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Control surface 5

/

Control volume ¥

/——‘n

a

Volume d ¥

Fig. 1.3.1 a, left side: finite
control volume V, an a finite
control surface S fixed in

space:

The fluid equations that we
directly obtain by applying
the fundamental physical
principles to a finite control

volume are in integral form.

These integral forms of the
governing equations can be
manipulated to indirectly
obtain partial differential
equations. The equations so
obtained, in either integral or
partial differential form, are
called the conservation form of

the governing equations.

The equations obtained from
the finite control volume
moving with the fluid (Fig.
1.3.1 a, right side), in either

14

(1.3.1 a and b) Js&

([Wendt 2009], Fig.
2.1)
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integral or partial differential

form, are called the non-

conservation form of the Mon-conservation ) ;sj“; ) JQ;;J\ ake Gl

governing equations.

If we consider an infinitesimal
fluid element, which is fixed in
space (Fig. 1.3.1 b, left side),
we can directly derive the
partial differential equations.
This is again the conservation

form.

If we consider an infinitesimal
fluid which
moving in space (Fig. 1.3.1 b,

element, is
right side), we can directly
derive the partial differential
equations. This is again the

non-conservation form.

In general aerodynamic theory,
whether we deal with the

conservation or non
conservation forms of equations
is irrelevant. However, there are
in CFD where it

important which form we use.

cases is

el SN s (form

s rall alae Bl pae jlaeV) 3 LT 1)
etV Gl 131 b el 2Ll 3 ol
i ol oS

i) S Lingl s Vs a3

¢ )l i bz jlzeV) (3 UdsT 13
¢ 131 b ey il 3 d s sl
Al Koy g o Sec (@AY S
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SP-I =gyl

IS POV WL [ WA ETR PPN P51 WA A
il s o i) J\&;T@ olaz
SV dls ¢ G5 may slse pn Yokl

ol oVsll 5 sl

.fmp@ &> CFD JI
wwlisol| besll 1. 16
S &) bazll = Glbll Lazll = osLall bzl

! Ggilly G 59l 1.17
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[[Anderson 1991] 5 2 bab [ d0] o s LU
JSsswo 2.1
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inS Ly (energy conservation) dUall Li> s (mass conservation)dSJ) Lai>
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Ll e 1S AL LA ales 5 Voaems (21) S8 3 mosll oSl ot
dm Ol Jdes mad dE 30 3 i p e B ) 1S 06 dA LU

e bl n Jskll ol amdll o 0 &)y v el p mo @ 0Ll de

Eo- dA il

17



(CFD) sl gl sall clSdlins I Jia

dA=ndA
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tep A el S e Al 0L e Jine = it
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(The Substantial Derivate) .5/ §lisY/ 2.2
As a model for the flow, we will 5)}_“45\ ui" KUCRENE P (Ol el 55)*'5
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adopt the picture shown at the
right of Fig. 1.3.1 (b).

Namely that of an infinitesimally
small fluid element moving with
the flow. The motion of the fluid
element is shown in detail in Fig.
2.2.1.

Here, the fluid element is moving
through Cartesian space. The unit

vectors along the X, y, z axis are
Py
1, ],g .

The vector velocity field in this

Cartesian space is given by
b 4
V= uzlJ +vj+ w}(J

Where the components of velocity

are given respectively by

u=u(x,y,z,t)
v=v(X,V,2,t)
w=w(x,y,2z,t)

Note that we are considering in
general an unsteady flow, where u,
v, and w are functions of both
space and time, t. In addition the

scalar density field is given
by p=p(x,y,z.1).

sy V131 () K2 o s 2o Al
o s mal sl S e e
Jradidly 25500 Ol i 357 > 0L
221 . el @3
S sladll e S s Wl ) L
055 oy 7 5 dib e ol sy
Lk
Jt s 3 ae )l ol Jie slles) o
SO JE o

V=l +vj +wk
G e e Quﬁ;wlﬁw

u=u(x,y,z,t)
v=v(x,y,2,t)
w=w(x,y,2,t)

55 Ol pseall Jlaze¥l o dxb W Lde
o Jﬁ@j@Wj UV e (e
s lls BV sl le et 0L

b e o) B Ik ¢ lae]

’p:p(x’y’z’t)
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Fig. 2.2.1 ([Wendt
2009], Fig. 2.2)

At the time ¢, the fluid element is

located at point 1 in Fig. 2.2.1. At
this point and time, the density of
the fluid

P = pP(x, Yy, 2051)

element is

At a later time 7, the fluid element
has moved to the point 2 where

the density is p, = p(x,,¥,,2,,t,)

Since we can

p=p(x,y,z,t),

expand this function in a Taylor’s

series about point 1 as follows:

22.1) IS

([Wendt 2009],
Fig.2.2)

G2 B Lol 00 E 1 3N G
bl oda we 221 L S e T 2k

ra.;xj\ Z\é\ifj ¢

cﬂl\ KPP
P =P, 5 200)
2%&15&\,@\@\ t, 3>V iy 3
Py = P(Xy, Yy 20015) o B o

Alai a5 LS « p=px,y,z.1) O &
o Takeidl Jo [ ohl alade 3 aagl) oda

LW i

) ) ) )
Py =p +[§1<x2 —x1>+[§]1<y2 - yl>+[a—’z’1<z2 —z1>+[a—’t’jl<rz 1)

+(higher order terms)

With ignoring the higher

order terms we obtain

Q&J&éﬁ&\!\@bﬂ\ubﬂa&ﬂy@cﬂ

(2.1.1)

'02_'01:(8_/)) e BT I 9P (¥ =
t,—t, ox )\ t,—1, A

Eq. (2.1.1) is physically the
average

20
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density of the fluid element as it o s Y ém W8S 3 el Jaal

moves from point 1 to point 2. In
the limit, as t, approaches f,, this ¢ h =t e b ¢ 2 kil ) 1 akad
term becomes .

hm(pz -p, j _Dp
Dt

1, —>t —
2o\ 1, — L

Is a symbol for the % AL ad G35 Juee 22d ey sa %
t t

instantaneous time rate of change GlaiY) g, s L s ¢l Wy
of density.

