Lile 0V

:gmsh susaas Ul 7S s B e
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Figure 11.1.3-24: % Ji) jluw i

.}ajff'uj cK,GJMJ\ Q‘)Ibbuj c@jy\ .Jojr’;\j\ - Elmer C/‘bj él M\ J}-J.'

:Elmer z35¢ 3 bsad gl 55ud
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Figure 11.1.3-25; (4 sl Jis Elmer

Figure il oUll Je lad éogadl ol ai bl Wy mabpl Lass dx
:11.1.1.3-26
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Name Date modified Type Size

7| case.gp 18/8/201511:46 AM  EP File 1,564 KB
7| casesif 20/8/201511:51 PM SIFFile 3KB
L egproject 17/8/201511:02 AM - XMLFile 9 KB
|| ELMERSOLVER_STARTINFO 20/8/201511:51 PM - File 1KB
|| mesh.boundary 18/8/201511:44 AM  BOUNDARY File 322KB
|| mesh.elements 18/8/201511:44 AM  ELEMENTS File 431 KB
|| mesh.header 18/8/201511:44 AM  HEADER File 1KB
|| mesh.nodes 18/8/201511:44 AM  NODES File 161 KB
| netgen.prof 20/8/201511:57 PM - PROF File 1KB
&) water,FCStd 17/8/201511:02 AM FCSTD File 11KB
E| water.msh 17/8/201511:02 AM MSHFile 1028 KB
|| waterstp 17/8/201511:02 AM ~ STP File T6 KB

Figure 11.1.3-26: &by (» Wle Juaaad Al clild) Elmer
iy ae ) b Je o8 s Gl sa Case.ep
U @ bt s ) b 2d) e (st gl all) sa Case sif
oo 348y dedl bl e sae e st ) Ll o2 Mesh.boundary
oo Ay Coliall sy o g9 agtol] dansl fobially gl L s G ol
. oial
La St aulall (3 dedsendl sl g5 554 sl Gl 2 Mesh elements
ey e eduendi
oo sy aolall e sds (i) sas s st o) Ll s Mesh header
oyl ols
Ss%s (il Wil Bge (il sae Jo gyt s Ll » Mesh.node

A s
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FreeCAD w5 Gile s» Water FCStd
.gmsh e Gle 52 Water.stp

Elmer ¢l.z5 (ale s» water.msh
Bkl o 8 e e OB

Velocity_x
-1.75e+028 -7.39e+027 2.69e+027 1.28e+028 2.29e+028
- [H.

Figure 11.1.3-27: s jul) i o

é a3 adl aad sas G ol OF e Ju ae i o8 e K2 s
AV O 3 sV ) eed Aedl) 4y
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Pressure
-6.12e+050 -2.33e+050 1.47ei050 5.26e+050 9.06e+050
T

Figure 11.1.3-28: kil ja3 ad
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Figure 11.1.3-29: S0 A Ao jud) yis
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Figure 11.1.3-30: s b ds jud) s
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Figure 11.1.3-31: Js¥) ) (b de s b
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[ D ]
Figure 11.1.3-33: OSUY A biall yas
syl <
Figure 11.1.3-34: J¥) Jluall 8 bial) pis
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Figure 11.1.3-36: (A jlsall (b kial) yas

B Sl Luke S tmadl) o e S8 miie bl OF s OF LSs
S g a3 brall e e Oy ed e 5,006
G o (La)) iy 2o pw) emad) Slashes s F Sl OF Jois O wght 0

&l0 s 11.1.4

e Introduction to Finite Element Analysis (FEA) or Finite Element
Method (FEM)

¢ Finite Element Analysis
(MCEN 4173/5173)
Fall, 2006

Instructor: Dr. H. “Jerry” Qi
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Writing down the governing equations onto the paper

developing the appropriate numerical solution of these equations

writing the C++ program (by using already existing libraries as

OpenFOAM) and putting it into the computer

going through all the trials and tribulations of making the program work

properly

.2 15U OpenFoam bl gal ! plasan! - Sag

OpenFOAM alxsiiuly digls 8 Ll g

11.2.1

We have to insert program in
workbenches list of FreeCAD
using OpenFOAM codes.

