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Translation English to Arab: Samir Mourad, Ahlam Houda
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pizll pos dogkio

1.3 JSeaudl
O oSy i gl AE s w2k e g Bl e 8302 3eSS dine gl
O Sey O (3wl saas il (Soudl e 3 me WSy Lgmige o

12



Jaaa

(131 a) S (3 oy m oSl ool e o ) e oSl oo s B3U) ks
o (131b) K20 3 g LS (Sodl e ) s 01 oK Lt oSy Sl s

a

Volume dV

Fig. 1.3.1 a, left side: finite
control volume V, an a finite
control surface S fixed in

space:

The fluid equations that we
directly obtain by applying
the fundamental physical
principles to a finite control

volume are in integral form.

These integral forms of the
governing equations can be
manipulated to indirectly
obtain partial differential
equations. The equations so
obtained, in either integral or
partial differential form, are

called the conservation form of

bl i S oy (Sl o ga g e
(1.3.1 a and b) Jsal

([Wendt 2009], Fig.
2.1)

WSl il 2gh, (131 a) K2
Ll (3 a8 3 gl (Sl a6V 5 902
Ael B Gadan §ale Lde et ) 1L oYl
@l gl WSl e U Rl el )
LSS S g oS

ek L) W) e K JaY s
SNl Jo Jpamdl 3,500 18 4k oy LS 0
¢ e Jsadl @ Gl oVold) Lag Al
s G el o LSS S sl
<Nl (conservation formy — Jaimd) (Sl
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the governing equations.

The equations obtained from

ERRIRN

the finite control volume r—<"-ﬂ\ sl Lele J g € ;sj‘ <Yl

moving with the fluid (Fig.
1.3.1 a, right side), in either
integral or partial differential

form, are called the non-

13T el gl me S s s g0

S e ol LSS IS 8 sl (Yl

conservation  form of the non-conservation ) &SM ) JM b ade e g

governing equations.

If we consider an infinitesimal
fluid element, which is fixed in
space (Fig. 1.3.1 b, left side),
we can directly derive the
partial differential equations.
This is again the conservation

form.

If we consider an infinitesimal
fluid element, which is
moving in space (Fig. 1.3.1 b,
right side), we can directly
derive the partial differential
equations. This is again the

non-conservation form.

In general aerodynamic theory,
whether we deal with the
conservation or non
conservation forms of equations
is irrelevant. However, there are
cases in CFD where it is

important which form we use.

14

gl SN s (form

s rall alae Bl g jlaeV) 3 LT 1)
G G 131 b Sy 2Ll 3 et
Aol Vsl §osle i Ol Sa
i) (S Lz 5o a8 5

¢ el ple wle paie leeV¥I @ LT 13
¢ 131 b ey il 3 d s sl
Al Koy g of (Se (Y S
735 Ll e e o Lag ) Alsladl oYkl
SPI el

CIPPS POV PP [ W ETPPAPAN{ I PRSI WP P4
il s o i) J\&;T@ olaz
Y- Sls ¢ b mey sl pp Yol

s S sl gl - CED ) (3
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owlibol/ be s 1. 16
S sH Lol — Glll) bazll = WLl izl

bl 59illy duowsstl 69l 1.17
Sl o Eola) § 5y 23 55 ke ) AST e La ) s e 35

ity Leaall 3 sy 83l mla e fows

il sly>Y/1.18
I Ll oY1 3 el Jy T al slemr W o 2o B3 5 1) s

dy
IL;JA 9 @JM‘ Qt.gj«MU

dy

aslzadl (oo gamell lmd Cu ol 3By
H:’::__é_[ 3 2 1 phze) dwceo lpil ple g Llese
e olickill 58 aoroll gilgel
sedell g sloplly elodl | Jin dawoigll

woalslzell ol selw g .sasill
a=ailll ol aallaoll asgilll gl @il
gilgall Byoig . PA.S pideeg (A5 el
Az sae ailall edp) ol el
oy - augigudl  gilgell Aol 6yl

(1.4) gseiun A1.4) sl

Vosall gilsell alad e

baill g dgl Lol aliol . AugiguV giles ac,wll Jlony Lasll w duhs asile sl
ol

go 2upis Blewd) 6)l=dl sbajl 2o pasn Gus asglll dond a8 byl ] Az G4
cwsllal) a1l sl
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m? s Bas gy p=H o LSV Bl S s 50 O
b
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(Governing Equations of Fluid Dynamics)a! sell elilSae & dpulu¥) Sl

(Governing Equations of Fluid Dynamics) &;| 3°J| .ilulS.l.o o9 a*_,L_lm OYleal 2

[Anderson 1991] 5 2 Juab [ o] Jo oo L)
JSsswo 2.1
re) Laad) ¥slas 2 g W1l LIS (3 Bl W) OVl ga CFD 3 LY

inS Ly (energy conservation) dUall Li> s (mass conservation)dSJ) Lai>
Sy sl Ol ) amze iy ez G ad8 5 (momentum conservation) & !

sl QYA\MJ_(L} ffw \:,,a_c

ool axio 2.1.1

2.1 Sl

\‘n

dA = n dA Y

Ll e 1S AL LA ales 5 Voaems (21) S8 3 mosll oSl ot
dm Ol Jdes mad dE 30 3 i n e B ) 1S 06 dA LU

e bl n Jskll ol amdll o 0 gy v el p mo @ 0Ll de

Eo dA L
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dA=ndA
dm = pdV = pvd A

toa A el S e Al Ok e Jime = i

:&L‘S:\L&J\ Ol domie (B jm
PV = (o> S»)L}M\)(Z&Jw)\ w)=2\.l;.<5\ Ol v dmie
1AL

2
Pl g2y = (e S 3 BUBM) (it ol ) = LS O e i

el
= (3..,..«.>;>- 5.&;-) L} ﬂjxﬂ\ 3\.3.«{ )(Z&JMJ\ w) = ib};ﬂ\ 31.«{ dngw A>ie
s e xsy z LN G puy, pyv, pwy

=Ac_w\ﬂ;aswogﬁd.wouwx,;

2

(22) .................................... ﬁAp(e_pv?_p gz)v-dA

(The Substantial Derivate) ./ jkisY 2.2

As a model for the flow, we will 5)}_‘45\ ui" 2 O\ CS <

18
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adopt the picture shown at the
right of Fig. 1.3.1 (b).

Namely that of an infinitesimally
small fluid element moving with
the flow. The motion of the fluid
element is shown in detail in Fig.
2.2.1.

Here, the fluid element is moving
through Cartesian space. The unit

vectors along the X, y, z axis are

i,].k.
The vector velocity field in this

Cartesian space is given by
V =ui +vj +wk

Where the components of velocity

are given respectively by

u=u(x,y,z,t)
v=v(X,V,2,t)
w=w(x,y,2z,t)

Note that we are considering in
general an unsteady flow, where u,
v, and w are functions of both
space and time, t. In addition the

scalar density field is given
by p=p(x,y,z.1).

sy V131 () K2 o s 2o Al
o s mal sl S e e
Jraddl 25500 Ol i 357 > 0L
221 . el @3
S sladll e d s Wl ) L
055 o,y 7 5 dib e ol sy
.7k
Jt s 3 ae )l ol Jie slles) o
s 01&-’&5(}‘

V=ui +vj +wk
G e e Quﬁ;wlﬁw

u=u(x,y,z,t)
v=v(x,y,2,t)
w=w(x,y,2,t)

55 Ol pseall Jlaze¥l o dxb W Lde
o Jﬁ@j@Wj UV e (e
s lls BV sl le et 0L

b e o) B Ik ¢ lae]

’p:p(x’y’z’t)

19
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Fig. 2.2.1 ([Wendt
2009], Fig. 2.2)

At the time ¢, the fluid element is

located at point 1 in Fig. 2.2.1. At
this point and time, the density of
the fluid

P =pP(x, Y1, 2051)

element is

At a later time 7, the fluid element
has moved to the point 2 where

the density is p, = p(x,,¥,,2,,t,)

Since we can

p=p(x,y,z,t),

expand this function in a Taylor’s

series about point 1 as follows:

22.1) IS

([Wendt 2009],
Fig.2.2)

G2 Bl ol 00 E 1 3G
bl oda we 221 L S e T 2k

ra.;xj\ Z\é\ifj ¢

cﬂl\ KPP
P =P, 5 200)
2%&15&\,@\@\ t, 3>V iy 3
Py = P(Xy, Yy 20015) o B o

Alai a5 LS « p=px,y,z.1) O &
o Taleidl Jo [ ohl alade 3 aagl) oda

LW i

) ) ) )
Py =p +[§1<x2 —x1>+[§]1<y2 - yl>+[a—’z’1<z2 —z1>+[a—’t’jl<rz 1)

+(higher order terms)

With ignoring the higher

order terms we obtain

Q&J&éﬁ&\!\@bﬂ\ubﬂa&ﬂy@cﬂ

(2.1.1)

'02_'01:(8_/)) e BT I 9P\ [y -
t,—t, ox )\ t,—1, A

Eq. (2.1.1) is physically the
average

20
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density of the fluid element as it o s Y ém W8S 3 el Jaal

moves from point 1 to point 2. In
the limit, as t, approaches f,, this ¢ h =t e b ¢ 2 kil ) 1 akad
term becomes .

hm(pz -p, j _Dp
Dt

1, —>t —
2o\ 1, — L

Is a symbol for the % AL ad G35 Juee 22d ey sa %
t t

instantaneous time rate of change GlaiY) g, L bl ¢l Wy
of density.

By definition, this symbol is called .D/Dt ¢« xS

the substantial derivate, D/Dt. Dp
Dp cbwbgwa}\‘j.wfﬁ
——is the time rate of change of

Dt

Jy (sl ) Lael cudiy L oums
density of the given fluid element. & o - e & J

Our eyes are locked with the fluid sladll (3 dais
element, not with the point in the
P c . Dp :
D . £, - o)L s
space. So F’O is different ( ot jl o e Wl Dt s
t

physically and numerically from 3Lz 4 215 s e Jaal) Cy’\a b A

p . : .
(—jlwhlch is physically the 1 it

ot
time rate of change of density at ., )
the fixed point 1. O L= ¢ (211) AN PIUNSY o.uj;db.