By definition, this symbol is called .D/Dt ¢« xS

the substantial derivate, D/Dt. Dp
Dp cbwbgwa}\‘j.wfﬁ
——is the time rate of change of

Dt

Jy (sl ) Lael cudiy L oums
density of the given fluid element. & o - e & J

Our eyes are locked with the fluid sladll (3 dais
element, not with the point in the
P Z . Dp :
D . £, - o)L s
space. So F’O is different ( ot jl o ey Wl Dt s
t

physically and numerically from 3Lz 4 215 s e Jaal) Cy’\a b A

p . . .
(—jlwhlch is physically the 1 it

ot
time rate of change of density at ., )
the fixed point 1. O L= ¢ (211) AN PIUNSY o.uj;db.

Returning to Eq. (2.1.1), note that

21
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. X - X
lim —2 -1 = u
ty > 1 t, — t,

lim —yz_y‘JEv

t, > 1 tz —_ tl
. < - Z
lim -2 =1 = W
t, > 1 t2 —_ tl

Thus, taking the limit of Eq.(2.1.1) (2 1 1) sl o4l =b itey
as t, —t,, we obtain
O R N

Dp dp ap op op
= = ZF il = = 2.1.2
Dr o Max TVay TV @12

From (2.1.2) we obtain an RSN P u‘L"M (2.1.2) o

expression for the substantial
derivate in Cartesian coordinates a5 Sl Uiyl 8] 2
D 0 0

2 2
Z =212 ZiwZ (13
Do ey B9

In cartesian coordinates the vy ... ol Gy o 15, LY 3
vector operator V is defined as )

Po P 0
V=i — — — (214
lax+18y+ 0z @14

Hence Eq.(2.1.3) can be written as ;ufg\ﬁ (2.1.3) Uslall [)jij Ofﬁ A

D_ 9 P
—=—+(V-V) QL
Dr 8t+( ) (2.15)

Eq.(2.1.5) represents a definition ;. .y ble (2.1.5) sl
of the substantial derivative

operator in vector notation; thus it Y = L}L:M'U ROIPEEN IR Ji‘«ﬁ\

is valid for any coordinate system. )
Y y oL ol
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82 is called the local derivative
t

which is physically the time rate
of change at a fixed point; ‘*/J Vis
called the consecutive derivative,
which is physically the time rate
of cange due to the movement of
the fluid

location to another in the flow

element from one
field where the flow properties are
spatially different. The substantial
derivative applies to any flow-
field variable, for example, Dp/Dt,
DT/Dt, ..

static pressure and temperature

., where p and T are

respectively.

The

essentially the same as the total

substantial derivative is

from calculus.

the

derivative is nothing more than a

differential
Therefore, substantial
total derivative with respect to

time.

9
ot

SUsYl (ommy ial Aok @ il o]
UL S TR KPOR WO SV [P\
Jo @ 2T L0 e L) el 3~
Ll & Ol il o O,
3 piie sl e gy S0 Glasyl LK
WU e e ¢ 3l Ol
)\ A B 3y izl 2T 5 p & (DT/Dt

JA e

Jaall W » ol st ol s

,Dp/Dt

Jolidl ¢ gaz Ll o oS0 GBlazay)
Slaza ¥l ¢ G L LSy ol Oleo e
o ol gz 52 e T 1S

.C,.;jj\ (ﬁ\J.::;-\

V.V (divergence of velocity) dc uul scli yo dil il wuzall 2.3

v .V (divergence of velocity) s ) dsls

v.p= L DM
T ———

b .
VV is physically the (control volume) M\ ot oo sl e vV

time rate of change of

2

the volume of a moving 3y (moving) £L>.- (fluid element) &Sbs 526 s
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fluid element, per unit (per control volume) wg,gj\ ;,,,L,L\ e
volume. )

(mass conservation) ¢S/ kis 2.4
:5u\ouﬁ&@bw§\£boyuw

2o LS Ol e Jaas alls o) Blian oSondl ool ol a1 15715 Jons'
Jﬁ.«é géj\.wg @gxﬂ\ VJ'L;‘
ﬁ%’p{."l” = swSmll podl s adsUl als)l
1.-'
:(control volume) S{&xﬂ\ e S 5L ) Jdes
_ - @{ 7
”ﬁf 0 =i
o3 et Y Sl s g 0Y
oS ) =l 4 A 0L e il (2.1) Aslall e

=ﬁp£.{!ﬂ
A
ﬂ,j Py 4 {UE pv.dA =0
A

.(integral form) LS 5, )l (3 S Loi> Wsles & (2.4) dsU

................... (2.4)

1(2.2 JSal) sl galal) Gl Ao (Galal
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Ao S gl (2.4 Wl 3 J 51 AL
Ay 5 3y Oldecd 0Ll &G G

TS L ey S AlST LA e Y

o S Wslas 5 31 AL
15, sl el kS J e

[Jpv,-da+[[pv, dA, =0
A, A,

g‘&xﬂ\ﬁ&;\@u Alamn A ) OF 2>y
—[[ov, -aa, +[[ pv, -dA, =0
A, A,
P VAF pa VA =0
OVA = i [2.5
(2.5)

(continuity equation) &, ,| ,eiu | dsles 2.4.1

24) Dbl o e LS By (3 A Bd Wslee e Rle puVI L sl
ool pomd | LIS 3550 U dandl JolS 550 0 gl ad) Lsd Se
.(divergence theorem) Asll & ks

To obtain the basic equations of fluid ;5 e 1wl Yl e J )

motion, always the following way is

followed: DAl Az, L) CL}\ Ldls £ ccf\jl\
¢ Choose the appropriate 2.l 4l Al el soldl lidl e
fundamental physical principles ¢ 3l e
from physics s sl Al 3l saluall ol et @
e Apply these physical principles to Slia
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a suitable model of the flow. cYaleall z)Adu) (Gukdl 1 e e
e From this application, extract the  ~~ 1 40 tgalaall et (Al Apaly )l

mathematical ~equations which alS" : a Toll 250 240 Ll 3 Jd
embody such physical principles.