First; should
OpenFOAM codes in Linux. The

principal

we know

commands

established in this table:

are

8 8 el 2y Gle
D5 plaASu) FreeCAD (1o &Yl
.OpenFOAM

Osay plad ¢y
¥ Linux @ OpenFOAM
Jsoal) 138 8 Aaliall 5 s

O e

Command

cd

cp
mkdir

pwd

rm

Description

Changes Directory to dirname
Copy source file into destination
Create a new directory dirname
Move (Rename) an oldname to newname.
Print current working directory.

Remove (Delete) filename
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rmdir Delete an existing directory provided it is empty.

vi Opens vi text editor

Table 11.2.1-1: Table contain the Linux codes

e

We write the program on | OpenFOAM e =l Sl s
OpenFOAM when we run it and C"L“ L OsSs alia ity a 585 Ladie

have results:
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13:38:24 2015

bkerdi 4096
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[T S T e T ¥ ]

=
w

IWHEI-XI-X

L

LA L

IWXr-xr-x 1
TWEI-XI-X

%]

IWEI-XI-X
IWEIWEIWE

IWHEI-XI-X
IWHEIWEI-X

IWXr-Xr-x

[T= R T=R =]

3

IWEKr-Xr—-x

ITWEr—-Xr—-x

IWHEIWEI-X

[ =1 -
=g
1

[ =]
= H oo
[

oot Sy oo
] ] = ]
3 Pa

3
=t
L

[FUR == B e

o B g2 83884

010 Installation Hotes

Figure 11.2.1-1: OpenFOAM results 1




Aoled) Wl LSl

[fhamed@server meae]s
total 75488
~IWEI-XI-X root
drwxr-xr-x 1
drwAr-xr-x
~IWKI-XI-X

LIWKIWXIWX
—I'WXI-XI-X

drwxr-xr-x
drwxrwWxr-x
—I'WXI-XI-X
-IWHT-XI-X
drwxr-xr-x

drwArWEr-X
drwArWEr-X
drwATrWEI-X

5
drwxrwxr-x 15
-rWAr-xr-x 1
[fhamed@serve
[fhamed@serve
total 366500

2010 Installation Notes
2010 Installation Notes~

drWAIWEI-X ! ! 40%6 Jul 14 2010
drwxrwxr-x 11 m ! 4096 Sep 24 2010
-IWKI-XI-X ! ! un 9 2010
drwzrwxr-x 15 m ! 0 § 2010
-I'WAT-XI-X ! ! Jun 8 2010
[fhamed@zerver OpenFOLM] d OpenFOAM-1.6
[fhamedfserver OpenFOLM-1.8]%
total 81260
~IWHT-X-—— ! ! ul 2008

druwxrwxr-x ) ) un 9 2010
druwxrwxr-x ) ) Jun 9 2010
-IW-T ) ) May 1 2008 COBYING

drwArWEr-X } } ULl

drwATrWEI-X } } L ULl

drwATrWEI-X } } ULl

drwxrwxr-x ) ) Jun 2010

Figure 11.2.1-2: OpenFOAM results 2
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Figure 11.2.1-3: OpenFOAM results 3

Figure 11.2.1-4: OpenFOAM results 4
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Figure 11.2.1-5: OpenFOAM results 5

After enter in cavity file we
should run program using Allrun
we obtain the values of p for
example in each point already

seen in vertices:

cavity oy g Cala @ Jia) ey
pladinly melill Jads Lile
&f— ) e,-}g Gk— Jani Allrun
Wiy ity K 4 Jad Jau

Zﬁﬂ\@d’—m—.‘
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Figure 11.2.1-6: The result value giving by OpenFAOM

Visualization using Paraview:

Second; we have to visualize the

program using paraview.

el s o) Lle el

.paraview e‘ﬁilwt-}
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Figure 11.2.1-7: Praview window

But our problem is to transport
data from Linux OpenFOAM to
windows paraview; we have to

find format to transport data.

1. We show the VTK format to
transport:

oo bl Joi o WlKie oKy
windows é‘ Linux OpenFOAM
Jail drpa a3 C)i Lale .paraview

Lcatild)

-Jail yTK ddua 5 531
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Figure 11.2.1-8: VTK results

Then we copy the file and try to
open it using paraview but we

have not seen the cavity.