Returning to Eq. (2.1.1), note that

21
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. X - X
lim —2 -1 = u
ty > 1 t, — t,

lim —yz_y‘JEv

t, > 1 tz —_ tl
. < - Z
lim -2 =1 = W
t, > 1 t2 —_ tl

Thus, taking the limit of Eq.(2.1.1) (2 1 1) sl o4l =b itey
as t, —t,, we obtain
O R N

Dp dp ap op op
ZF = ZF il - = 2.1.2
Dr o Max Vay TV @12

From (2.1.2) we obtain an RSN P u‘L"M (2.1.2) o

expression for the substantial
derivate in Cartesian coordinates i8Sl Uiyl 8] 2
£=i+ui+vi+wi (2.1.3)
Dt dr ox dy Oz o
In cartesian coordinates the vy ... Jals iy 5 o & )\&.U\ by 3
vector operator V is defined as
0 =0

- -9
V=i — —+k— (2.14
lax+18y+ 0z @14

Hence Eq.(2.1.3) can be written as ;ufg\ﬁ (2.1.3) Uslall [)jij Ofﬁ A

D_ 9
—=—+(¥-V) QL
Dr 8t+( ) (2.15)

Eq.(2.1.5) represents a definition ;. .y ble (2.1.5) sl
of the substantial derivative

operator in vector notation; thus it Y = L}L:M'U ROIPEEN IR Ji‘«ﬁ\

is valid for any coordinate system. )
Y y oL ol

22
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82 is called the local derivative
t

which is physically the time rate
of change at a fixed point; V-Vis
called the consecutive derivative,
which is physically the time rate
of cange due to the movement of
the fluid

location to another in the flow

element from one
field where the flow properties are
spatially different. The substantial
derivative applies to any flow-
field variable, for example, Dp/Dt,
DT/Dt, ..

static pressure and temperature

., where p and T are

respectively.

The

essentially the same as the total

substantial derivative is

from calculus.

the

derivative is nothing more than a

differential
Therefore, substantial
total derivative with respect to

time.

9
ot

SUsYl (ommy ial Aok @ il (o]
UL S TR KPOR WO SV [P\
Jo @ 2T L0 e L) el 3~
Ll & Ol il o O )
3 piie sl e gy S0 Glasyl LK
WU e e ¢ 3l Ol
)\ A B 3y izl 2T 5 p & (DT/Dt

JA e

Jaall W » ol st ol s

,Dp/Dt

Jolidl ¢ gaz Ll o oS0 GBlazay)
Slaza ¥l ¢ G L LSy ol Oleo e
o ol gz 52 e T 1S

.C,.;jj\ (ﬁ\J.::;-\

V-V (divergence of velocity ) dc_u/ scli o 4l sl wigall 2.3

V-V—i@

% Dr

V -V (divergence of velocity) is ! dsls

Q4

VV is physically the (control volume) oSl ok sa )l nadll 52 VV

time rate of change of

the volume of a moving

s (moving) , (fluid element) C?LA S2E e
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fluid element, per unit (per control volume) wg,gj\ ;,,,L,L\ e
volume. )

(mass conservation) ¢S/ kis 2.4
:5u\ogﬁ&@bw§8\£boyuw

2o LS Ol e Jaas alls o) Blian ool ool ol a1 1575 s
Jﬁ.«é (:SJLM:{ @gxﬂ\ VJ'L;‘
ﬁ%’p{."l” = swSmll podl s adsUl als)l
1.-'
:(control volume) S{&xﬂ\ e S 5L ) Jdes
_ - @{ 7
”ﬁf 0 =i
o3 et Y Sl s g 0Y
oS ) =l 4 A 0L e s (2.1) Aslall e

=ﬁp£.{!ﬂ
A
ﬂ,j Py 4 {UE pv.dA =0
A

.(integral form) LS 5, )l (3 S Loi> Wsles & (2.4) dsU

................... (2.4)

1(2.2 Jsa)) sl gaa) Ol o Gk
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Ao S gl (2.4 Wl 3 J g1 ad
Ay 5 3y Oldecd 0Ll &G G

TS L ey S AlST LA e Y

o S Wslas 5 31 AL
15, sl el kS J e

[Jpv,-da+[[pv, dA, =0
A, A,

g‘&xﬂ\ﬁ&;\@u Alamn A al) OF 2>
—[[ov, -aa, +[[ pv, -dA, =0
A, A,
P VA pa VA =0
VA = il [2.5
(2.5)

(continuity equation) 4, ,| ,eiu | dsleo 2.4.1

24) Dbl o e LS By 3 A Bd Aslee e Lole oY1 L sl
ool pomd| LIS 3550 U dandl JolS 550 0 gl ad) Lsd Se
.(divergence theorem) sll & ks

To obtain the basic equations of fluid ;5 s 1wl Yl e sl

motion, always the following way is

followed: DAl Az, L) CL}\ Ll £ ccf\jl\
¢ Choose the appropriate 2.l 4l Al el soldl lidl e
fundamental physical principles e 5l e
from physics s sl Al 3l saluall ol ket @
e Apply these physical principles to Slia
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a suitable model of the flow. CYaleall z)Adu) (Gukdl 1 e e
icati Al 5l (bl s ) dpnaly )
e From this application, extract the — ~~ 2 {5aball Ganai Al Apualy )]

mathematical ~equations which alSJ" : a Toll 254 240 Ll 3 Ju
embody such physical principles.

So, in our case the physical principle {(“Mass is Conserved”) "&b yé=1

is: “Mass is Conserved”.

i{ﬂ@dl’ +{Hv.pvav =0
J

(o

15

s b ISy i S s w3l 13 e S Bed 0S5 WS )51 L

-‘Ju"l" =0

gyl IS
o ]
_— VPV =i [2.68)
At
r.lji ¢ o e _
+—i{pu)+—(pv)i+—(pw) =10, R 1)
T N

Y Odl OV 3z, y, x SLEY @ sl Ol e p w0 u S
(incompressible flow) Jblxzil

du dv Iw
ox dy 0z

Divergence Theoreme:
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f=flx, y,2) s 1
razeioll g T Jlow la
Vic L i i L )
o~ .:3'1' &
cple cZ o g OB s Pz s Py Py ailhn oL 15 ame @ dls 15 2
P acball Ol . sligsl
dp_ e, dp
Vo — L T 2
AT A |
Euall skl JolSe g szl Lol aelidl Ak b 3
THv.glav=lodA. o)
¥ A

(energy conservation) @lb/f bis 2.5

2.5
Op@l e Bl Lais Wbl ez
e e Udan 5 A &S Y

Lkt

LB Ol Jdas (s ) Blias oSl ol el B (S5 Jns!
ot s U eyl 5 aa Jole A Jast okl ) ol
VSl ek s U8 0L e Jaee all L Glias =Sl

2 2 )
j}ﬁ:’i}p((? +%+ gz)dV + ﬁ:p(@ +% + g:)g.dé:ﬁv(gg)dA +P+0
v = A = A
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ol Jls WU e @00 5,8 e O Y1 WLl (Sl (3 LY Ol

T A Jabry L S e s S 0L e Jass Q 5 (S
‘0 (stress) sy as (Viscosity)

0 =-pn

<-

a v2 V2 .
fg&fg[p(e+7+gz)]dV+£§p(e+7+gz)y‘d4=—§jpy‘d4+P+Q

2 .
ifﬁ—[p(e+—+gz) dV+ﬁp(e+£+V—+gz)y-d4 “P+Q.... (2.8)
e 2
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tamdl Solol wwin Ulpow e Gualos

a LSl Jlanl Vg e el (2.8) alsleall wid Jell asdl ol rams wloadl &40,
(47 9 (3) sVl yue

8,0l sl @alsleall Jiimg 2oy

______________

> ‘l‘% ," —
’#_.?"' Ao P
F : —

2.5 Jssadl

—p, (e, +—+%+g:])v1A1 + o, (e, +;}2 + F; + gz, v, A, =P+ Q0

1 - 2

(2.5) szl sl sl ol ) @l Jaa> @slsoy aileiwil

Pr vy = povad; = m

2

mie, +ﬂ+i+g:{l)+P+Q‘=r':-ujeq B2 ez
P2 ) 2 2 )
’2 P _} e 3 "02
QA L0 e +.L SR +1_; F 2y e (2.9)
£ pPg 2g mg mg 8 P8 28
O=0 8ml Jasl el oSeu @rwgll olididl o S e
T =7z, e =ez Byl dzryn a8 el el g
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M . 1L"12 P P
-f.] . -
.I{'J]._F': 2‘_{{ ma J{}E g

(2.9) alsleoll Frsad

2
Vq

£ F D0 creiniesinecnnreissrnnees s 22 10

Eg h

aace Jingd adlow culS 13] g dean Lo Lgild dusen £8,08)l Ol Jls
(2.10) alslaoll pas (2) 5 (1) cushaoll G daic of dcae sgme poc Jls d

o

PN Py ¥y

++z =
P 2g Pg

oo 2.11)

7, = oadill cead! L

heall caocw + acwll Coow + 28] Gonw = wdS) cosedl sl

Lo
et
o

-:{-':J'.L{-'.{-.'{-'

.._....
T

R

frr

]

A
&

At

L i
LA R
T T

(2.6) Js_aiul

30

oo slell 280 fus sazmg o edy t_"?:)::_;_
r8 =l osdel Cedl Ll

8m :r9,l

15l/s oozl Ua._.{_)_A.\.L”_' lama

154mm dceaoll aume wgalll Jhé

102mm azeaol J8le wouVl ks
1000kg\m” sloll adlis

rolws wglhall

azeanll J8lwy dumo ac ol (1)