So, in our case the physical principle ((“Mass is Conserved”) "&b yé=1

is: “Mass is Conserved”.

i{ﬂ@dl’ +{Hv.pvav =0
J

(o

15

s b ISy i S s w3l 13 e S Bed 0S5 WS )51 L

-‘Ju"l" =0

e lS)
o ]
_— VPV =i [2.68)
At
r.lji ¢ o e _
+—i{pu)+—(pv)i+—(pw) =10, R 1)
T N

Y Odl OV 3z, y, x SLEY @ sl Ol s p w0 u S
(incompressible flow) bzl

du dv Iw
ox dy 0z

Divergence Theoreme:

26




(Governing Equations of Fluid Dynamics)a! sell lilSae & dpulu¥) Yl

f=flx, y,2) s 1
razeioll g T Jlow la
Vic L i i L )
o~ .:3'1' &
cple cZ o g Oldl s Pz s Py Py ailhn oL 15 azme @ dls 15 2
P acball Ol . sligsl
dp_ e, dp
Vo — L a2
AT A |
Eually skl JolSe g szl Lol aelidl gk b 3
THv.glav=lodA. o)
¥ A

(energy conservation) @lb/f bis 2.5

2.5 K
OpEl e Bl Lais Wbl ez
e e Udan 5 A &S Y

Lkt

LB Ol Jdas (s ) Blias oSl ool el B (S5 Jns!
ot s U el s Joley A Jast okl ) ol
VSl ek s U8 0L e Juee all L Glias =Sl

2 2 )
2%;}(.9 +%+ gz)dV + ﬁ:p(@ +% + g:)g.dé:ﬁv(gg)dA +P+0
v = A = A
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ol Jls UL e @00 5,08 e O Y1 Wl (Sl (3 LY Ol

T A Jabry L S ) s A S 0L e Jass Q 5 (S
10 (stress) s>y 2y (Viscosity)

0 =-pn

<-

a v2 V2 .
f:'vgg[p(e+?+gz)]dv+E}p(e+7+gz)g-déz—ﬁpg.déww

2 .
ifﬁ—[p(e+—+gz) dV+ﬁp(e+£+V—+gz)y-d4 “P+Q.... (2.8)
e 2
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tamdl Solodl iy Ulpow e Gualos

a LSl Jlanl Vg e el (2.8) alsleall wid Jell asdl ol rams wloadl &40,
A4) 9 (3) eVl ue

8,0l sl @lsleall Jiimg Uiy

______________

> ‘l‘% ," —
’#_.?"' Ao P
F : —

2.5 Jssadl

—p, (e, +—+%+g:])v1A1 + o, (e, +;}2 + F; + gz, v, A, =P+ Q0

1 - 2

(2.5) szl sl sl ol ) @l Jaa> @slsoy aileiwil

Pr vy = povad; = m

2

mie, +ﬂ+i+g:{l)+P+Q‘=r':-ujeq B2 ez
P2 ) 2 2 )
’2 P _} e 3 "02
QA L0 e +.L SR +1_; F 2y criernreneenn(2.9)
£ pPg 2g mg mg 8 P8 28
Q=0 8l sl Ll oSeu @rwgll olinhdl o S (e
T =7z, e =ez Byl dzryn a8 el el g
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M . 1L"12 P P
-f.] . -
.I{'J]._F': 2‘_{{ ma J{}E g

(2.9) alslenll Frsad

2
Vq

£ F 0 creiniesineennnennnnneen s [ 20 160)

Eg h

aace Jingd adlow culS 13] g dean Lo Lgild dusen £8,080 ol Jls
(2.10) alslaoll pas (2) 5 (1) cushaoll G daic of dcae sgme poc Jls d

o

PN Py ¥y

++z =
P 2g Pg

oo 2.11)

7, = oadill cead! L

heall cocw + acpwdl Coow + 28] Gonw = wdS) cocedl sl

Lo
et
o

-:{-':J'.L{-'.{-.'{-'

.._....
T

R

frr

]

A
&

At

L i
LA R
T T

(2.6) Js_aiul

30

oo slell 280 fus sazmg o edy t_"?:)::_;_
r8 =l osdel Cedl Ll

8m :r9,l

15l/s oozl Ua._.{_)_A.\.L”_' lama

154mm dceaoll aume wgalll Jhé

102mm azeacl J8lw wouVl ks
1000kg\m” reloll adlis

rolws wglhall

azeanll J8lwy dumo ac,adl (1)

5] Aol oo a_=, L=l 6,08l ()
cos il W Ol el Ui
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s Cableai M ol ywd) (2.5) alis)l e alslzo (1)

v, A, =v. Az =V =0.015 o/

015
v, = %= 0.81m/ s
Z(0.154)"
Fd =&57= 1_84_”1;.5
2(0.102)"

a8l Lo a aa=wll g @vandl o soss oaasl e

[2.1”} all=ll oagl aslall alslze {tfﬁ]

el el
P v P _p vy
+ +5,+—= + + 2,
pg  2g mg P8 28
2 2
P=myg Pa P % — N +{z,—1z)
L Pre 2g .

s i g gzl Ulegian (2) g (1) wlshaoll
p: =Pz =p.
Pz-py =10

Z>—Z;=8 ol los

| e aibadi dc,w 1 Lall sdaiw (1) adaall

vy =0, V2= vy
m Al ol,w Jase
m= 2 V=1 ao0f0.015) = 15.0 kg/s

alslzoll TLLeaig

(1.84)°
P=(15.0){9.81 —+ 8] =1203W
( X ) 2(981) ]

1.2 kW = a2l 6,4
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(momentum conservation) &/,aif GuaS bis 2.6
2.6 e

Ve

Gllas a5 > (Second Newtonian Law) ¢l jss 0506 o OS5 s dezey
o Gl Sl emdl s Sl 3T (S5 e 1 S e e
g 2 Joluy S Jlasy @&xﬂ\ o) b A ) 1S Ol Jiee el

Vel e s 35l

%J::H‘{PL HV + j} }JE{E(]&}: ﬁ:fﬁ(ﬂ; + -ﬂgd.f%
Y 4 v A

jﬁ%{pghv +{Jovlaa)={{{Bav + {Jod ... .212)
vee A v A

dgall s B ol oS . 7 9 - P pap=ioll fanzo Sobuy O slp=Yl Ol i g i
Bazg ado auslsll 88 el p\.l;:-ﬂ ~J|g:.=:-3,| wad i g dpoms basg elo daos]l

B=—pgk sl o

20 &ilsall clolin/ (@overning equations) duulu cXYskeol yasb 2.7
wlbs Xo
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without) QJJLI.QJS” edlels i )]a.l.” u9d (viscousﬂow) ._s\>)”| Ulu..u]l odsles 2.7.1

(considering chemical reactions

Viscous flow: a flow which . Alsb ey A s 0L )
includes the dissipative, transport )

phenomena of viscosity and (1 BLo| A Jeosdly 2 g0 ¢ Jadl

thermal conduction. The ¢

Lo WY S e a5 sl Crad 4
additional transport phenomenon A =
of mass diffusion is not included 4 di.il=is L& Vel ) W Lael Wiy

because we are limiting our
. . i \ "‘ - . £ .
considerations to a homogenous, » Jd o e SN WS o6

non-chemically  reacting  gas. el Y O 13 NS S el o O
Combustion for example is a flow

with a chemical reaction. If &,lyesel ©¥slas Sl 08 el &

diffusion were to be included, Csj‘ ) ora¥) Y slas C\jj L il
there would be additional * o
continuity equations — the species j 5.l ¢! S S Ju e (gshs
continuity equations involving .

mass transport of chemical species xais WS A ToH e

i due to a concentration gradient )
Lt Bl dslee 0B s Lo sl

in the species.