We try now to run OpenFOAM
on windows to visualize the
OpenFOAM

solver on windows to paraview

program  from

for visualization.

First; we click on blockMesk in
Mesh Utilities to discretize the

cavity program.

il Ao caldl Hus &
Bt ej SN paraview 6‘453“1-.‘

.cavity o S
OpenFOAM Judi oY) Jslas
(e bl ) gail windows (sle
Gl“— OpenFOAM

) )--4-\” paraview

& blockMesk sl an €Y
aebin Ajad GiLl A

windows

3
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Second; we come back to the
solver and choose our study
conditions (incompressible
—coFoam) to obtain the pressure,

velocity and phi values:

AT Jladl ) 3 pad oL
incompressible) L RNy )-Li
bia Je Jpasll (icoFoam —
‘phi (51 a5 e yudl

File

Edt View Settings Tools Help

(e XxB0 IPgEA xR wE LTI

noname

X

Name
b [3 system
b [ constant
» oS
b [304
b oz
p o2
b ol
b@o

L test

[

Size

controbDict

FoanFile
{
version
format ascii;
class dictionary;
object controlDict;
}
R T

application icoFoam;

startFrom atartTime;
startTime

stopAt endTime;
endTine

deltaT  0.005;
writeControl timeStep;

writelnterval = 20;

purgeWrite

I

Mesh ites &%
] atvanced |
nversion |
generaton |
AT ——

@ etrudeDMesh
@ etudeMesh
@ snappyHexhlesh

menipuation

v Mesh utites | Postprocessing | Utiies

\cf{OpenFOAM-L.5 templates \nanamesystem\controlict
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File Edit View Settings Tools Help

lpux B0

FPBRA oD B

17 -

M me

“ i, b

FoamFile
{
version 2.0;
format ascii;
class dictionary;
object controlbDict;
}

application icoFoam;

startFrom startTime;
startTime 0;

stopAt endTime;
endTime

deltaT

writeControl timeStep;

writeInterval 20;

purgeWrite 0;

JI R R R Rk kb ok b d R d kb k d kR bk b b d b kb kb v b

controlDict solvers & x

basic

l»

combustion

conpresshle

electromagnetics

financial

heatTransfer

\
|
|
|
DNS ‘
|
|
|
|

incompressible

& boundaryFoam

& channelOodles

E icoDyMFoam
 nonNewtonianlcoFoam
T oodles

E simpleFoam

E tursDyMFoam

E turbFoam

moleadarDynamics |

multiphase |

stressanalysis |

E

Solvers | Meshutities | Postprocessing | Uit

* clefl\OpenFOAN 1. \templatesinoname \ystem\controlDict

File Edt View Settings Tools Help

Figure 11.2.1-10: OpenFOAM results 2 in windows

Dgnpx B0

loorane x o e 8|
Name N Size = basc |
b [ system combustion |
» [ constant
Ao compressible |
b [0 oNs |
[ ) 5
FoamFile
Cmor r cecromagnetics |
01
‘ u»g . e 2.0; fnancal |
uniform
@u format ascii; ) heatTransfer |
@ e class volVectorField;
@r location EL incompressible |
LB object % boundaryFosm
& test )wwwwwuwwwwwwuwwwwwwuwwwwwuuwwwwwuwwww & channelOodles
/1 " % icoDyMFoam
N = icofoam
dimensions [01-10000]; E nonNewtonianlcoFoam
_ ) ) = oodes
internalField nonuniform List<vector> & simpleFoam
400 = tubDyMFoam
( = turbFoam
0245875 0)
00110834 0)
0556988 0)
087206 0)
102987 0)
10453 0)
942803 0)
748446 0)
486966 0) moleaiarynanics |
0182026 0)
0142328 0) = |
046018 0) stressAnalysis |
0.000742803 0
qr——— v 000742803 0) || solvers | Meshutites | postprocessng | utities
 CHefd\OpenFOAM-L.5 templates noname 0. LU

