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(Computational Fluid Dynamics) simulations: temperature
distribution in an incinerator
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Figure 1: CFD model of the biomass furnace and boiler
Explanations: modeled tube bundles and rows are pictured dark
gray; SAN.. secondary air nozzles, FRIN. . flue gas recirculation
nozzles, TMT... suction pyrometer temperature measurentent
traverses
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From: Scharler et. al. 2004, Advanced CFD analysis of large fixed bed
biomass boilers ..., 2nd World Conf...., Rome, 2004

Biomasse-Rostfeuerung ausgeristet mit
einem Flachschubrost

CO-Konzentrationen [v-ppm] (oben) und
Temperaturverteilung [°C] (unten) in verschiedenen
Querschnitten um die Sekundarluftdisen
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Isoflachen der Rauchgastemperatur [°C] in der Symmetrieebene der Feuerung (links) und in
horizontalen Schnittebenen (rechts). Aus: http://www.bios-bioenergy.at/de/cfd-simulationen.html
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Fig. 1.3.1 a, left side: finite
control volume V, an a finite
control surface S fixed in

space:

The fluid equations that we
directly obtain by applying
the fundamental physical
principles to a finite control

volume are in integral form.

These integral forms of the
governing equations can be
manipulated to indirectly
obtain partial differential
equations. The equations so
obtained, in either integral or

partial differential form, are
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the governing equations. )
The equations obtained from < 1.3.1 Jsa) W gz 2gas
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integral or partial differential L) sl s (form
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governing equations.
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we can directly derive the A Aol oYolall 5,80 gzii Of ug"' .
partial differential equations.

This is again the conservation YRl J.i,id\ Lzl o2 |da

form.

If we consider an infinitesimal * 7 | ple g e Sl g bds T )
fluid element, which is moving ;11 4 31b 1Kk ) L) 3 S sl
in space (Fig. 1.3.1 b, right . ) )
side), we can directly derive the <Yl &l JSa s oF S (sY)

partial differential equations. ! - o L s o and sl

conservation form. . 6)4&

This is again the non-

In general aerodynamic theory, S sy ¢ dala) :\cf“b-i-’jfly‘ il Al e
whether we deal with the

conservation or non g;}”"“ﬂ 259 g;h“’“j‘ J&"i“ et J"L’“

conservation forms of equations
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(fluid and gas dynamics) </3ladlg C’\jl\ Sl I s

is irrelevant. However, there are & N Sla ¢ eUs o o sa Vsl
cases in CFD where it is

important which form we use. s S ~+ &= CFD J!

swwlidol besl 1. 16
) Jaial) — el Jaiiall = il Laxa)

b b9ille Gl 593l 1. 17
S el s amland) 5elly 203U 55 e pdl WS e Lo B a At 35

u‘-‘mﬁ La ol L}f,bu}j SJLL\CE_M u)&&a:.?

suaill (Y 1. 18
ou

Y Lolahl oY) (3 depdl Jg T 2l sl VI (B laddl MR g ) s

L) L}’JM\ d\gjwb
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L;,a_ZJ\ sle= Yl

alslzall o gasel) ol el ade
g |3 2 1 phsn) oo il ple s Tlese
e ol (b deriwell @lgall
seall o cloglly elall Lo A wipl

woablzall culi swiw g skl
a=>glll gl aalloll axgilll g dsg3ll
2ilgall GBymig . PaLs pasey sl
A=,y e aivlall oip) i ol
duydy - Augigadl gilgell auli o gl

(1.4) gl (1.4) ,Js_adl

Vooall gilgell dlead  swowd

hal g dugl L) aliol . AuigagniV gilas ac, ol Jlony Ladll oo ddas aille el
coszonill

go diie Llewd) o)lmdl slajl go pasis s azglll aeud d o)Ll axy b
Cwllel) &l =l alsj)

MPS Bamgy = 21 L LSV a5laSl n gl O
P
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl
(Governing Equations of Fluid &'|3°J| .:J.uls.l.o \5\9 WL‘_‘m adslea)l 2

Dynamics)