Moreover the energy equation L)) J-:v Clee Je e Lo

would have an additional term to .
Y L)
account for energy transport due

to the diffusion of species.

¢ ool 8, S sl JLaeWl (3 A=Y
With the above restrictions in

mind, the governing equations for 'Y/ X el Bl Yl

an unsteady, three-dimensional, g 0Ll ¢ bl

compressible, viscous flow are:

Continuity equations Ay )i cY e
(Non-conservation form — [Wendt 2009], Eq.2.18) (sl &l ICady
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Dp _
E+pV-&9—O

(Conservation form — [Wendt 2009], Eq. 2.27)

%0 +V(p~\%=0

34
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Equation [Wendt 2009], (2.18) is the

continuity ~ equation in  non-

conservation form. Note that:

1. By applying the model of an
infinitesimal fluid element, we have
obtained Eq. [Wendt 2009], (2.18)
directly

in partial differential

form.

2. By choosing the model to be
moving with the flow, we have
obtained the mnon-conservation

form of the continuity equation,
namely Eq. [Wendt 2009], (2.18).

Equation [Wendt 2009], (2.27) is the
continuity equation in conservation
form. Note that:

1. By applying the model of an
finite control volume, we have
obtained Eq. [Wendt 2009], (2.23)
directly in integral form. Only
after some manipulation of the

the

form, namely Eq.

integral  form partial
differential

[Wendt 2009], (2.27), is obtained.
2. By choosing the model to be

fixed in space, we have obtained

the conservation form of the

continuity equation, namely Egs.
[Wendt 2009], (2.13) and (2.27).

Momentum equations

(Non-conservation form - [Wendt

slas o Wendt 2009], (2.18) Wl

NP-Y - O I S R W JRER]
Pk boakdl

Bl paial Flea Guli PR e 1
Al Je Jianil ¢ jrall oalit
e 3 8be Wendt 2009], (2.18)]
ok oA zasalll Jal Gk oo 2
(;QJ 3 473)\).«3“&\ Alaladl ‘;B.iaz
.(2.18) [2009 Wendt] .4latal)

& (2.27) 2009 Wendt] @l
il S 3w el Wsles

. %5)4, Lo dla>s
paall Add plead Guki P e L1
Wendt] Al e Ulas 3 gaall
dSs 8 s,dle (2.23)  <[2009
Glalles gz Hg e 22y Laid | JalSia
Wendt] ¢ .Sl Jaalal Jal

lede Llas A1 (2.27) <[2009

G outl 2 s Guk o 2

Ghindl S5 Jle Juasil oLl
:\:l‘)“)A:h.ny\ Ualeal

E A IV FLA PN
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2009], Egs. 2.36a-c)

[Wendt 2009],
Fig.2.5:
Infinitesimall

y
moving fluid

small,

element. Only
the forces in
the x direction

are shown.

Du o or, o, Jr,
x-component: p—=—-+—+—+"44
Dt & & & &
t v_@ &Z:fyi&zyyiafzy + ,QC
y-componen P D = T T y
Y x ¥y &
z-component: ,Ollw —&7 %, +a[yz+afzz +4
"Dt o o &
Wendt]
y
(2009
(Ti'l ',Eﬁldy) dx dz .
Velocity A ay 3 w“ |
components } .
| f .__‘/(nng )dyaz
T dy dz —1—| JI_ _____ d_x:\h__h%-_— Cﬂ" ﬁaaj
iz ///d I—-f;\__‘ C 7
4 T ;M‘-' i, .
,J/ 1, 0x dz ("zx'a; )dw .jx.,a.ﬁ\ u‘hL“"‘

Total force in the x-direction: F'

[Wendt 2009], S.28 Def. of body forces

and surface forces:

1.

Body forces, which act directly on

the volumetric mass of the fluid

element.

gravitational,

Examples:

electric

and

magnetic forces. Def.: body force

on the fluid element acting in the

36

x sl £Y!
x ol 3 eVl s 5al & F,
eI s (3 853 e e 6 Sla

Sl 38 Jeli ) Lo OV &

fluid ) b gzl dpeaall A
dpdlall 34l ;e Al 4 (element
Aaalirall 5 40 5 56

Jiati el pumall e Fpaal 5 8l 1y o
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x-direction=

pof (dxdydz) .

2. Surface forces, which act directly
on the surface of the fluid element.
They are due to only two sources: (a)
pressure distribution acting on the
surface, imposed by the outside fluid
surrounding the fluid element, and
(b) the shear and normal stress
distributions acting on the surface,
also imposed by the outside fluid
“tugging” or “pushing” on the surface

by means of friction.

/A

Iofx (dXdde ) =x oaay! GA
e 3 p8le Jelati Jl doddaw Ol B

ooetlh ga g ailall gl adas
Ll )5 (a)
oo Al mhaudl o Jaas
daadl hld) G gl za
Alayif oo (b) s gl anally
Sle Jaxi Al (adll 5 aphal) haxall
ZOA J8 e cump WS ¢ xlad
sl e "aaallt el il

LAY 8k e

s dasd i o jdiaa

|

f

[Wendt 2009],

shear and normal stresses

(Conservation form —
Egs. 2.42a-c)

[Wendt 2009],

Fig.2.6: Illustration of

~ ¥

2.6 8 [Wendt

=)

2009]

M\ouwjﬂuwj:

X-component:

IO oD -
o T P=o

a(pu) dp

y-component:

o7,
+V. (va) =——+
dy

— [Wendt 2009], Eqgs. -hésdll JS&l)
2.42a-c))
ot
8p+87xx+ yx+87u o
ox dy oz
Jar,, 0J7,,
.
dy oz ’
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. d(pw) pP_ 9 9dr, 97, or,
z-component: ——~4V. V)y=——— 2 ¥ T
P o TVeNE T Ty T #