Figure 11.2.1-11: The velocity values giving by OpenFAOM in windows
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file Edt View Settings Tools Help

[FrrXBEO0EPEN 2D

(B wE[TTTe

noname X | controbict p Solvers 8 x
Name Size | basc |
) 3 system = conbuston |
> [ constant
@S compressble |
» goa oS |
»po3
»goz dectomagnetic |
Jfho0 FoanFile
a fiancil |
© [ uniform {
wu heafTranster |
& phi ascii;
@ volScalarField; st |
> @o = boundaryFoam
U test y:a % channelOodles
}  icoDyMFoam
S R R R W e R R b kW ko  k kW W kR b e W b b w /7 £ icoFoam
% nonNewtonianlcoFoam
dimensions [02-20000]; = oodles
E simpleFoam
internalField nonuniform List<scalar> T turbDyMFoam
i = turbFoam
oD yame |
mutphase |
stressAnalysis |
A il (0 || Solvers | Meshutites | Postprocessing | Utiities

C:\efe\OpenFOAN-L 5\templates \poname (. Lp
File loaded

Figure 11.2.1-12: The pressure values giving by OpenFAOM in windows

And we have to save program

before each step.

Than we should visualize result
using paraview that related on
OpenFOAM by paraFoam.

When  paraFOAM is  not
responding we can visualize the
program in paraview using
foamToVTK (with
windows paraview and windows

OpenFAOM):

-ascii

Bsha JS aay el ) Laés Lile
dall

4519 él,_“(.’\ L;j‘ paraview 6‘553“1-.'

.paraFoam LS g_’;\l\ OpenFOAM

osal oy oy

paraFOAM iy Yol
paraview gﬁ GAL" ):\5\ sl WiSay
&4) foamToVTK -ascii 6‘553“1-.'
windows

% windows paraview

. (OpenFAOM
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FLUEXBO [

BmE

noname X | controlDict
Name ’ see || L g 0y
g VK @i Administrator: OpenFOAM console :
system
= Microsoft Windows [Uersion 6.1.76811 - |
@ constant Copyright (o) 2089 Microsoft Corporation. A1l pights reserved. i
05 of
‘g 0 o :\c£d\0penFOAN-1 .5 tenplatesnonane M oanToUTH —asciin |
X, 49 M */
ooz
Mol
g
W test

RN

« m »

c:\cfd\OpenFOAM- 1. S\templatesnonamelsystemcontrolDict

m

Utiities

errorEstimation

& estimateScalarError

 icoFrmorEstimate

oMomentError

L& momentScalarError

miscellaneous
parallelProcessing
preProcessing
surface

thermophysical

Solvers | Mesh utiities

Post processing

Utiities

Figure 11.2.1-13: Application of VTK in windows

When we run program we | Joasi mali jll Jadily o 683 Ladic

obtain:

sle
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Microsoft Hindous [Uersion 6.1.76811
Copyright (c) 2089 Microsoft Corporation.

11 rights reserved.

 :\cFd\OpenFOAM-1.5\tenplates\nonane >foanToUTK —asc
|+

Utiities. ax
7 Fdeld SponEOAIT: The Opon Source GFD Toolbox
0 peration Uersion ] ~ | emorEstimation
A n Vieh: /xnna.OpenFOAN .org |
H anipulation [8 estimateScalartrror
n Source CFD Toolbox | .
T oanToUTE —aseii | icokmorEstimate
H 2015 o & icoMomentror
wnw . OpenEORM. oxg ! [# momentScalarError
1448 |
Case c:\cEd\OpenFOAN-1.5\tenplates\noname */
nProcs © 1
T T T TTTTTThTTTTIT
Croate tine
[croate mesh for tine = 8
De Leting old UTK files in “"c:\cfd\OpenFOAM-1.5\templates\nonane\UTK" L
> FOAM Warning
Fron funcion radir(const £iloNanek)
N\OpenFORH-1 .57 ren0S5pec if ic\HSkindous \WUnix. G at 1in B G50 b0 DD s b s )
R e RN e R AR I
115~
> FOAM Warning
Fron function rndir¢const £ileNanet)
in file CtnOpenl O 13w \UScpec e MSilindous M C ot Line 948
led to remove directory " alls” uhile removing directory "c:\cfd\Ope