.[Anderson 1991] s 2 e | o] P G Ju

Ssw 2.1

re) Laddl SVsles a5 &Il LS (3 B LoW) V3Ll 58 CFD (3 oLyl
4,05 ai>y (energy conservation) )l Li>y (mass conservation)alSJ! Lais

ng S 0Ll amte Cypan CUA p05 9 . (momentum conservation) &>l
et N sles Jf@ Tfj.&.»@,a&

ool a0 2.1.1

2.1 Jsed

PV

1<

dA = ndA
L) e 5SHL LA abs 5 Voas (21) K3 (3 sl oSl ondd

dm.obd) Jias mad dt <300 3 dm & Laps Gy ALSD) 06 dA dlolid)
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J

e Lldl n Jshll (ol andl w0 Rglp v oAl 2 mosl) @ 0Ll ae
G dA L)

dA=ndA
dm = pdV = pvd A

:ﬁACM\Jfﬁ;M\JQﬂJJM=m

Pk LSS Ol aze B n
PV = (B> 349 3 zLL&J\)(a.c,J axie) = ) Oy deie

:Jis

2
p(e+V?+ O2)V = (oo Bty 3 AU (3 amis) = B Olppon s

N
= (3\.3.«» 8.X>-j Lé i\faﬂ\ M)(a.cjml\ w) = i&ﬁﬂ\ Md\gﬂ LE 3o
A e xy,z oY G puy, pvy, pwy

= A ool pe Bl Ol Joes OB L

2

(2.2) .................................... ﬁAp(e + V? + gz)\_/ -dA

= A gl g Sl 108 0k Jiae
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

(The Substantial Derivate)) ./ koY 2.2

As a model for the flow, we will 5, ﬁ*ﬁj‘ gsj“‘ o e (O gL C} <
adopt the picture shown at the

right of Fig. 1.3.1 (b). rais 29 31131 (b) JSad) cns s 2oyl

Namely that of an infinitesimally S~ .0l &~ S5 )l ald CB‘U o
small fluid element moving with )
the flow. The motion of the fluid -2.2.1 J@\ G Jerddl 2o e DLyl 2ie

element is shown in detail in Fig.

221 L})&iﬂ\ cladll je 8 =y C‘LU el ¢ La

Here, the fluid element is moving J oo Gl.c oLl 8.>¢ .Cartesian space
through Cartesian space. The unit o
vectors along the X, y, z axis are 11k O’Q Xy, z ”sk' \

i, ],k. C .

J o BICIRRVS 3 el Olgame Jie el o
The vector velocity field in this
Cartesian space is given by ¢ Cartesian space Qj&i" J"}

V =ui +Vj +wk V =ui +Vj +wk

Where the components of velocity sl e qe i ot S sl o
are given respectively by ’ ’ )
u=u(x,y,zt)

u=u(xy,zt1) V=V(X,Y,2z1)

V=V(X,Y,Zt
(x.y ) w=w(X,Y,2Zz,1t)
w=w(X,Y,zt)
s ¢ L) o A0 W
Note that we are considering in 78 O psaall L Wl 5L Loke
general an unsteady flow, where u, OLaylly DL sl AW SV U G (o)
v, and w are functions of both )

(space and time, t). In addition the
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(The Substantial Derivate) xS 3lixaY)

scalar density field is given by | sa s 1) BLoYL celsw d et

p=p(xYyzt).
b e Bdal) BLSY) i

p=p(%Y,2,t)

(22.1) S

([Wendt 2009],
Fig. 2.2)

Fig. 2.2.1 ([Wendt
2009], Fig. 2.2)

At the time ; the fluid element is (3 dgrge Cj\_u S 05 E by B (8

located at point 1 in Fig. 2.2.1. At
bl ods e 221 S de T abazd)

this point and time, the density of

the fluid element is 0= p(x, Vi, 2, 1) C‘:’;\‘U ) BLSS g lly
pr=pX Y1, 21,t)

At alater time 1, the fluid element 2 wks ) & W el Jash t, 3=Y <dy 3
has moved to the point 2 where the 2, = p(Xs1 Yy, Zyit,) o B &
density is p, = p(X,,Y,,2,,1,)

Since  p=p(XY2t), we can S SE s ESsc p=pX Y2l Ol

expand this function in a Taylor's 4> Taylor’s series skl ahade (3 4ol

series about point 1 as follows:
AW gl e T 2zl

po=pt L] 00 -x)+| L] .-+ L - 2)+| % &t
o), ),

+(higher order terms)
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

With ignoring the higher o fed S LY il oldbae fald -

order terms we obtain

uz(a_p] AN AT T A (6_/)) +(5_P] 2.1.1)
t, -t oX )\ t, -1, oy )\ t, -t t,-t, \oz ) \ot)

Eq. (2.1.1) is physically the average Jaek 3 Lo sze @ubﬂ (211) slal
time-rate-of-change in density of

the fluid element as it moves from 1 il B JU ) cﬁLL\ gl ‘\3\5@ )
point 1 to point 2. In the limit, as 1,

O o U JNC I B - |
——

approaches t;, this term becomes

Ilm 102 _pl = Dp
Loul -1 Dt

%to Is a symbol for the .2 jad cogdl Jaas ibd ) 4» DF{:

instantaneous time rate of change of | Glazsy) - L s ¢ s T-Eéj
nﬂg,. ) e 22l
density.