Energy equation 43Ul Aalaa

(Non-conservation form — [Wendt 2009], Eq. 2.52) asw PN

D 2 o\ dx) oy\ oy ) &\ &
oup dvp dwp +5(ufxx)
& & ax
our,) our,) ovr,) AT,
+ + +—

Y o ox o
W) Awz) AWs) dwr) 2P

& ox 0 &
(Conservation form — [Wendt 2009], Eq. 2.64) bl 1Sl

= +a[kaTj+a kal
P o ) T oy
3(,{”]_ dup) _0(p) _0(wp) , 0wz,
doz\ oz ox oy oz ox
our,,) o(ut.,) ovr,) d(vt,)
+ + +
dy 0z ox dy
. o) N owr,,) N owr,,) N owrt,,) +/38‘ ‘9
0z ox dy oz

+

+

aliaSll o Yelis ol il s (inviscous flow) ga ) M ol clslee 2.7.2

( without considering chemical reactions)

Here are the viscous terms of the Stel LY Vslal o 4 J-U\ 1 5% La

above equations dropped.
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Surveying the above governing

equations, several comments and

observations can be made:

1.

They are coupled system of
non-linear partial differential
equations, and hence are
very difficult to solve
analytically. To date, there is
no general closed-form

solution to these equations.

momentum and
the

difference between the non-

For the
energy equations,
conservation and
conservation forms of the
equation is just the left-hand

side.

Note that the conservation
form of the equations
contain terms on the left-
hand side which include the

divergence of some quantity,

V

such as V-(p-V),
l.)

V-(puV), etc. For this

reason, the conservation

form of the governing

equations is  sometimes

called the divergence form.

The normal and stress terms

Gl d] Wsleall Wl wlids 2.7.3

Js O mebend LYl Yl Ll 13

AU

Alolad) OValaal) (10 dal s e de sana (o
o maall e QWL g adas i) 3 L
I a s Yoo OV WL Ll

.QYA\.A\::.L&S;L};
S ¢ By S Bl oYsld
e i)y alaad ) I o

uf&\ il s 2 g dslal

Vslaall ind) Ko of Loy
oS W e by s
¢ RS G O am Jeds
U by Ve(puV), Ve(p-V) Jes

SCTTINS RPUUERPRRSUWA I NV SRS U1

SNslaoll isdl S 0LV
Aeldl (Say d LY

oda (3

il ol s oo Nl e Nl
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40

in these equations

of the velocity

are
functions
gradients, as
[Wendt 2009], Egs. (2.43a-f).

given by

The system contains five

equations in terms of six

unknown flow-field
variables, p,p,u,v,w,e. In
aerodeynamics, it is
generally  reasonable  to

assume the gas is a perfect
gas (which assumes that
intermolecular forces are
negligible). For a perfect gas,
the equation of state is

p=pRT, where R is the

specific gas constant. This
provides a sixth equation,
but it also introduces a
seventh unknown, namely
temperature, T. A seventh
equation to close the entire
system must be a
thermodynamic relation
between state variables. For
example, e = e(T,p) For a

calorically ~ perfect  gas
(constant specific heats), this
relation would be e=cT
where ¢, is the specific heat

at constant volume.

Historically, the momentum

[Wendt 2009], > ors LS

Eqgs. (2.43a-f).
3 SVl it e Rl g
Byme pp Sl i olbdball
S Jak
oo O Jsaall e ¢y et byl
P gl QU e G L pes
(SHY S ol Al gy olsdl o

o A bl ¢l L Ay

g .p,p.uv,w,e

sds) el 4 R &> p = pRT
PEN PR SR U A N ESU RS SPYRR E Y
x> s 0wl st Ll ek
pladl BoeY anlldl sl T ¢ 5 ) 4
o i) 3N 05 O g deSTh
W L Jo W o e
ol e W awdl e(T,p)

e:

O ad ¢ (342 ol aend) Al A
G 70T B e 0SS

RO RS R TR R PN
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equations for a viscous flow S s b OVslag, c U sl
are called the Navier-Stokes
equations. However, in <> & ¢ &H3 ~sy .(Navier-Stokes)

£“"

modern CFD literature, “a "

23U = ay Syl CFD

Navier-Stokes solution”
simply means a solution of a Al > sl dblewy g oS sz
viscous flow problem using full

governing equations (including el SVl Jlaszaly CJ'U‘ )

continuity as well as energy g5 1) o Sz i eaYl ol 3 Ly

and momentum).
(.ﬂf;ﬂ‘ 1.;.«{)

(boundary conditions) 4, ,[xaJl ILJI 2.7.4

The boundary conditions, and u‘l‘f c@ﬁ!‘ oYL U\.;:—T; ¢ A k) oYU
sometimes the initial conditions,

dictate the particular solutions to <* Leke Jsadl ug‘" g:s)‘ R e

be obtained from the governing Yeu 3 Jn L s g) L) Ylal

equations. (This makes the

difference for example between s~ o Boing 757 JI & Ol oy

the flow over a Boing 757 or past .
a wind mill, although the <Yl ol e V';Jj\ 6'L° ¢ AaL C\'*’Jj\

equations are the same). For a ey ai ‘C}U\ C’L"‘U (i 2

viscous fluid, the boundary

condition on a surface assumes CM‘ SRR VWL TN Jos Y C}"“J\
no relative velocity between the

SOVIR VR KV .:Jamj\ 8,5l I
surface and the gas immediately i ? S A W
at the surface. This is called the CJQ_M)\ O™ 13} L (no-slipy 3Y 5V pds Ul
no-slip condition. If the surface is

stationary, then u=v=w=0 at Cja‘”ﬂ e u=v=w=0 13 .t ;»
the surface (for a viscous flow). .
( : (e ol by

For an inviscid fluid, the flow
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slips over the surface (there is no
friction to promote its ‘sticking’
to the surface); hence, at the
surface, the flow must be tangent
to the surface. V.-£=0 at the
surface (for a inviscid flow),
a unit vector
(that

orthogonal) to the surface. The

where % is
perpendicular means
boundary conditions elsewhere
in the flow depend on the type of
problem being considered, and
usually pertain to inflow and
outflow boundaries at a finite
distance from the surfaces, or an
condition

‘infinity’

boundary

infinitely far from surface.