5] Aol oo a_=, L=l 6,08l ()
o il W Ol el Ui
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wdas Cableai M obywd) (2.5) alis)l e alslee (1)

v, A, =v. A=V =0.015 nr/s

015
v, = %= 0.81m/ s
Z(0.154)"
Fd =&57= 1_84_”1;.5
2(0.102)"

a8l Lo a aa=wll g @vandl o soss oaasl e

[2.1”} all=ll oagl aslall alslze {tfﬁ]

el el
P v P _p vy
+ +5,+—= + + 2,
pg  2g mg P8 28
2 2
P=myg Pa P % — N +{z,—1z)
L Pre 2g .

s sus g gzl Ulegian (2) g (1) wlshaoll
p: =Pz =p.
Pz-py =10

Z>—Z;=8 ol los

| e aibadi ac,w 1 Lall sdaiw (1) adal

vy =0, Vv =vy
m Al ol,w Jase
m= 2 V=1 ao0f0.015) = 15.0 kg/s

alslzoll TLLeaig

(1.84)°
P=(15.0){9.81 —+ 8] =1203W
( X ) 2(981) ]

1.2 kW = a2l 6,4
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(momentum conservation) /,ai GaS bis 2.6
2.6 e

Ve

Gllas a5 U (Second Newtonian Law) ¢l jss 0506 o 05N s dezay
o Gl Sl emdl s Sl 3T (S5 e 1 S e e
g 2 Joluy S Jlasy @&xﬂ\ o) b U ) 48T Ol e Jiee 2l

Vel e s 35l

%J::H‘{PL HV + j} }JE{E(]&}: ﬁ:fﬁ(ﬂ; + -ﬂgd.f%
Y 4 v A

jﬁ%{pghv +{Jovlaa)={{{Bav + {Joda ... .212)
vee A v A

dgall o B ol oS . 7 9 - P pap=ioll fanzo Sybuy O slp=Yl Ol i g i
Bazg ado auslsll 88 el p\.l;:-ﬂ ~J|g:.=:-3,| wad i g dpoms basg elo daos]l

B=—pgk sl o

20 &ilsall ol (@overning equations) duulu cXYskeol yasb 2.7
wlbs Xo
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without) ‘UJLIAIS.II ey i )]Q.l.” u9d (viscousﬂow) ._s\>)l|| Ulu..u]l odsles 2.7.1

(considering chemical reactions

Viscous flow: a flow which . Ak ey A s U 0L )
includes the dissipative, transport )

phenomena of viscosity and (1 BLo| A Jeosdly 200 ¢ Jadl

thermal conduction. The ¢

Lod WY S e a5 sl el 4z
additional transport phenomenon AL =
of mass diffusion is not included 4 diuil=is L& Vel ) W Lael Wiy

because we are limiting our
. . i \ "‘ w . £ .
considerations to a homogenous, » Jd Jor e SN WS o6

non-chemically  reacting  gas. e Y O 13 NS S el o O
Combustion for example is a flow

with a chemical reaction. If &,lyesel ©¥slas Sl 08 ) el &

diffusion were to be included, Csj‘ ) era¥) Y slas C\jj Ll
there would be additional ¥ o
continuity equations — the species j 5.l ¢! S aAS Js e (gshs
continuity equations involving .

mass transport of chemical species xais WS A Tob e

i due to a concentration gradient )
Lt Bl dslee 0B s Lo sl

in the species.

Moreover the energy equation L)) J-:v Cles Je e Lo

would have an additional term to .
Y L)
account for energy transport due

to the diffusion of species.

¢ ool 8, S sl JLaeWl (3 AV
With the above restrictions in

mind, the governing equations for 'Y/ X el Bl Yl

an unsteady, three-dimensional, g 0Ly ¢ o bl

compressible, viscous flow are:

Continuity equations Ay )i EY e
(Non-conservation form — [Wendt 2009], Eq.2.18) (bl ICady
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Dp -
—+pV-V=0
Dt A

(Conservation form — [Wendt 2009], Eq. 2.27)

o —
—+Mp-V)=0
. (V)

34
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Equation [Wendt 2009], (2.18) is the

continuity =~ equation in  non-

conservation form. Note that:

1. By applying the model of an
infinitesimal fluid element, we have
obtained Eq. [Wendt 2009], (2.18)
directly

in partial differential

form.

2. By choosing the model to be
moving with the flow, we have
obtained the nomn-conservation

form of the continuity equation,
namely Eq. [Wendt 2009], (2.18).

Equation [Wendt 2009], (2.27) is the
continuity equation in conservation
form. Note that:

1. By applying the model of an
finite control volume, we have
obtained Eq. [Wendt 2009], (2.23)
directly in integral form. Only
after some manipulation of the

the

form, namely Eq.

[Wendt 2009], (2.27), is obtained.

integral  form partial

differential

2. By choosing the model to be
fixed in space, we have obtained
the conservation form of the
continuity equation, namely Eqgs.
[Wendt 2009], (2.13) and (2.27).

Momentum equations

(Non-conservation form - [Wendt

slas o Wendt 2009], (2.18) Wl

NP-Y - O I S R W JRE]
Pk bakdl

Bl paial Fled Guli PR e 1
Abledl e Jiasdl « raall Al
e 3 8be Wendt 2009], (2.18)]
ok oA zisalll Jgal Gk oo 2
(;QJ 3 %)\)ﬁuy‘ A\JJL&A glé.iaﬁ
.(2.18) <[2009 Wendt] .4latal)

& (2.27) 2009 Wendt] @stal)
il S 3w el Wsles

: %51; Lo dla>s

pxall Add Zisad Gubi DA e 1
Wendt] Al e Ulias ¢ gasall
dSi 8 s,dlk (2.23)  <[2009
Glalles gz Hg e 22y Ladd | JalSia
Wendt] ¢! .Sl JAalall Jill
Lesle Lileas 31,(2.27) «[2009

G cadiill 2 s Gk e 2

Ghindl K5 Jle Juasdl oLl
3».3‘)\)41‘.;:\1\ Ualeal

& Al Auas Y alaa
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2009], Egs. 2.36a-c)

[Wendt 2009],
Fig.2.5:
Infinitesimall

y
moving fluid

small,

element. Only
the forces in
the x direction

are shown.

DM 6}9 aTxx aTyX aTZX
x-component: th:»&c 4@ 4@ 4; +4.
N, DV @ &Z:fyL&znyasz_hgc
y-componen P D ' ' y
t kY &
z-component: P—DW=_&7 % +afyz +8TZZ +4.
Dt & & &k C
Wendt]
y
(2009
;(ﬁviﬁldy) dx dz -
Velocity h & 7 M\
components } 3
i P .
e dhi 7, dr Oy /(ﬂ P ”x)d»“d’ 4425
pdydz 4——~ | f .__‘/(:;n%?dx) dy dz

e S LN W Sb e

dz ///d '_‘t\‘-a : 4

4 — = d i .

/J' 1, 0x 07 (f“‘a; )dxdy .jx-sa-ﬁ‘ L;JALM

Total force in the x-direction: F

[Wendt 2009], S.28 Def. of body forces

and surface forces:

1.

Body forces, which act directly on

the volumetric mass of the fluid

element.

gravitatio

Examples:

nal, electric

and

magnetic forces. Def.: body force

on the fluid element acting in the

36

x sl £Y!
x ol 3 eVl s 5al & F,
eI s (3853 e e 6 Sla

Sl 358 Jeli ) Lo OV @

fluid ) b sl dpaaall A
dpdlall 348l ;e Al 4 (element
Apadalirall 5 400 5 56

Jiati gl gumall e Gyanal) 5 58l iy ja3
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x-direction=

pof (dxdydz) .

2. Surface forces, which act directly
on the surface of the fluid element.
They are due to only two sources: (a)
pressure distribution acting on the
surface, imposed by the outside fluid
surrounding the fluid element, and
(b) the shear and normal stress
distributions acting on the surface,
also imposed by the outside fluid
“tugging” or “pushing” on the surface

by means of friction.

7

Iofx (dXdde ) =x oaay! GA
e 3 p8le Jelati Al dodaw Ol B

ooetlh ga g ailall gl adas
Ll )55 (a)
lemoh Al mhudl o Jeas
dandl Ghldl B Ll zja
Alayif oo (b) 5 gl anlly
e Jaxi Al (adll 5 aphal) baall
ZOA J8 e cump LS ¢ xlad
chaadl e "aaallt g el il

Y] 5k e

s L il jhaa

]

i

[Wendt 2009],

shear and normal stresses

Fig.2.6: Illustration of

=¥

2.6 J& [Wendt

=)

2009]

M\ouwjﬂuwj:

(Conservation form — [Wendt 2009], — [Wendt 2009], Egs. -hésdl JS&l)
Egs. 2.42a-c) 2.42a-c))
a(m) 7 ap aTyx aT
x-component: +V-(ouV)=—"+—"= X
P o VAVIET Tty e A
. 9(pu) 5 dp W 97, 97,
-component: 7 4V. Vy=—FL 4 ) + _
y-comp o (V) % o o A,
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. a(W) T ap aT z az‘vz aTﬁ
z-component: —~—~4V. V)=--L Xz ) 2z _
P o TVeNE T Ty T #

Energy equation 43Ul Aalaa

(Non-conservation form — [Wendt 2009], Eq. 2.52) uju; PN

D 2 o\ dx) oy\ oy ) &\ &
oup dvp dwp +5(ufxx)
& & ax
our,) our,) ovr,) AT,
+ + +—

Y o ox o
W) Awzy) AT dwz) | - 5

& ox 0 &
(Conservation form — [Wendt 2009], Eq. 2.64) bl 1Sl

;{P£6+V22H+V{p£e+v;\7ﬂ

= . + i (k aTj + i k al
B AN P RPN P
3(,{”]_ dup) _0(p) _0(wp) , 0wz,
oz\ oz ox oy oz ox
our,,) o(ut.,) ovr,) d(vt,)
+ + +
dy 0z ox dy

ovr,) dwr.) Owr,) d(wr.)
+ + =+ +
oz Ox dy oz

+

+

+of -V

aliaSll o Yelis ol kil ogs (inviscous flow) g ) M ol clslee 2.7.2

( without considering chemical reactions)

Here are the viscous terms of the Sl LY Vsl o 4 J-U\ 1 4% La

above equations dropped.
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Surveying the above governing

equations, several comments and

observations can be made:

1.