 Foni Entenpiaresunomne T

Tine B
volScalarFields p
vollectorFields B

eynal @ "cicfd\OpenFOAM-1.5\templatessnonaneUTRynonane_1.utk”
OrSeinal ce115: 400 potneesphz  AMGTEIoncd celiac. ARTedonal points
JJaelx tenschdNOpenFORM-L Sxtemplatesnonane W Tk inglialiNnovingllaLl
“Pateh  t "ct\cd\OpenBORN-L.5\tenpLates\nonane\UTRE ixedUallsns ixedialls
vtk miscelaneous
Patch  * “ci\cfd\OpenEORN-1.5\templates\nonans\UTK\ErontAndBack\frontAndE]

“ikgi-"{" paralleProcessing
volScalarFields p
vollectorFields DU preProcessing
Internal 3 "ciNcEd\OpenEORH-1.5\templatesinonameUTRsnonane 2. u o

h N pnTotH L Encemmiaces nonaneUTtumou inglial s nouingla 1l
Ve 1ncFd\OpenFORN-1 .5xtenplatesinonaneUTHNE ixedialls\f ixedialls ool
* "c:\cEd\OpenFOAMN-1.5\tenplates\nonane\UTK\ErontAndBack\frontAndb) e (O, s
Figure 11.2.1-14: Running VTK in windows 1

Tine 6,2
volScalarFields
volllectorFields Bl

:\cfd\OpenFOAN-1.5\tenplates\nonane\UTHsnonane_3.utk”
cfd~0penFOA-1 .5xtemplatesinonane \UTK\nov ingidallnovingtiall Utites 8 x
: :\cfd\OpenFORN-1.5\tenplates\nonane\UTKNE ixedilallsns ixedialls =y ~ | emorEstimation
: c:\cfd\OpenFORN-1.5\tenplates\nonane\UTK\Eron tAndBack\FrontAndp ! & estimateScalartrror
n Source CFD Toolbox | -

o i icoEmorEstimate
snifcalarTields [# icoMomentrror
volUectorFie lds Wi . OpenEQRN. o7y ! 8 momentSealsiEror
Internal c£d\0penFOAN-1.5\templates\nonane\UTK\nonane 4.v !

Patch ENOBenEONH-1 o CompTatossnonaneUTKunow ingilal snouinglia L /
wotk"
Patch  : "ci\ofd\OpenFORN-1.5\tenplates\nonane\UTKNE ixedilalls\f ixedialls.
: “c:\cfd\0penFORN-1.5\tenplates\nonane\UTK\Eron tAndBack frontAndd
oiScalarFiclds i p
vollectorFields T L
Internal 2 “c:\cEd\OpenFORM-1.5\templatesnonane \UTK\nonane 5.u
CHNOBeRFONN-1 o bempIatesunananeaTHonaw ingilal 1 nouinglia L
R
:\cfd\0penFORN-1.5\tenplates\nonane\UTKNE ixedilalls\f ixeddalls.
:\cfd\0penFORN-1.5\tenplates\nonane\UTKNEron tAndBack\frontAndd
Field
vollectorFields
Internal c£d\0penFORAN-1 .5\ templates nonane\UTK\nonane 6. vt
c£d\0penFOAH-1 .5xtemplates nonanc\UTRsnov ingilallnovingtiall
¢ i\cfd\OpenFORN-1 .5\tenplatesinonane\UTRE ixediallsne ixedialls.
6 :\cFdNOpenFORH 1 . S\tenplatesnonans\UTHNErontAndBack\frontAndp)
iscelaneous
o :\cfd\OpenFOAM-1.5\tenplates nonane ).
parsliProcessing
preProcessing
srfsce
thermophysical
| | Solvers | Meshutiities | Postprocessing | Utiities

Figure 11.2.1-15: Running VTK in windows 2
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Now we open the VTK file in

paraview to obtain this form:
For pressure:

P discontinue and continue:

paraview (8 VTK —ale Zas oY)
(A 1 e J panll
Laxozall

i oy )einl pdsP

Figure 11.2.1-16: Continue and discontinue form of pressure

For velocity:

V discontinue and continue:

Figure 11.2.1-17: Continue and discontinue form of velocity

And we can also visualize the

run-program with Linux

OpenFOAM on windows

zalipdl el Lal  LiSay
‘_,Js Linux OpenFOAM d,-."—ﬁﬂ

e\iﬁ-wl-j windows  paraview
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paraview using foamToVIK - -foamToVTK -ascii

ascii:

Figure 11.2.1-18: Application of VTK in Linux 1
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Figure 11.2.1-19: Application of VTK in Linux 2

317



Aol itk OS> Olos (3 iz U 2ed Y sl pltscad

Figure 11.2.1-20: Application of VTK in Linux 3
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e
Peter Gerlinger, Numerische Verbrennungssimulation - Effiziente
numerische Simulation turbulenter Verbrennung, 2008
Teil I Turbulente Strimung und Verbrennung
1 Eimleitung ... ... ... 3
1.1 Bemerkungen zur Verbrenmungssimulation . ... ... ... ... .. 5
1.1.1 Brutte-Reaktionen und Flame-Sheet-Modell .. ... ... .. G
1.1.2  Eddy-Breakup- und Eddy-Dissipation-Modell ... ... ... G
1.1.3 Chemisches Gleichgewicht . ... ... ... .. .. ... ... ... G
1.1.4 Tabellierungstechniken ... ... 0o o oL T
ol 68l Gl Slbs Xo pa2 12. 1
(Flame Sheet Model) g (brutto reactions) 12.1.1

The flame-sheet model allows a complete decoupling of the modeling of
the formation and destruction of species from the modeling of the flow an

mixing process.



) Numerical Combustion)gled) &4 ¢ ol

’ Oxidizer

flame
offset

One Dimensional
Strained Laminar

Flame
' Fuel
oxidizer
- produscts
Qﬁie ) g {//Tcmpc:raturc

Flame Structure
Under Strain
Conditions

Fig. 11.1: The flame sheet model. From [Akinyemi 1997]

SlelaV) o 2 4 (Flame sheet model) oYl d=iw b o 34 ixdd 3

ok g JuY) b Jexy (addo 3¢5 O -S4 (chemical reactions) LSl
Lld ades g (flow) Obyed) sl xe B5lie At Db U Cimall sda 0f L

Brutto-Reaktionen
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(Basics of Combustion) § o/ oluwlu/ 12.2

From [Strauss], 111-112:

Bei der Verbrennung handelt es sich um die Hochtemperatur-Oxidation eines Brennstoffes,
bei der im wesentlichen Kohlenstoff und Wasserstoff, die in verschiedener Form im
Brennstoff enthalten sind, mit Sauerstoff exotherm reagieren. Eine Verbrennung heif3t
vollstandig oder vollkommen, wenn alle brennbaren Bestandteile in ihre hochste
Oxidationsstufe tberfuhrt werden.

Jede Verbrennung wird durch eine Ziindung eingeleitet. Unter der Ziindtemperatur versteht
man diejenige Temperatur, bei der mehr Warme durch die Reaktion freigesetzt als durch
Strahlung an die Umgebung abgegeben wird, so dal3 sich die Verbrennung von selbst erhalt.
Die Ziindtemperatur ist im strengen Sinn kein Stoffparameter, sie wird aber als
Erfahrungswert bei der Auslegung von Feuerungen und Sicherheitseinrichtungen immer
wieder herangezogen. Die Ziindtemperaturen der verschiedenen Brennstoffe weisen
erhebliche Unterschiede auf und sind darlber hinaus abhangig von der
Brennkammerbeschaffenheit sowie den Reaktionsparametern Druck,
Sauerstoffpartialdruck, der katalytischen Wirksamkeit organischer Bestandteile und der
spezifischen Oberflache des Brennstoffes.