The

discussed above are physically

boundary conditions

boundary conditions in nature.
In CFD we have an additional
the proper

numerical implementation of the

concern, namely

boundary conditions.

el o 3 Ol dl () Al L
B S LCR R
OF 2 L) (et Jo QL 5 ¢(pdad)
e Je v-R=0 g ) e 0S5
dmie By 0 B (Y OL )
.C}a_MJ\ e (el o Mag) (635
Obdl o s 2 STUT (3 3 ludl oYU
e bl o4 G Al ¢ 5 e ey
ZoB s 0Ll sz Ssle e
B gl ¢ pshdl e Baga2 Bl o
oo gllas S "R st
el cozd g &) Bl oV k)
Aaglal) & AL Bl YU U
dgsdall deadl B el (3ls) B L) CFD &

gkt Yl L

sbiinidl Kl wle clis Yo CFD go i duuludl & Yoleall SISzl 2.8

(conservation form)

(conservation form) Jaé>| JSall il Yol ds ez S50 s
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oU OoF oG OoH
T+ =
ot odx dy 0z

; [Wendt], Eq. 2.65

0
QL

U=
o
De+V2/2)
Q
Al +p=1,

F= pu-t,
pvu—Tt,

HAe+V2 1 u+ pu—kgI; —Ut, —VT, —WT,

o)
AT,
G=1p"+p-1,
Py,

e+V2/2)v+pv—ky—ur —VT, —WT.
ay > yy yz

In [Wendt], Eq. 2.65 the column
vectors F, G, and H are called the flux
terms (or flux vectors), and ]
represents a ‘source term’ (which is
zero if body forces are negligible). For
an unsteady problem, U is called the
solution vector because the elements
in U (p, pu, pv,etc.) are the
dependent variables which are

usually solved numerically in steps of

ol
W=,
H=,pw-7,

P Hp—T,

HAe+V? 12w+ pw—k% —UT,—VT, —WT,,

T
2R3 °

pf.+vf, ) +pa

([Wendt], Eq. 2.65 dslll 3

eH 5 G 5 F dseddl ol sl
clead’ Ji 1y il ol
S5 IS ] Lho s sl e
oy pb WL L(SH Y ST

L}ﬁaw\&yy\wa
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time. Please note that, in this
formalism, it is the elements of U that
ie.
the

and

are obtained computationally,

obtained for

P, pu, pv, pw
Of

numbers are

products
ple+V?12).

are

course, once

numbers known for these
dependent variables (which includes
p by itself), obtaining the primitive

variables is simple:

p=p
u:p_u
Yol
v:p_v
o
W:p_w
o
p(

S s G 2 Ulp, pu, )
st (3 Lads Sale Ll ony ol e
oda gl Sl o)
e s e
S8 S Ll Lde Jpad
Jypadl o
. e, v, pw

ol Ll
p(e+vz/2)j
Y Y O Lis JU dngly
3P e B aald) ol el 0dd 5
i) ol e Jsadl ((aild 2

dam,@

e+V2/2)_uz+\12+w2

P

For an inviscid flow, [Wendt et. al.
2009], Eq.(2.65) remains the same,

2

[Wendt et. al. dslad) > Y 0L

except the elements of the column OF Yl (o LS &5 2009] Eq.(2.65)

vectors are simplified. Examining the
conservation form of the inviscid

equations summerized in Sect. 2.7.2,

we find that
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For the numerical solution of
an unsteady inviscid flow,

once

TR

ple+V?/2)

ol
oy

P +p

o 0%
pv(e+V2/2)+pv

again the solution

vector is U, and

dependent  variables

which numbers are directly

obtained are  products

P> pu, pv, pw

,0(€+V2 /2). For a steady
inviscid flow,dU /9t =0.

O 23272 Ob (3 ae )

pou
pu’ +p

F=<pvu

pwu
pu(e+V?*12u+ pu

QW
H=pw

PV +p

ole+V? 12)+pw

T
2R5°

P+, )
S S LU g USRS Ry PNV
2l Y anld) el y (U g ) e 2
Ol e ik e Jaed) 3
Ol L pe+V?I2) 5 p,pu,pv, pw

QU /dt=0 s ) o D

JSTLad) sdd (endal 4 0B Ol e ST 8
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Frequently, the numerical
solution to such problems
takes the form of ‘marching’
techniques; for example, if
the
obtained by marching in the
x-direction, then [Wendt et.
al. 2009], Eq.(2.65) can be

written as

solution is  being

[Wendt et. al. 2009],

gsl“ c(’marching’)"ag]w" o lass J.{M =G

wjbqu}le;Jj&\rbo\f\alcdu\Jw

(‘i ¢ x ol£l & )
AW sl e Lnls” Sk Eq.(2.65)

oF oG oH | [Wendt], Eq. 2.66

ox dy 0Jz
Here, F becomes the ‘solution Al o el ”J;l-é‘ amzs ez F Lia
vector’, and the dependent
variables for which numbers are “3);5 Lele Jj—"”u ug‘» (‘\5)\ LY
obtained are  p,pu,pv, pw (et V) D, pU, PV, PW
and p(e+V?/2). From these

dependent variables, it is still
possible to obtain the primitive
variables, although the algebra
is more complex than in the

previously discussed case.

the
equations when written in the
form of [Wendt et. al. 2009],
Eq.(2.65), have no flow variables

Notice that governing

outside the single x,y,z, and t
derivates. Indeed, the terms in
[Wendt et. al. 2009], Eq. (2.65)
have everything buried inside
The

equations in the form of [Wendt

these  derivates. flow
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& (primitive variables) aJ sVl ) sl
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Z Y o« X 5,4l C)\"" Ob ! ol pita
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et. al. 2009], Eq.(2.65) are said to
be in strong conservation form.
In contrast, examine the forms
[Wendt et. al. 2009], Eq.(2.42a,b
and c¢) and [Wendt et. al. 2009],
Eq.(2.64). These equations have
a number of x,y and z derivates
expliticly appearing on the right
—hand side. These are the weak
the

conservation form  of

equations.