They are coupled system of
non-linear partial differential
equations, and hence are
very difficult to solve
analytically. To date, there is
no general closed-form

solution to these equations.

momentum and
the

difference between the non-

For the
energy equations,
conservation and
conservation forms of the
equation is just the left-hand

side.

Note that the conservation
form of the equations
contain terms on the left-
hand side which include the

divergence of some quantity,

such as V-(p-V),
V. (puV), etc. For this
reason, the conservation
form of the governing
equations is  sometimes

called the divergence form.

The normal and stress terms

Qb d] Wsleall Wl wlids 2.7.3

Js O mebend LYl &Yl Ll 13

AU

Alolad) OValaall (10 dal s e de sana (o
o maall e QWL g ades i) 3 L
Il d s Y OV UL Ll

.QYA\.A\::.L&S;L};
S ¢ By Sl Bl oYald
e il g alaad ) I o

uf&\ il s 2 g dslal

CVoleall il JKa o Ly
B oY G e by s
¢ RS G O am Jeds
A Ly Ve(puV), V-(p-V)

SCTTINS RPUUERPRRSUWA I NV SRS U1

SNslaoll isdl S 0LV
Aeldl (Say d LY

oda (3

il ol s oo Nl e Nl
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40

in these equations

of the velocity

are
functions
gradients, as
[Wendt 2009], Egs. (2.43a-f).

given by

The system contains five

equations in terms of six

unknown flow-field
variables, p,p,u,v,w,e. In
aerodeynamics, it is
generally  reasonable  to

assume the gas is a perfect
gas (which assumes that
intermolecular forces are
negligible). For a perfect gas,
the equation of state is

p=pRT, where R is the

specific gas constant. This
provides a sixth equation,
but it also introduces a
seventh unknown, namely
temperature, T. A seventh
equation to close the entire
system must be a
thermodynamic relation
between state variables. For
example, e = e(T,p) For a

calorically =~ perfect  gas
(constant specific heats), this
relation would be e=cT
where ¢, is the specific heat

at constant volume.

Historically, the momentum

[Wendt 2009], > ors LS

Eqgs. (2.43a-f).
3 SVl it e Rl g
Byme pp Sl i olbdball
S Jak
oo O Jsaall e ¢y ed) Sl
P gl QU e G L pes
(SHY S ol Al e ol O

o A bl ¢l L Ay

g .p,p.uv,w,e

sds) el 4 R &> p = pRT
PEN PR SR U A N ESURS SPYRR T Y
x> oy 0wl st lal ek
pladl BoeY anlldl sl T ¢ 5 ) 4
o) 3N 0S5 O et dSTh
W L Jo W o e
ol e W andl e(T,p)

e:

O b ¢ (32 ol aend) Al A
G 70T B e 0SS

RO RS R TR R PN
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equations for a viscous flow S s b OVslag, c U sl
are called the Navier-Stokes
equations. However, in <> & ¢ &H3 ~»y .(Navier-Stokes)

£“"

modern CFD literature, “a "

23U = say Syl CFD

Navier-Stokes solution”
simply means a solution of a Al > sl dblawy o oS sz
viscous flow problem using full

governing equations (including el SVl Jlaszaly CJ'U‘ )

continuity as well as energy g5 1) o Sz i el ol 3

and momentum).
(.ﬂf;ﬂ‘ 1.;.«{)

(boundary conditions) 4, ,[xaJl 3Bl 2.7.4

The boundary conditions, and u‘l‘f c@ﬁ!‘ oYL U\.;:—T; ¢ A k) YU
sometimes the initial conditions,

dictate the particular solutions to <~ Leks Jsadl ug‘" g:s)‘ R S

be obtained from the governing Seu 3 Jn L s g) ipele¥) Ylal

equations. (This makes the

difference for example between s~ o Boing 757 JI & Ol oy

the flow over a Boing 757 or past .
a wind mill, although the <Yl ol e V';Jj\ 6'L° ¢ AaL C\'*’Jj\

equations are the same). For a eyl ai ‘C}U\ C’L"‘U (i 2

viscous fluid, the boundary

condition on a surface assumes CM‘ SRR VWL I N Jos Y C}"“J\
no relative velocity between the

SOUIR VR KV .:Jamj\ 8,5l I
surface and the gas immediately i ? S A W
at the surface. This is called the CJQ_M)\ O™ 13} L (no-slipy 3Y 5V pds Ul
no-slip condition. If the surface is

stationary, then u=v=w=0 at Cja‘”ﬂ e u=v=w=0 13 .t ;»
the surface (for a viscous flow). .
( : (g ol b

For an inviscid fluid, the flow
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slips over the surface (there is no
friction to promote its ‘sticking’
to the surface); hence, at the
surface, the flow must be tangent
to the surface. V.i=0 at the
surface (for a inviscid flow),
a unit vector
(that

orthogonal) to the surface. The

where 71 s
perpendicular means
boundary conditions elsewhere
in the flow depend on the type of
problem being considered, and
usually pertain to inflow and
outflow boundaries at a finite
distance from the surfaces, or an
condition

‘infinity’

boundary

infinitely far from surface.

The

discussed above are physically

boundary conditions

boundary conditions in nature.
In CFD we have an additional
the proper

numerical implementation of the

concern, namely

boundary conditions.

gl e 35 Ol () Rl L
R S S LCR IR
OF 2 OL ) (o) Jo QL 5 ¢(pdad)
ol Jo Vii=0 mhd ) e 0S5
amis By g N e (Y Ol )
.C}a_MJ\ e (elae o Mag) (634
Obdl o s 21 STUT (3 3 lud oYU
e bl o4 G Al ¢ 5 e ey
ZoB s 0Ll s Ssle e
B gl ¢ pshdl e Baga2 Bl o
oo gllas S R st
el cozd g &)l oV k)
Aagll) & AL A Bl YU U
dgsdall deadl B el (3ls) B L) CFD &

g k) YU L

wbiinidl Kl wle clisYo CFD go i duulul & Yoleall SISzl 2.8

(conservation form)
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oU OoF oG OoH
T+ =
ot odx dy 0z

; [Wendt], Eq. 2.65

0
QL

U=
o
De+V2/2)
Q
Al +p=1,

F= pu-t,
pvu—Tt,

HAe+V2 1 u+ pu—kgI; —Ut, —VT, —WT,

o)
AT,
G=1p"+p-1,
Py,

e+V2/2)v+pv—ky—ur —VT, —WT.
ay > yy yz

In [Wendt], Eq. 2.65 the column
vectors F, G, and H are called the flux
terms (or flux vectors), and ]
represents a ‘source term’ (which is
zero if body forces are negligible). For
an unsteady problem, U is called the
solution vector because the elements
in U (p, pu, pv,etc.) are the
dependent variables which are

usually solved numerically in steps of

ol
W=,
H=,pw-7,

P Hp—T,

HAe+V? 12w+ pw—k% —UT,—VT, —WT,,

T
2R3 °

pf.+vf, ) +pa

([Wendt], Eq. 2.65 dslll 3

e=H 5 G 5 F el ol
clead’ Ji 1y il ol
S5 IS ] Lho s sl e
oy pb WL L(SH Y ST

L}ﬁaw\&yy\wa
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time. Please note that, in this

formalism, it is the elements of U that

are obtained computationally, i.e.

numbers are obtained for the
products P, pu, pv, pw and
pe+V?/2). Of course, once
numbers are known for these

dependent variables (which includes
p by itself), obtaining the primitive

variables is simple:

p=p
u:p_u
0
v:p_v
P
W:p_w
P
p(

S s G 2 Ulp, pu, )
st (3 Lads Sale Ll ony ol e
oda gl Sl o)
e s e
S8 S Ll Lde Jpad
Jpakl
. e, v, pw

ol Ll
p(e+vz/2)j
Y Y O Lis JU dngly
3P e B aald) ol el 0dd 5
i) ol e Jsadl ((aild 2

dam,@

e+V2/2)_uz+\12+w2

P

For an inviscid flow, [Wendt et. al.
2009], Eq.(2.65) remains the same,

2

[Wendt et. al. dslad) > Y 0L

except the elements of the column OF Yl (o LS &5 2009] Eq.(2.65)

vectors are simplified. Examining the
conservation form of the inviscid

equations summerized in Sect. 2.7.2,

we find that
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For the numerical solution of
an unsteady inviscid flow,

once

TR

ple+V?/2)

ol
oy

P +p

o 0%
pv(e+V2/2)+pv

again the solution

vector is U, and

dependent  variables

which numbers are directly

obtained are  products

P> pu, pv, pw

,0(€+V2 /2). For a steady
inviscid flow,dU /9t =0.