e
Peter Gerlinger, Numerische Verbrennungssimulation - Effiziente
numerische Simulation turbulenter Verbrennung, 2008
2 Grundlagen der Verbrennung ............................. 11
2.1 Bilanzgleichungen reaktiver Stromungen . . .................. 11
2.1.1 Wahl des Gleichungssystems . ....................... 14
2.1.2 Vernachldssigung unbedeutender Terme .............. 16
2.1.3 KompressibilitAt ......... .. ... . o oo 17
2.2 Thermodynamische Beziehung ... ... ... . ... ... ... ... ... 19
2.3 Diffusiver Transport ... . ... ... . e 20
2.4 Stoffwerte . ... .. 23
241 ReineStoffe ... ... ... ... . . ... . ... 24
242 Gasgemische ...... .. ... ... . . i 24
2.5 Chemische Kinetik. . ... ... . ... . .. . . ... . 25
2.5.1 Chemische Umsatzraten ............................ 25
2.5.2 Reaktionsmechanismen............... ... .. ... . ... 30
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From Theroretical and Numerical Combustion (Thierry Poinsot, Denis
Veynante)

1 Conservation equations for reacting Hows
L.l General forms . . 00 0 000000

1.1 Chowe of promative variables . 0 0 0 00 00 000000000000
1.1.2  Conpservation of momentum . . . .. . . 00000000
LA Copservation of mass and species 0 00 00 0 000000000
.14  Diffusion velocities and Fick'slaw . . 0 0 0 0 0000000000000
1.1.5  Global mass conservation and correction velocity

1.1

B Conservation of energy . . 0 0 . 0 0L 0L

20 Usual simphfied forms - 0 0 0 00000000
1.2.1  Conpstant pressure flames . 0 00 00 00 00 0000000000000
1.22  Fgual heat capacities for all species 0 0 0 0 00 0000000000
1.2  Constant heat capacity for the mixture only . . . . 0 0 0 00 .. 0 .0 .

A Summary of conservation equations . . . . . L L L L Lo

A L slts
mass transfer!! e
(Conservation equations for reacting flows) &lelé ¢l yul &y )) paia¥) C¥slas @
Some Important Chemical Mechanisms (e.g. the H2-02 System)!? e
Laminar premixed flames and Laminar Diffusion flames e
Droplet Evaporation and Burning e
Introduction to Turbulent Flows e
Turbulent Premixed and Nonpremixed flames o
Burning of solids e
Free Numerical Combustion Codes (e.g. KIVA) e

1 From [Turns], pp. 83-105
12 From [Turns], 148-152
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Fluid Dynamics

1)
2)

[Ganzer 1987] Uwe Ganzer, Gasdynamik, Springer-Verlag 1987

[Wendt 2009] John F. Wendt, Computational Fluid Dynamics — an
Introduction (a von Karman Institute Book), Third Edition, 2009,
Springer Verlag

[ 4SS Aatigh and ) sal) Asvia Dy o Ll Y1) Goreall ails dasa [(a2ea] 3

& gall e ((msiddiq@yahoo.comea shall daals ¢ leall 5 xigll 4,
2006 slill 3 laay!

Computational Fluid Dynamics

D)

2)

3)

5)

[Anderson 1991] Anderson, John D., Jr., Fundamentals of
Aerodynamics, 2" Edition McGraw-Hill, New York, 1991

[Ferziger, Peric] J. Ferziger und M. Peric, Numerische

Stromungsmechanik, 2008, Springer Verlag.

[Wessling] Pieter Wesseling, Principles of Computational Fluid Dynamics,
2000, Springer Verlag.

il i) ez (4

http://en.wikipedia.org/wiki/Computational fluid dynamics

Numerical Combustion

1)

2)

3)

4)

[Strauss] K. Strauss, Kraftwerkstechnik - zur Nutzung fossiler, nuklearer
und regenerativer Energiequellen, Springer-Verlag, 2006

[Poinsot, Veynante] Thierry Poinsot, Denis Veynante; Theroretical
and Numerical Combustion

[Turns] Stephen R. Turns; Introduction to Combustion — Concepts and
Applications, 2" edition

[Akinyemi 1997] O. Akinyemi, A flame Sheet Model of Combustion an
NO Formation in Diesel Engines, PhD thesis, MIT, June 1997