The form of the governing
equations giving by Eq. (2.65) is
popular in CFD; let us explain
why. In flow fields involving
shock waves, there are sharp,
discontinuous changes in the
primitive flow-field variables p,
p, u, T, etc.,, across the shocks.
Many computations of flows
with shocks are designed to
have the shock waves appear
the

computational space as a direct

naturally within
result of the overall flow field
solution, i.e. as a direct result of
the general algorithm, without
any special treatment to take
care of the shocks themselves.
Such called
shock capturing methods. This

approaches are

[Wendt et. Al 2009], Eq. (2.65) )
@ i) il IS el By e 0SS
[Wendt et. al. 2009], J&al aul)s ¢ Jolal)

Eq. (2.42a,b and c) [Wendt et. al. 2009],
oo ke gl ool oda (Equ(2.64)

e pren A Gz 5y o ox ol
Leasdl  JEY) & ol kNI S

sl (3 Liesal
ALl e e dllY) oYl K
Uyes CFD & 1 Byme o (2.65)
e e S IR et
Sl Bl 0,5 Sl il Ol g
oVl oLl Jle ol (30 dakeadl
P, P, u, :(primitive flow-field variables)
oo s e bl e (T, L,
e (& Sl & Ol ol
Oyiad & (b S5ty Bodal) Dl ge gl
o e R L e
093 cialall dooj )yl § 500 2mST (6T ol

cbdadl o Hddl A=Y dsols adle
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is in contrast to the alternate
approach, where shock waves
are explicitly introduced into the
flow-field solution, the exact
Rankine-Hugoniot relations for
changes across a shock are used
to relate the flow immediately
ahead of and behind the shock,
and the governing flow
equations are used to calculate
the remainder of the flow field.
This approach is called the
shock-fitting method. These two
different approaches
illustrated in Figs. 2.8 and 2.9. In
Fig.2.8, the

domain for

are

computational
the

supersonic flow over the body

calculating
extends both wupstream and
downstream of the nose. The
shock wave is allowed to form
the

domain as a consequence of the

within computational

general flow-field algorithm,
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[Wendt B Free-streom boundary conditions [Wendt

et.al.2009], gl . I et.al.2009]

Fig.2.8: i il 2.8 Jsall «

Mesh  for Pos Qg ?: T fdp”' el A

the shock- e 7 Lalal)
: - LA = darall

capturin 7 ="""PBady bound e

P 8 - /7 Eungiﬁuns i

approach &t :

without any special shock 3 ol olial obde al Js) 0o

relations being introduced. In this

manner, the shock wave is J=1 dadial) dx 50 LK = ag lal) odn

captured within the domain by

the

solution of the governing partial

means of computational
differential equations. Therefore,
Fig. 2.8 is an example of the shock-
capturing method. In contrast, Fig.
29 the

problem, except that now the

illustrates same flow
computational domain is the flow
between the shock and the body.
The shock wave is introduced
directly into the solution as an
explicit discontinuity, and the
standard oblique shock relations
(the Rankine-Hugoniot relations)
the

supersonic flow ahead of the

are used free  stream

shock to the flow computed by the

partial  differential  equations

downstream of the shock.

SVsleed Lkl 4 b e S
A RPRRCTIRUPY WU KSR I WXV 21
3 i bl ol Je Jie 2.8
Sl W 2 2.9 K ¢ LAl
O pdl s U1 Lkl L OV ¢ s
o)l i g Jeal endly delall o
Cmoly plaBl Bl JJA 3 5l
edall Aldl Sl Jlae pdsd
0L~ (Rankine-Hugoniot <UBlally bl
Bl 3 Gl Gadl A L)
idlolidl OVoldl abuly 0L Old

2.9 . JSKad ¢ iy L aena) ol 4L a5 A
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Therefore, Fig. 2.9 is an example of
the shock-fitting method. There
are advantages and disadvantages
of both methods. For example, the
shock-capturing method is ideal
for

complex flow problems

involving shock waves for which

the

location or number of shocks.

we do not know either

Here, the shocks simply form
within the computational domain
as nature would have it
Moreover, this takes place without
requiring any special treatment of
the shock within the algorithm,
and hence simplifies the computer
programming. However, a
disadvantage of this approach is
that the shocks are generally
smeared over a number of grid
points in the computational mesh,
the

obtained shock thickness bears no

and hence numerically
relation what-so-ever to the actual
physical shock thickness, and the
shock

discontinuity is uncertain within a

precise location of the
few mesh sizes. In contrast, the

advantage of the shock-fitting

method is

50

e Sl 2 deiall ol e Jls
de e LA s e S e
sV deaa LG ol o Ju
sk B il Ol Sl L)
SO G ¥ s ol e e
bl wllall [Kasc bs Loltall sae
Akl 30 0S8 LS gl JuB s
093 oo Sl iy o &3 Je 5dle
Jols tedall AU ol =S of U] 2 U
SseeSd a2y by QUL g0 dee i gd
OF po el e (3 W OB ¢ S aa
LUl e sds e mhl Lisas oloaal
Jyadl QWL ¢ dg puld) 22l (3 302
G d e N aa dle e Loae
5ol SLsd dall Gl SMLY
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[Wendt
et.al.2009]
, Fig.2.9:
Mesh for
the shock- Doo, Do
fitting o Mool
approach
[nitial
data

line

that the shock is always treated as
a discontinuity, and its location is

well-defined

However, for a given problem you

numerically.

have to know in advance
approximately where to put the
shock waves, and how many there
are. For complex flows, this can be
a distinct disadvantage. Therefore,
there are pros and cons associated
with both shock-capturing and
shock-fitting methods, and both
have been employed extensively
in CFD. In fact, a combination of
these two methods is used to
the

approximate location of shocks,

predict formation and
and then these shocks are fit with
explicitly in those parts of a flow

field where you know in advance

Shack boundary [Wendf
;29488

y Laruall
fnlial

Body
boundary
conditions

¢ dnbin W Le L aada)l b O
fos Rl AUl e L) ol g Lad e
Pyl O o (2 e ASCal ¢ 03
PIEPR S U R W e
s 0, 0 8K ¢ sdins olibad L lasas
Sl y Slalg] Sl ¢ NI sty ile
LU o sV OIS s 0 6l s A= e
i) dedz2ll o (shock-capturing) ded.2])
G GsleN) adsaaly o (shock-fitting)
plaszal oz ¢ @310 3 LCFD (3 sl y Gl
QSAUM el oy ol e s =7

RV 9\}7""\ (,.':.3. f: R ¢ C)LA.L,AU L“S‘ljs'ﬂ\
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they occur, and to employ a
shock-capturing method for the
remainder of the flow field in
order to generate shocks that you

cannot predict in advance.