O 23272 Ob (3 ae )

pou
pu’ +p

F=<pvu

pwu
pu(e+V?*12u+ pu

QW
H=pw

PV +p

ole+V? 12)+pw

T
2R5°

P+, )
S S LU g USRS Ry PV
2l Y anld) el y (U g ) e o 2
Ol e ik Lle Jped) 3
Ol L pe+V?I2) 5 p,pu,pv,pw

QU /dt=0 s ) o D

JSTLad) sdd (endal 4 0B Ol e ST 8
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Frequently, the numerical
solution to such problems
takes the form of ‘marching’
techniques; for example, if
the
obtained by marching in the
x-direction, then [Wendt et.
al. 2009], Eq.(2.65) can be

written as

solution is  being

[Wendt et. al. 2009],

gsl“ c(’marching’)"ag]w" o lass J.{M =G

wjbqu}le;Jj&\rxo\f\alcdu\Jw

(‘i ¢ x ol£l & )
AW sl e Lnls” Sk Eq.(2.65)

oF oG oH | [Wendt], Eq. 2.66

ox dy 0Jz
Here, F becomes the ‘solution Al o el ”J;l-é‘ amzs ez F Lia
vector’, and the dependent
variables for which numbers are “3);5 Lele Jj—"”u ug‘» (‘\5)\ LY
obtained are  p,pu,pv, pw (et V) D, pU, PV, PW
and p(e+V?/2). From these

dependent variables, it is still
possible to obtain the primitive
variables, although the algebra
is more complex than in the

previously discussed case.

the
equations when written in the
form of [Wendt et. al. 2009],
Eq.(2.65), have no flow variables

Notice that governing

outside the single x,y,z, and t
derivates. Indeed, the terms in
[Wendt et. al. 2009], Eq. (2.65)
have everything buried inside
The

equations in the form of [Wendt

these  derivates. flow
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et. al. 2009], Eq.(2.65) are said to
be in strong conservation form.
In contrast, examine the forms
[Wendt et. al. 2009], Eq.(2.42a,b
and c¢) and [Wendt et. al. 2009],
Eq.(2.64). These equations have
a number of x,y and z derivates
expliticly appearing on the right
—hand side. These are the weak
the

conservation form  of

equations.

The form of the governing
equations giving by Eq. (2.65) is
popular in CFD; let us explain
why. In flow fields involving
shock waves, there are sharp,
discontinuous changes in the
primitive flow-field variables p,
p, u, T, etc.,, across the shocks.
Many computations of flows
with shocks are designed to
have the shock waves appear
the

computational space as a direct

naturally within
result of the overall flow field
solution, i.e. as a direct result of
the general algorithm, without
any special treatment to take
care of the shocks themselves.
Such called
shock capturing methods. This

approaches are

[Wendt et. Al 2009], Eq. (2.65) &)
@ i) il IS el By e 0SS
[Wendt et. al. 2009], J&al aul)s ¢ L&l

Eq. (2.42a,b and c) [Wendt et. al. 2009],
oo ke gl oYWsldl oda (Equ(2.64)

e pren A Gz 5y o ox ol
Leasdl  JEY) & ol kNI S

sl (3 Liesal
ALl e e dllY) oYl K
Uyes CFD & 1 Byme o (2.65)
N e S IR et
Sl Bl 0,5 Sl il Ol g
oVl oLl Jle a3 dsbkeadl
P, P, u, :(primitive flow-field variables)
oo s Ces bl e (T, L,
e (& Sl & Oldl wlls
Oyiad & (b S5ty Bodal) Dl ge gl
Sl Jim Jke o 8,50 BmS il
093 cialall dooj )yl § 500 2mST (6T ol

cbdadl o Hddl A=Y ol adle
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is in contrast to the alternate
approach, where shock waves
are explicitly introduced into the
flow-field solution, the exact
Rankine-Hugoniot relations for
changes across a shock are used
to relate the flow immediately
ahead of and behind the shock,
and the governing flow
equations are used to calculate
the remainder of the flow field.
This approach is called the
shock-fitting method. These two
different approaches
illustrated in Figs. 2.8 and 2.9. In
Fig.2.8, the

domain for

are

computational
the

supersonic flow over the body

calculating
extends both wupstream and
downstream of the nose. The
shock wave is allowed to form
the

domain as a consequence of the

within computational

general flow-field algorithm,
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[Wendt B Free-streom boundary conditions [Wendt

et.al.2009], gl _I et.al.2009]

Fig.2.8: i Pl 2.8 Jsall «

Mesh  for Poo Qg j; T fyr el A4S

the shock- e 7 Lol
. A = darall

capturin, 7 ="""Bady bound b

P 8 = /7 Eungiﬁuns i

approach & :

without any special shock 3 ol olial obde Al Jbs) O

relations being introduced. In this

manner, the shock wave is J”' 1> dedall dor 5o Ll ¢ a4 o)l ol

captured within the domain by

the

solution of the governing partial

means of computational
differential equations. Therefore,
Fig. 2.8 is an example of the shock-
capturing method. In contrast, Fig.
29 the

problem, except that now the

illustrates same flow
computational domain is the flow
between the shock and the body.
The shock wave is introduced
directly into the solution as an
explicit discontinuity, and the
standard oblique shock relations
(the Rankine-Hugoniot relations)
the

supersonic flow ahead of the

are  used free  stream

shock to the flow computed by the

partial  differential  equations

downstream of the shock.

SVsleed Lkt 4 b e S
A RPRRCTIRUPY WU KSR I WXV 21
3 i bl ol Je Jie 2.8
Sl W 2 2.9 K ¢ LA
O pdl s ONI Lkl L OV ¢ s
el i g Jeal endly delall o
Cmoly plaBl Bl JJA 3 5L
odall Awldl Sl jlas pdsd
0L~ (Rankine-Hugoniot UBlally alill
bl 3 Gl Gadl A L)
idlolidl OVoldl abuly 0L Old

2.9 . JSKad ¢ iy L aea) ol 4L a5
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Therefore, Fig. 2.9 is an example of
the shock-fitting method. There
are advantages and disadvantages
of both methods. For example, the
shock-capturing method is ideal
for

complex flow problems

involving shock waves for which

the

location or number of shocks.

we do not know either

Here, the shocks simply form
within the computational domain
as nature would have it
Moreover, this takes place without
requiring any special treatment of
the shock within the algorithm,
and hence simplifies the computer
programming. However, a
disadvantage of this approach is
that the shocks are generally
smeared over a number of grid
points in the computational mesh,
the

obtained shock thickness bears no

and hence numerically
relation what-so-ever to the actual
physical shock thickness, and the
shock

discontinuity is uncertain within a

precise location of the
few mesh sizes. In contrast, the

advantage of the shock-fitting

method is
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[Wendt
et.al.2009]
, Fig.2.9:
Mesh for
the shock- Doo, Do
fitting o Mool
approach
[nitial
data

line

that the shock is always treated as
a discontinuity, and its location is

well-defined

However, for a given problem you

numerically.

have to know in advance
approximately where to put the
shock waves, and how many there
are. For complex flows, this can be
a distinct disadvantage. Therefore,
there are pros and cons associated
with both shock-capturing and
shock-fitting methods, and both
have been employed extensively
in CFD. In fact, a combination of
these two methods is used to
the

approximate location of shocks,

predict formation and
and then these shocks are fit with
explicitly in those parts of a flow

field where you know in advance

Shack boundary [Wendf
;29488

zel A

y Laruall
o Aanlial

Body
boundary
conditions

¢ dnbin W Le L aada)l b O
pos Rl AUl e L) ol g Lad g
Pyl O o (2 e 1Sl ¢ ol
5 el Sl mig ) LB
s 0, 0 8K ¢ sdins olibad Llasas
Sl y Slalg] Sl ¢ NI sty e
LU o sV OIS g o gl s d> e
i) ded2ll o (shock-capturing) 4ed.2])
G GsleN) adsaaly ¢ (shock-fitting)
pldszal oz ¢ @310 3 LCFD (3 sl y Bl
c’j—“)u&‘w el Oy k) Gle e e e
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they occur, and to employ a
shock-capturing method for the
remainder of the flow field in
order to generate shocks that you

cannot predict in advance.

Again, what does all of this
discussion have to do with the
the
governing equations as given by
Eq. (2.65)? Simply this. For the
method,

conservation form of

shock-capturing
experience has shown that the
the

governing equations should be

conservation  form  of
used. When the conservation form
is used, the computed flow-field
results are generally smooth and
stable. However, when the non-
conservation form is used for a
the

results

shock-capturing  solution,
flow-field

exhibit

computed

usually unsatisfactory

(wiggles)
upstream and downstream of the

the

appear in the wrong location and

spatial  oscillations

shock wave, shocks may

the solution may even become
the
shock-fitting method, satisfactory

unstable. In contrast, for
results are usually obtained for
either form of the equations-

conservation or non-conservation.
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Ggbasal o Abisdl oYl JCaT

Why is the use of the conservation form of the equations so important for the
shock-capturing method? The answer can be see by considering the flow
across a normal shock wave, as illustrated in Fig. 2.10. Consider the density
distribution across the shock, as sketched in Fig. 2.10(a). Clearly, there is a
discontinuous increase in p across the shock. If the non-conservation from of
the governing equations were used to calculate this flow, where the primary
dependent variables are the primitive variables such as p and p, then the
equations would see a large discontinuity in the dependent variable p. This
in turn would compound the numerical errors associated with the
calculation of p. On the other hand, recall the continuity equation for a

normal shock wave (see Refs.[1,3]):
Pty = Prlty (2.67)
From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as

illustrated in Fig. 2.10(b). The conservation form of the governing equations

uses the product pu as a dependent variable, and hence the conservation

form of the equations see no discontinuity in this dependent variable across
the shock wave. In turn, the numerical accuracy and stability of the solution
should be greatly enhanced. To reinforce this discussion, consider the

momentum equation across a normal shock wave [1,3]:

(268) p, + pyu;’ = p, + pyut;
As show in Fig. 2.10(c), the pressure itself is discontinuous across the shock ;
however, from Eq. (2.68) the flux variable (p + pu’) is constant across the

shock.
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[Wendt et. al.
20091, Fig.2.10:
Variation of flow
properties through

a normal shock

o
e

wave i Ji
¥
g4
b
o *
c T —
X
(pegutid
i3
d

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in the
conservation form given by Eq. (2.65), we clearly see that the quantity
(o + pu®) is one of the dependent variables. Therefore, the conservation form
of the equations would see no discontinuity in this dependent variables across
the shock. Although this example of the flow across a normal shock wave is
somewhat simplistic, it serves to explain why the use of the conservation form

of the governing equations are so important for calculations using the shock-
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capturing method. Because the conservation form uses flux variables as the
dependent variables, and because the changes in these flux variables are either
zero or small across a shock wave, the numerical quality of a shock-capturing
method will be enhances by the use of the conservation form in contrast to the
non-conservation form, which uses the primitive variables as dependent

variables.