323


http://en.wikipedia.org/wiki/Computational_fluid_dynamics

(Apprendices) il

(Apprendices) wlislo 14

dnraoll sl 3030/ "gilsall lilSio" IS 900 : Gdo 14. 1

B didl ood Wkl Aedin Bmdy Glad) ShnYl) Gbal) wils da2 [Bde] Osaas
ély\g.yc ‘(msiddiq@yahoo.comcmla}-\ dral (3)laslly dnlid s/ ALy

2006 <t 5oV cadtgh

:L}L”J\ oa

324



Gbal) pals e il SO LS Ogaae T gols

axa.oll Ulgi_=JI il | GWI
1 Al Ola 2 1
9 Jluso
11 &ilooll 5w 5o N9 anwlwVl LVsleoll 2
11 Ol azio | 2.1
13 alis)l has | 2.2
16 aslh)l ha> | 2.3
20 ol @S hes | 2.4
24 Llous
27 a>iouly Sasdl Juloall 3
27 saadl Sl ool | 3.1
31 (SilSo 08 aod VI OIS oWl pslaoll yasy | 3.2
&lgoll
32 asiodl | 3.3
34 Jilwo
35 LIl 9 bleuaul WI ULl 4
35 bVl 08 Wbl sle SV il | 41
41 bVl 9 duogoll 28 lgall | 4.2
44 ac,aiell LI 4.3
47 Jilouwo
49 S| ULV dic gilgoll Ku S 5
49 aunwlwVl aslesll 5.1
50 8 Bl sVl il Jlo 8 beall gijei | 5.2
b gl oo agl>
54 oSbw Jilw 8 beall g | 5.4
56 gah)l [ 5.5
59 09, Ll 5.6
61 aslall plwsVl |l el 5.8
64 Lo
66 wwball 9,b 6
66 doiéo | 6.1
67 bheall Luld s> | 6.2
71 bl Jize wold 3591 | 6.3
75 29| 7
75 wladl geull | 7.1
78 g lall gl | 7.2
79 ebul | 7.3
86 oladl goall B,b | 7.4
87 Blos

325




(Apprendices) i>Ls

88 W\ il awes s> 8
aloladl 6,9.0]1
88 Wsleel) anlall 6,9.0]l 8.1
90 aols UV 8.2
91 | JwSgiw = 8L Vsl J> 8.3
101 &ilosll &S ,> L 8.4
103 o
105 aslell 9
105 Aoldo 9.1
105 a,)laz)l asdall OVsles 9.2
109 Jlow xie 0,809 J> 9.3
L0 beall
120 | koo Jws asylaz]l addall 9.4
S 00 V
122 | 9 adhsall asle)l g Jasall 9.5
128 a,ladl addall (o9 oSl 9.6
132 Jilue
134 3,Jl 10
134 4oldo 10.1
142 =590 Wibsleoe Jljis| 10.2
bl Al puSginw
s> W
146 e silyeMI Ol 10.3
aloda .l
155 twadl (sle g3)JI 10.4
160 Jlwws
162 | el bl ULl 11
163 doldo 11.1
166 aigall wl>gell as,> 11.2
172 S Wl ol i 11.3
192 Jiluwo
194 dinl2iall asiall 11.4
208 Jilwo
209 =S SV Ol ! 11.5
224 Jlwo
225 soaSWI Ol ol 11.6
234 Jluo
235 Ol | 59 ac,uldl ol 11.7

sbleaiMl




[Ferziger, Peric] oS o  g0n2h 9

239 | wawliall o=l g cloll yols> pilgd | 1 ol
240 | alall ls awol Jl ML)l o | w (e=xloll
241 bW FISiV Joleo | 2 (ool
245 | clopl) wbleai Vl WLl pilgd | >  g=xloll
252 590,
254 g&=>1,0
256 PXR0

[Ferziger, Peric] S 9ac09 74.2
(Numerics :4;5£Y0) @sdadl Jd=dl 1) 5o

(Components of a numerical method :4;;£ L)

( Mathematical model :4;;l£Y\)

( Discretization method 434 YL)

( Coordinate and base vector systems :4; NEAN)

( Numerical mesh :4;£Y\)

( Finite Approximations :& J..lﬁ}lb)

( Solution method :4;l£Y\)

( Convergence criteria : ;1 Y\)
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