Again, what does all of this
discussion have to do with the
the
governing equations as given by
Eq. (2.65)? Simply this. For the
method,

conservation form of

shock-capturing
experience has shown that the
the

governing equations should be

conservation  form  of
used. When the conservation form
is used, the computed flow-field
results are generally smooth and
stable. However, when the non-
conservation form is used for a
the

results

shock-capturing  solution,
flow-field

exhibit

computed

usually unsatisfactory

(wiggles)
upstream and downstream of the

the

appear in the wrong location and

spatial ~ oscillations

shock wave, shocks may

the solution may even become
the
shock-fitting method, satisfactory

unstable. In contrast, for
results are usually obtained for
either form of the equations-

conservation or non-conservation.
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Ggbasal o Abisdl oYl JCaT

Why is the use of the conservation form of the equations so important for the
shock-capturing method? The answer can be see by considering the flow
across a normal shock wave, as illustrated in Fig. 2.10. Consider the density
distribution across the shock, as sketched in Fig. 2.10(a). Clearly, there is a
discontinuous increase in p across the shock. If the non-conservation from of
the governing equations were used to calculate this flow, where the primary
dependent variables are the primitive variables such as p and p, then the
equations would see a large discontinuity in the dependent variable p. This
in turn would compound the numerical errors associated with the
calculation of p. On the other hand, recall the continuity equation for a

normal shock wave (see Refs.[1,3]):
Pilty = Prlty (2.67)
From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as

illustrated in Fig. 2.10(b). The conservation form of the governing equations

uses the product pu as a dependent variable, and hence the conservation

form of the equations see no discontinuity in this dependent variable across
the shock wave. In turn, the numerical accuracy and stability of the solution
should be greatly enhanced. To reinforce this discussion, consider the

momentum equation across a normal shock wave [1,3]:

(268) p, + pyu;’ = p, + pyut;
As show in Fig. 2.10(c), the pressure itself is discontinuous across the shock ;
however, from Eq. (2.68) the flux variable (p + pu’) is constant across the

shock.

53



(CFD) sl gl sall clSdlins I Jia

[Wendt et. al.

2009], Fig.2.10:
Flow
Variation of flow —-
properties through H " 2z
a normal shock
wave ¢
3
g
B
g4 !
e | ic
X
{p+gu?Hl
W
d

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in the
conservation form given by Eq. (2.65), we clearly see that the quantity
(o + pu®) is one of the dependent variables. Therefore, the conservation form
of the equations would see no discontinuity in this dependent variables across
the shock. Although this example of the flow across a normal shock wave is
somewhat simplistic, it serves to explain why the use of the conservation form

of the governing equations are so important for calculations using the shock-
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capturing method. Because the conservation form uses flux variables as the
dependent variables, and because the changes in these flux variables are either
zero or small across a shock wave, the numerical quality of a shock-capturing
method will be enhances by the use of the conservation form in contrast to the
non-conservation form, which uses the primitive variables as dependent

variables.

In summary, the previous discussion is one of the primary reasons why CFD
makes a distinction between the two forms of the governing equations-
conservation and non-conservation. And this is why we have gone to great
lengths in this chapter to derive these different forms, and why we should be

aware of the differences between the two forms.
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wle baaigo dulws §,b : (Incompressible Inviscid Flows) d>3] 3
(Source and Vortex Panel Methods) dolgal g gull Wl béo

s 3.1

Y (flows) ual = (numerical analysis) (g2l Jdaill il U o)) jlatis Juadl) 1 &
G A&k axdin o) oSe Lo (inviscid) %3 Y 5 (incompressible) Akl
e gl 1 dal -dl) el o) 2 Lo & i Al - (finite-difference method) 2sas<ll
Lhloail ¥ oplowd dlie S8 s (I sae ol @A) Gob 2w oSl Lowl )
.(inviscid) 43} ¥ s (incompressible)

Ralall 5 il ke Gl sadias dubua Gk sladl — ORI o3 aal (il Jead) 1
Sainall 5 Apulidall Gkl & Caual 3kl s2a  (Source and Vortex Panel Methods)
1960 iall e 138 5l bl i 31 S i sl Lede

5 A plua 38 ) zUs3 (numerical methods) die dubua 3ok 4 &Gl jhasal 3k
Arg s ) i sae S Gl

i) Y g abléoiil Y il suad il Gpg Yl iy 3.2
4l (density) AU, b s (incompressible flow) (hlbuail el b
.(p =const.)
sBbuail e ghw 4 om (m = const.) 44U A (fluid element) il siac ) gaad
axall Julld 445 28U 0¥ (streamline) el b 313 50 (& (incompressible flow)
. e v | A . .
J (Repudl A V) VV Y 5 (V= const. ) <ul Liay sa 28l gzl 13 (volume)
S ) i a3l e e paile puianl eaal il
p

3.1 vV =0

V J ia NABLA-Operatord asle &3l s 5 gradd s s.gradient
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(Source and Vortex Panel Methods)

Gl Jadll 531 50 8 @ aty W50 Y Ll (fluid element) xile saael) 136 128 )
e gl Bl (irrotational) s Y s (flow) Obiowdl 1aa Ul (streamline)
SOl (potential) JuiisS (velocity) 4 ol e Juxa OV (Say <) sl

(3.2) ‘7 =Vo¢
8 9¢
gradg = Vo = i ¢ = 2

(&) Jeai (3.2) 5 (3.1) Babae OY) Linas 13
V-Vp=0

0

(3.3) V=0

T A yaall 5 5y seliall @¥aladll sl ¢(Laplace’s equation) Laplace Hslas sassi (3.3)
.(mathematical physics) 4uab ) el 58l Jlas b

dia) ¥ 5 (incompressible) dikluzail Y (flows) oxlow o ¢ (3.3) e (e
.(Laplace’s equation) Laplace {abeey R (inviscid)

5) 51 Gale kil 7 58 e 234 Anderson 1991.(
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(linear) 433 & (Laplace’s equation) Laplace {alas

da il (an ae (added) 235 O OSay (3.3) Aaladl dpa gead Jsla e e JSE
A

20 s& 5 (incompressible flow) (hbail e Gl (e Jad bl d8uld 550 138

(S (incompressible, irrotational flow) s ¥ 5 Hbuail ye Gh ol dae S )
(elementary flows) 4ssbusl Gl yu e (synthesized) gz O

(satisfy) 2235 S (elementary flows) Al Gul puall Gazy A el o) i Jull
.(Laplace’s equation) Laplace 4alzs pe

Uniform flow Jilaial) Gl yud)
o=V _x
Source flow Ddadl Gl )
¢ = %ln r
Vortex flow Al gl L )

In [Wendt et. al. 2009 ] there are two methods described which use these

elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source
Panel Method

e Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex Panel
Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings
Below and Above Stall” is described.
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