In summary, the previous discussion is one of the primary reasons why CFD
makes a distinction between the two forms of the governing equations-
conservation and non-conservation. And this is why we have gone to great
lengths in this chapter to derive these different forms, and why we should be

aware of the differences between the two forms.

References [ g>/,0 2.9

Anderson, John D., Jr.., Fundamentals of Aerodynamics, 2*¢ Edition McGraw-Hill,
New York, 1991.

Liepmann, HW. and Roshko, A., Elements of Gasdynamics, Wiley, New York,
1957.

Anderson, ].D., Jr., Modern Compressible Flow: With Historical Perspective, 2nd
Edition McGraw-Hill, New York, 1990.

Bird, R.B,. Stewart, W.E. and Lightfoot, E.N. Transport Phenomena, 2" edition,
Wiley, 2004.

Kutler, P., ‘Computation of Three-Dimensional, Inviscid Supersonic Flows,” in
H.J. Wirz (ed.), Progress in Numerical Fluid Dynamics, Springer-Verlag, Berlin,
1975, pp. 293-374.

55



(CFD) sl gl sall clSaalins I Jane

wle baaigo dulws § b : (Incompressible Inviscid Flows) 4] 3
(Source and Vortex Panel Methods) dolgal g gull Wl béo

S 31

Y (flows) uxl ! (numerical analysis) (g2l Jdaill il L o)) Hlatis Juadl) 1 &
G A&k axdin o) oSe Lo (inviscid) %3 Y 5 (incompressible) diklical
e g sl 13a dal -d) ls o) 2 Lo & (8l Al - (finite-difference method) 253l
Lhliail Y oplowd dlie S8 s (I sae gali @A) Gob 2w Sl Lowl )
(inviscid) 423} ¥ 5 (incompressible)

Ralall 5 il ke Gl sadias dubua Gk sladl — LRI o3 aal (il Jeadl) 1
Sainall 5 Apulidall GOkl & Caval 3kl s38 (Source and Vortex Panel Methods)
1960 Siall e 138 5l bl i 31 IS b sale Lede

5 dadia dplua 38 ) zUs3 (numerical methods) dmie Al 3ok 4 &Gl jhasal 3k
Az s Dl i ga oS Al

i) Y g wbléo il Y ol sead il dpg Yl iy 3.2
4l (density) AU, Gbw s (incompressible flow) (hlbuail el b
(p=const.)
Bbuail e ghw 4 om (m = const.) A4 AL (fluid element) gl siac ) gaad
paall il 45 U Y (streamline) sl Jad 313 e A (incompressible flow)
IS (Be yudl (A V) VV Y 5 (V= const. ) <l Liay 58 aila sl 13¢) (volume)
S5 () gl el s e paile puiand peaal il
3.1) VV =0

V J ia NABLA-Operatord el &3le s 5 gradd s s.gradient
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Gl Jadll 531 50 8 @ ak W50 Y Ll (fluid element) xile saael) 136 128 )
e g8l M (irrotational) s ¥ aa (flow) obdl 1 JUllé (streamline)
5 © ¢ alad — (potential) Ju i sS (velocity) & sl e um o) Sy ol

(3.2) V=V
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godd=Vo = | 5 | 0= | 5
9z

() deai (3.2) 5 (3.1) HMalae OY) Linas 13
V-Vp=0

0

(33) Vi$=0

T A paall 5 5 seliall @¥aladl sl ¢(Laplace’s equation) Laplace Hslas sassi (3.3)
.(mathematical physics) 4uab ) el 58l Jas b

dia) ¥ 5 (incompressible) dikluzail Y (flows) oxlow o ¢ (3.3) e (0
.(Laplace’s equation) Laplace {abeey L3 (inviscid)
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((linear) 423 & (Laplace’s equation) Laplace {alas s

d> it G ae (added) 25 O GSay (3.3) Aabeal dpa ol Jola e 222 JS SN
Al

:0) 54 s (incompressible flow) bzl e by (e ol dpulal 2auli (5 5 138

(S (incompressible, irrotational flow) s ¥ 5 Hbuail ye (bl dae S )
(elementary flows) daulasl () ys 0= (synthesized) ez O

(satisfy) 226 ) (elementary flows) dsmsbul Cl pud) any ) i) ol o) et Ul
.(Laplace’s equation) Laplace 4alzs pe

Uniform flow Jilaial) Gl yud)
p=V_x
Source flow Ddadl Gl )
¢ = %ln r
Vortex flow Al gl L )

In [Wendt et. al. 2009 ] there are two methods described which use these

elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source
Panel Method

e Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex Panel
Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings
Below and Above Stall” is described.
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(Fluid Dynamic Equations) gil gl
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Chapter 4 (Mathematical Properties of Fluid Dynamic [Wendt et. al. 2009],

Equations)

S 4.1
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Momentum ) & aill 4w &Yalaal (Partial differential form) A laldi Jsil)

:(equations
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&

Du_ 9, 9%, &
o

JSE) b (358 2.36 a-c ¥ obed) Jie A 5l ALoalitl JISEY) (e (S5 8 duulal) Y olad)
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L EHBEENY .(Chap. 2) SOl Jeadll e it Lalie @l gall S jal A Sl ()
325 Y gl (linear) duba 4k s L oY) (derivates) cliiiall CYall gues
e ol — i i JeY) (derivates) <ilEiiall (exponentials) 4l sl (products) iadie
& weidl (functions) <Y1 Lewsil o Al (coefficients) Jelaalls g pian | Lguds olals
sl GUaill cValedl HUaill M i e ¢(dependent variables) Al
o Ledie 225 (inviscid flows) 4 3B Gl el JUal dusss e (quasilinear system)
highest order ) ¥ il i il o) 272 adl i 3smsdl cYoled)
(linearly) b ek LIS 5 (first order) oV s¥) 3a 3 &3 o (derivates

O 2.7.1 andll (8 Basasall ¥alaall uyn Ledie a3 (viscid flows) 4l gl el
Lhi el iS5 (second order) &sill Zasall <y o eV syl cld el
.(linearly)

CYaladdl i 4l (system) plbail galbadll sy uopdie U adaiall 8 canall 13g]
psdi Chgu Aleall 0 & (quasilinear partial differential equations) 4 jall 4lualédl)
Sl (8 dd 33N e JS 5 -430 el Alialall alaall (e gl g8l A Cayial auia g
(fluid dynamics) & 54l

il ddslidl] Yooy 4.2

1] SUS (e 35a 50 Sl

SR P TP N [ WO  F NP

u, =u

a3 5L g | Uslan =2

u, =u, +u,

bl | ol lam Y oY ol =3

U, +—u, +—u, =0
r
e Cil ;lu"\ilu.éii:?}dléﬂsw -4

Uy = +U, +U

P ALY Ul =5

u, =u, +ou, + fu

it
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Partial ) 4 dholbil oXsko/ (Classification) Cduai 4.3
(Differential Eq.s

Ol E¥alae 685 o)) (ed Aulad 4l Yol T Jasw (system) plai il Jassll
ohd 0l Yl U el asse Jhe g ) 13 ol all) a8 el L)

:aUJ\BAJ\)n

(4.1a) al@—'—bl%—i_cl%—i_dl% =1

& dy oy

(4.1b) 8u 8u 8v av
—+6,—

ax ay ax ay

.y 3 x (functions of) J <¥lall il @l jaidl & v 5y dus

Jd ¥l 058 o) @bl f, 5 a,a,,b,b,,¢,,¢,,d,,d,, f, (coefficients) Jaladl
Vo3 X, YU

) il o3 JSA e (cilalad) 5)) Jaghd e Giagi lised | xy siwe b Al (5] ysiadl
Jsb e (indeterminant) 83xse e (55 v 5 u (derivates of) J Sl Cua (s
.(discontinuous) dzkiis (4S5 Lay y o pe 5 (Slaladl gl) o ghill oda

.(characteristic lines) 4xaibaidl) b ghdll e b gladll o3

Quasilineare partielle Differentialgleichungen 2.Ordnung mit zwei unabhingigen
Variablen konnen in drei Typen unterteilt werden: hyperbolisch, parabolisch und
elliptisch. Diese Einteilung basiert auf Eigenschaften von Charakteristiken-Linien,
entlang welcher sich die Informationen iiber die Losung ausbreiten. Jede derartige

Gleichung hat zwei Sitze von Charakteristiken . Die verschiedenen Eigenschaften der

Gleichungen kénnen verschiedenen Stromungstypen zugeordnet werden. [3], p.20

LALAL} 9 (COI'ItlI'IUOUS) Byabua P gy O i 44:.44\.:.4;.“ hjhﬂ‘ Y ‘;r. J}\aﬂ

ou du .
du="ax+%q ) O
™ % ly T u=u(xy) O
(4.2a)
dv Z?d +3—dy v=0(x,y) OY
(4.2b) * Y
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<Y seae Aoyl ae (linear) Aabd C¥alae day ) (e Lllas (<G5 (4.2) 5 (4.1) @¥aled)
matrix ) 48 siae JSG OVl 228 LS (Say (( dv/dy 5 du/dx,du/dy,dv/0x)
Sul il e (form

a, b, ¢ d ||dulox fi

a, b, ¢, d,|duldy I

dcx dy 0 O |dv/ox du

(43) 0 O dx dy|odv/dy dv

:(coefficient matrix) Jelaall 43 sican [A] @ e i Lises

a b ¢ d
[A] = a, b, ¢, d,
dx dy 0 O
0 0 dx dy

IS Bacld UA[A] J (determinant) 3axsall (oSS |A| Ay b e 30
(unique) 335 dsls e Jsanll adains ladie c|A| #(0 <ilS ) ¢(Cramer’s rule)

.0v/dy s du/dx,du/dy,dv/dx J
& /Ay 5 ou/odx,dul/dy,dv/ox oS ladie « |A|=O CilS 1 g Al Al e

(particular) 323se Clalst) e G ¢ (indeterminant) Baase e (JuadY) Alsl)
Lgea SlAl 3034 KAV s u d Cilaiiall LQJ)L u&: gﬂ\xy (plane) giall uﬁ

a b ¢ d,
a, b, ¢, d,
dx dy 0 O
0 0 dx dy
Sl
(4
4 (ajca —aac) ](Lijp]3 —(aydr —azd) + byoz — bacy Wda)(dy) + (B dz — bad,) )dx)> =0
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(dx)? e (4.4) Uoeall andl

(4.5)

dy\” dy
I{{!]L’z—{!gﬂ](d—}] - [u’l(fg —{Izﬁ"[ +Jr)1L'2 —JJ‘gf,'| ]d—1r +{h||ff3 —b:nﬂ 1=0
1x X

. dy/dx * (quadratic equation) 43l 4a Al e Aalas (& (4.5) Aaladl

Lshall Jsh e (slopes) < laaiyl Jasive (4.5) dabaal) Ja exy siesall d ddais Y
e xy sbadll (8 laghdll oda damase e Ay 5 ud (derivatives) lEiiall &l
(4.1a) < w3l OYaleall JUsil (characteristic lines) da ghadll <l jraa (oansi L gha

(4.1b) 5

g2 (4,5) Ualadll 63
a=(dpey—a)

b= —layds —aady +bica—bacy)

€= (da=bad))

(ol LS (4.5) Alalaall 4 (S o5 e

2
@) (ﬂj +b(ﬂj +e=0
dx dx

:(quadratic formula) 4 il Axpall (e Gl 13¢]

dy _—bx~b’ —4ac

dx 2a

Aima dkdill JMA (characteristic lines) 8jmall Jashall oladl laat (4.7) daladl)

padal ded o adiai ddline dapl Ll Lghall o | xy s & (given)
.D @ iad! Je Jai (4.7) Aaladl & (discriminant)

(4.7)

(4.8) D =b*—4ac
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5 Alds ol Adida 5 (real) dés (characteristic lines) 3 seall Jagladll (&5 28
Lo sad D 4ad e Taliicl ((imaginary) 4bas sl ¢ bia

‘D> <uls 1Al

OB Alall oda A (5S) Ladie xy gl & Ak JS DA (pilidie 5 lids Glad 2a g
(hyperbolic) 3 k8 cams (4.1 @, b) (e piall ¥ aladll alas

D=0 <ls 13l

Y aladll (aUé.'\ ol sl sda ‘;5 OsSh Ladie 3aaal g PRI (Characterjstic) iala A g
(parabolic) S8Sa o2dad cand ey (4.1 a, b) (0 p3al)

D < <uls 1Al

(4.1 a, b) (e paiall C¥alaall alai ol A 238 (8 6 ALA a3 jnaall daghasl)
elliptic) JSAN (5 suay / Anala¥) can

LS Lalad o(elliptic) Aanda¥) Ll b 4l 46 5al) Llalill c¥alad) Caial
o2 ¥alaall (e g sill b L ble Ciali 4 (yperbolic) 3015 dakd ) (parabolic)
k8 (elliptic) ¥ iladll Joal Llas Calitie @l sl Lpal ¥ alaall (ya 2330 i)
Al Al ae pilae 4l Adabwy g8 (hyperbolic) B 2kd 5 (parabolic) s 8S«
.(conic sections) dzk 5 )3l

:(cone) L5 34l /
Gl Qeany aaly Galys Lils sacld Al sl 6 U< .

1 (analytic geometry) 4eblaill dusigll (e dada 5 jaall ALuddU dalal) Y aladll

ax’ +bxy+cy’ +dx+ey+ f =0

Jal Caa
(hyperbola) 31 gk s s il avdll ¢p* —4ac>0
(parabola) s88e akié g s 3aal audll ¢p” —4ac=0
(ellipse) =il gad s s y3all auidll < b —4ac<0
1] FUS e 35a e U
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(1) “I = 1‘.1'.'(

a5l 2l Lsﬁ (heat transfer) Lﬁ)\‘)ﬂ\ Joa il Caia’t 43 ja Aalialsld dalea o (1)

i Dl s T Jras (1) oo s 455 Lo lis Uslas JS

S LN [P
.Jj[_;J!cIdll -
VS 1 PR RS B
oy szl ol ey 8y Lo [ 0L ciaad ¢SS a ot o Lned
: Loolidd

b* —4ac=0

G i g i god | LS > 51 a¥ S > Cinar 51 ahadl | ¥s Loy

b —4ac>0

w&”dbu‘gowldw’}ﬂabbuwua&U'éz”uYJL&n\g

b* —4ac<0
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Aol
B’ -44C=0 PN 38 b Uslas v, = =
B? —4A4C =4 :OY sl ol Wslas wy =2y -0
B —4AC =1 tOY L5 pld Wabes ug, =0 =

B* —4AC =4 OY [abl o8 Uslas u +uy, =0 =

3l B 0y s ¥ >0
=0 B?-44AC=-4yepsofilne y=0 -
.uijéasoﬁ, Lo,\;:—y<0

Ve TUy

] I i p gl it 8 el | 3ol 1 D 3)

RIILTRY
Ul | s aodes iliinad | o] picad | D0 s BY —4AC 058 dols iy =1

(Gl s e 07 os) & liaed | Uloeed Tag 29 haas o0
lans . T Wizl | | izad | 0¥y b 98 (1) dala | il | sl 1O] -2

XL N L Ul 1S Sy By ol o il | as T Jiay J5Lead
(2-1) g b WS p Wl i | s i (S =3
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Lp2 | 3| 4| s Z ~
D lslan
2ol Yo bas RETTY WPV (£dasd t ¥alaad 1)
s iilae b (idasnd | ¥ e 1)
P2 | 3| 4 5 no|oledloe
e S gl st ol il bl Y

ia S o) «(hyperbolic PDEs) 23131 adadll 4 jall dloaliill Yaleall 4y a3l
SV el dall A4 a5k i ¢(dlistinet) 4dlida 5 (real) 4dds (characteristics) ¢ !
S Ayl o35l 9 /9y J Lela Wl (4.3) Al I Lise 1)y obadd 3] Sala

() deai ¢(Cramer’s rule)

au/ay=u=—

N 0
4] 0

:* (numerator determinant) =l 323a0 Cua

(4.9) a,  fi ¢ d,
|N| _ a, f, ¢, d,
dc« du O 0

0 dv dx dy
|A | O 0/0 I caasa s Qu /Dy O 2 a0 O oy |N| 13l

B3ne pe Ju/dy OS5 Ob glenll jha 585 ) |N| 1) e N ilaa s s

Jae @l juiia e gsht Al OValee I sa5iw (4.9) Aaadl (expansion) gss O
ordinary differential ) 4le lals C¥alae & A (flow field variables) Ok
OYalaall 028 (algebraic equations) 4 s C¥alee & YW Gy (A 5 (equations
<* 3 (compatibility equations) G35l C¥aleay e (4.9) e lgle Jyaal) o3 Al
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dlalall Aalaall da (e j2 s> 54 13 (characteristic lines) 3 jweall Jashall e Lid jaius

:(original hyperbolic PDE) 4xla¥! il 31} akadll
&* ) (ordinary differential equations) 4le Alaldi C¥alas - Janyl EYolas poa Laid
o2 xy sl (83 el Jashadll sk e - ((compatibility equations) (!5l S¥alaa
e Aan @5kt 44kl 038 (method of characteristics) uaibadll 44 )l au 33 Hhal)
bl e g 5l 13 (inviscid supersonic flows) isa Gsll (a3 S GLwdl dal
bl A paibadll 44 Hla 2 adadll lalaill EYalaall g 53 e 0SS b)Yl

wsisa Gl a3 U gl da dal (e (SedS

Lidde g 4uindl ddosbill oXslkeal o dilisall Sliod Jloll ol 4.4
&ilsall clioliny

50 31 il Alalis Yol @l (e imns il Ol (1535 Al (LS candll 138

oy bl e slain 5 «(elliptic) =8l odadll 5 (parabolic) s 8Sall odadll «(hyperbolic)

&) sall Cilaaling Glase (3 JSLI

(Hyperbolic Equations) xjl )| glaall <¥sleall 4.4.1

G ailadll o L) @l Jle L 545 P disee A 3 e sheall 130 il Y sbaal
A ey (AN 4.1 Aens )l Al 3 (JBall Jys e (advancing characteristics) aSai%
independent ) 4fladll il @l juaiall (0 028l e (two-dimensional) ) 45U
.(space variables

right ) Jwdll ) 5 cpadl ) (5503 A paibadl) Jalial (X,Y) Owme OSa A ol P Abl
4.1 sV (o S (running and left running characteristic
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4.1 Jsa&d)
dal asa 5 (domain) Jee
hyperbolic ) i) 3 C]“m Y alall
(steady) <l Gl .(equations

.(Two-dimensional) ¥ Al

[2] s 2le s

[ o« dsad) dihud) - 2l dahidl e V) (influences) S5 Y P kil xie <l gledl)
a1 5 P ik S (two advancing characteristics) a5 (Al (Y] galbadll
O w33 aadll @Yl (boundary conditions) sl kg ys e il il
il & paiall ey AL (boundary condition) g2 byl 4 (x-axis) x sl
LY ) dl? e ade Jseand) (See dall s x sadl Job e Ay e s u
S o suddall b wld g Aipme 3508 e 2l oy Al B (“marching forward’)
A1 pe ) (B G WS b g a m sl (e e e dadd adiad P Adail)

L.A‘ uaibadll Jsha ‘5‘9 vty < <ab (interva]) Jualall G)& «? ‘sfﬂ\ ¢ Adadill die A4 sleal)
ALl (e e glae uali Y I 5 (T dibaiall 2 s o P Akl JT ddlail e it S ¢
) Y1 (il (e s o3 35381 (pe ¢ dall e L aaies P AL Cadl 13gd
ab Jealdll 208t 3 gasl) i yiad o P ddadill A e cals

el A el Aplaladll E¥abeall (e Badae A Gl e UGN £ gV a0 gal) Aaaliny
el S & gl (yzm pmy U ,(hyperbolic PDEs) I 3

.(Steady, inviscid supersonic flow) (& 3all G5l U Sl Gl )

& sl Jie g el Ul (two-dimensional) sl S A glod) S 1)
4.1 Jsa)

4.2 d&.ﬂ\ & Qo y LS XyZ LSM‘ ‘f 3 )iaa lalie Sl ‘JL:A\)\ @J& u\i}m&\ u\S N
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(CFD) 4l &) sall ciliSaaline (M) Ja2e

o QB aaall e 535 P i el (x,y,7) 6 sinsal) (g 23aa (Sa 3 P ALED el
boundary ) ‘1.5‘)\&_; C’L“’" A Xy L;M\ S 1A el LA‘ 4l @&}:\3 ‘;’m SM‘ Aaludll
BYEY ‘?.535\ 6?“)“‘ ),)AAS\ GL“'“M J8 e BJ}»AA.AS\ )\J_;J\ (e c)al\ Gl o lanic c(surface
Pl

S 5 oxy s simall L (data) sbaally sl JA (e Aadill il J55 4.2 JSA b
7z cg;y\ ‘f u‘):‘“l‘u%

plall ola3V) | (inviscid supersonic flow problem) >3 ¥ (Fsall @il Gl AlSAl
2 oY) Lyl (6 o pul

4.2 Jsa)

Domain and ) 2l 5 Jsall
151 adadll @Yl Ja (boundaries
LW A0 s Ol s

(Three-dimensional steady flow)

.(Unsteady inviscid compressible flow) >3 ¥ Bl spiia Gb
Y e ) adadll o i e (o Al ¥ alaadl Sl AU g sl g e (e (AR Y Ol sl
i G5 ) (subsonic) sl de ju < (locally) Wae o gludl S 13 L ae
.(marching direction) sl jus oladl s 4l La  (supersonic)

il I lail ¢ asl g am e a3V O GLulIP) (s stusall (e x b JSEI 8 Gl (4.3,
235 1 ailiadl) (e il oy Al ) ALkl Ailaidll b P AL 8 il didaiall o5 A 5 e
dall agle aaiay Al x sl Jgha e agasdl e dmsll e 5all o8 gb daldl 5 P IS (e
P akail &
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4.3 Jsad)
aYaleddl da Jal e de;j\ 9 (Domain) Jal
One-) aaly =y Go pde Ghipw 3151 okl

.(dimensional unsteady flow

LS (x,y,t) il & P ddladill el ((two-dimensional) dba¥) (S 503U Ll
"o el oy el 8 A ad) ALY bbb Tey 44 JSEd G gne
(time) <l & ALY I (‘“marches’)

4.4 Jsad)
50 il Yl Jal 3saall 5 Jlaall
Two-) ¥ A& i e b

(dimensional unsteady flow

Parabolic Equations / gi8lSe glodll w¥sleo 4.4.2

e akid) S Gl i xy sl b P ARG e Claglad GBS i) Yolaal
IR (je a5 e ol s &5 Cua (45 JSAN (8 a g e 52 138 P e saal s A ) (s st
P adadil)

y ossall e agaall by ydn il P oaie Jall agaa JS3y peadl 5 x sl o (il
Jola Loyl o (1K) il c¥alaall Jgla p ) g e x small el e Sliab caldlsy
e S sk e (boundary conditions) & saall by pill fesy ¢(‘marching’) "3 "
. X(‘Ld‘ b&‘}{\‘;"'éw"‘)gc Sl d\AAlLJAL;Q d}.é;j\éﬁé)f})()}\;d\
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Jsdlli:4.5
S adadl)l cYaledl Jal e 3saall 5 Jlaal
)parabolic equations) = & (in two

dimensions .(

oS - i OYalae (e (reduced forms) dadde JISE) Gla cad gall LSl
A eV by pd dalad &5 1 o AWl adadll g 55 e gl Jiad S (Navier-Stokes)
Slo drant pad calaal) oda A x ) dsdlhy clinial) e (g5l Al (viscous stress)
‘parabolized” Navier-Stokes ) (Sl o2kill (Navier-Stokes) (S sius - sl S¥alaall
lesle (a saiall Clihaaall (iany (g Tos ex oladl b o) sl I o da i S (equations
JaeY (Navier-Stokes) (S sis - sk <¥abaal (i) e 2 iall iy 5 x staall Jsha e
boundary layer ) 4 lall 4kl c¥alae I (5255 4ladl (Reynolds numbers) 3 su)
el (boundary layer equations) 4 laall da.kll oda Jas Ay e * & (equations

4.5 JSAN b o SIS oladl o Ll

(elliptic equations) A8l ghdll wisleoll 4.4.3

ALl tie il ghadl ¢ il bl AP 5 il b xy 5 AY) GRA S Sl i
) Jadldomain JS& ‘f By pall o2 ey (4_6 Jlall dubtie Jlas SR Lﬁﬂ‘ ¢

)rectangular. (

Jeddi: 4.6
) Opdms iUl adadll Yalee Jad 3 gaal) 5 Jaalitwo

dimensions. (

P akidl oY pailll adaill c¥aleall ghed aliall 2 saal) Ly Jand Ll Blae 58 Jlaall Uin
Gl (boundary) 25l JalSs iy P adaiill xie Jal Ly 5 il 3 Ll JS e jig
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05813 Jlad) Lli pen 8 Jal) alai) ae a5 o 8 P adadill vie dall olal) Gasgy oA gbed

L3Sl adadll g 31 adadll YLl Anliall Jslal) (“marching’) " os" ge 22l il
Y ¢(subsonic) Cisall de ju 933 L s A ((steady) Sl Gl &) sall Saaliny 8
(bl W gyl ety Lol 138 el adadll c¥alaad 33l 8 (inviscid) >
s3] (3 (Lia ssbw (Mach number) Fle 22 G)ki gty 531) (incompressible)
Lt 330 54l (boundary conditions) dlaadl Jag ylll Gakd cangy (ol ud) e )53
adde Juand o) Gany lpudl 8 Blal US4 (Flow-field) Glmdl Olase a5 el smalls SIS
G AY) L S da e i L ddas vie Jall Y ¢(simultaneously) <8 sl i S
A ylaadl o il oda 4l ghed Jlaall e jlaad) dag il Gulat o) cass 04,6 JSEN Cua (e
dependent ) Al & ppaiall paad A JIK3Y) 336 ) S (boundary conditions)
Gli i Jayd cend Aplasll byl e gl a0 laall Jsb Je v 5 u (variables

.(Dirichlet condition)

e du/dy Jie v 5 u Al Ol il (derivatives) ikl (specification) w3
.(Neumann condition) Oless by (cans & laadl I g 58l e g 53l 38 lasdl sk

olasall y205 4.4.4
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(PDE) A el Alaalaill OValeall (axdd 3laal) Jll Ja eadall agn OsSaw Ala yall 028 (;s
uaﬁ\_ﬂ\ C‘Eﬂ\} (parabolic) ;(55\5.«]\ clnﬂb s(hyperbolic) JS\)'S\ claﬂ\ &\)ﬁ/\ O 3\_\19;“
(elliptic)

Well-Posed Problems / sy JSay Skl 2 b 4.4.5

Jarinls da I dem sl ) Gy (3 ded) (3o 58 3l Adealadl) c¥alaall Jal
Mie A@S je o Aapmaa ye (boundary) 4l 5 (initial conditions) 4ds b5
JSG As g plae AShe o o Al (55 ) A8 ) il ) Bale (g2 ASSA " ko pu”
aing Jall IS 13 5 c(unique) 538 s 525 sa G s Aulealds Alobaad Jall S 13 1L LSy

A JS0 A g plae 55 A UL G W) A Hlaall b ) e ) paiuly

gslall 4.4.6

[1] e dnals ) it o(oua€l) 3 s Lea 3 hen 53) A jal) Aloalail) c¥aladd) 5l s (s
2005 s;\.ab.._\,\.“ cJUQ';A.“

[2] [Wendt et. al. 2009], Chapter 4 (Mathematical Properties of Fluid Dynamic

Equations)

[3] Ferzinger, Peric, "Numerische Stromungsmechanik"”, Springer-Verlag Berlin
Heidelberg 2008
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(Apprendices) wlislo 6

dnsall aild s05a) "ilsall ilSeo" IS 900 :f nbo 6.1

Radigl el psad) s Ll dLEd) WY)) Gl adla ese [ s
2l gall diilSaa ((msiddig@yahoo.comea sh Al Zasla ¢ jleall g duigl) IS / A1)
2006 «4ndll 3 5laxal!

;A_;Lﬂ\ E)
acesuall Ulgi_=JI paaddl | GWI
1 Ao Ll Olas i 1
9 Lo
11 2ilooll 5uilsae 09 awwlwll U¥sleoll 2
11 Ol ] azie 2.1
13 alis)l has 2.2
16 asllhll laas 2.3
20 &=l asS b 2.4
24 Jilso
27 A>deully Sasdl Julsadl 3
27 amdl Jdsedl Gl 3.1
31 5ilSe 9 oVl Gl &ae Wl slaoll o 3.2
ailgall
32 asieull 3.3
34 Jilso
35 oLV 8 wblawsi| WI Ol ,ull 4
35 bVl (58 Oyl le ISVl Ll [ 4.1
41 bVl 58 dnogall 8 1gall | 4.2
44 ac,aiall LVl 43
47 Jiluws
49 Suanid | VLIV die gileod] KuilSao 5
49 awlwVl aslesll 5.1
50 w8 Ll sVl (il e b beall g0 5.2
ol gl & =i dusl>
54 St Jilw 0 heall gjg 5.4
56 P 5.5
59 09,3l 5.6
61 adlb)l slwsVl | Lsiwl 5.8
64 Jiloo
66 ywball 9,b 6
66 doidn 6.1
67 bheall Luld 65051 6.2
71 Uyl daes Ll 65051 6.3
75 291 7
75 Sladl gsall 7.1
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