By definition, this symbol is called -D/Dt «
the substantial derivate, D/Dt. ! Dp
e aaie BUS uad 3l Jume —

Dp - 5 » Dt

Ot is the time rate of change of

ik Jy (W paial) e lisl oy L pns
density of the given fluid element. - NS - sl & J

Our eyes are locked with the fluid sladll

element, not with the point in the

—ap 1 s . e Dp ‘ .
_Dp is different ( 6’[) oo bodes LiLs (ol Ot SUis”
Dt 1

physically and numerically from ;p5 o 21 o ) Jaall &bﬁ e

space. So
T oat

0
[a—/t)J which is physically the time
1
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(The Substantial Derivate) »SJ) 3l Y|

rate of change of density at the O L . (2.1.7) skl ) 34l
fixed point 1.

Returning to Eq. (2.1.1), note that

. X, — X

lim| —=— "% | =u
t, —>t; t2 _tl
t, —>t; t2 _tl

. zZ, —Z

Iim| =—=2— "1 | =w
t, —>t; t2 _tl

Thus, taking the limit of Eq.(2.1.1) .. (211) Uslead) ol sl ‘\&j
as t, —t,, we obtain
TS UNE AR

Dp_op_ %P %P  \yOP (2.1.2)

Dt ot oxX oy oz

From (2.1.2) we obtain an SlazsYl e et e J_&;_ (212) o

expression for the substantial

derivate in Cartesian coordinates 23, oLy < A
D=a+ua+va+wa 213
Dt &t o&x oy ot @13)

In cartesian coordinates the vV amll J""L" g o5 o @)&M u\.;\b}[\ &
vector operator V is defined as

+|Zg 214
0z @14)

Hence Eq.(2.1.3) can be written as :Uj:gﬁ (213) Uslall ngg of u§‘ JLs

D 0 .-
_E§+(V V) (215)
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

Eq.(2.1.5) represents a definition of
the substantial derivative operator
in vector notation; thus it is valid

for any coordinate system.

% is called the local derivative

which is physically the time rate of
change at a fixed point; V.Vis
called the consecutive derivative,
which is physically the time rate of
cange due to the movement of the
fluid element from one location to
another in the flow field where the
flow properties

different. The
derivative applies to any flow-field
example, Dp/Dt,
DT/Dt, ..., where p and T are static

are spatially

substantial

variable, for

pressure and temperature

respectively.

The

essentially the same as the total

substantial derivative is

from calculus.
the

derivative is nothing more than a

differential
Therefore, substantial
total derivative with respect to

time.

A Bl ele g 22 (2.1.5) sl
(Ug_, 955)! c.,@ L}Lﬂbj (.C)\-Pbl."\ Q‘U"U L}
Lol

0

ot
Blaza¥l ey anb ab (3 gl el
Ot Ji= 3 5T 1) 0K o BL) aall

JAa) Lt 2 &) i) ol s

Ols 3 e T e oy oSO Blaza)
Eoe Dp/DtDT/Dt «JWY o Lo ¢ 330l
Q) e Bl dryay brall (AT 5 p

oo Jolidl gaag i Lalul ga 1S BLzs Y
Slxayl « U L LS 5 Lol Oles
i) g St a2 o ST ) S0
ROEN|

V-V (divergence of velocity ) dc sl acli o 4l juill sigall 2.3
\VAAV] (divergence of velocity) ds ) dels
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(mass conservation) k) Lo

vV is control ) @gzd\ et sl »VV
physically the

time rate of (fluid element) Bb s (volume

change of the ("~"’u e 23 . (moving) ;\a-
volume of a :

moving fluid (per control volume) g«.(aﬁ
element, per

unit volume.

(mass conservation) &S/ his 2.4
SN e Gl A Lais 0456 i

o LS 0L, Jaae alls 4l Blae oSl o o1 2l 1ST5 Joes”
2 (Sl M\ V}'GL\
ﬁi{pcﬂ-’ = Szl pxzdl s als)l als)l
Kf
:(control volume) L;«gxﬂ\ o) 1 AN L)) Joes
d , dp .
gﬁﬁ;m :jiﬁgm-
RO BCRVESE B WUC IR
S md) ol ) A O el (2.1) Al e

=ﬁpg.dd
A
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

ﬂ,j Py 4 ij Pv.dA=0
v A

.(integral form) LS 5y5u2)) (3 S Loi> asles & (2.4) dsUl

................... (2.4)

(2.2 JS20) dndl @311 Bl S ol
Solw (24)

L6 s jaw

Oldand) 0L
R COREINC)
ity L uzmy
Laged e Uy
5ol ad LS
Taeo Al &l
JI el S e
13y 5.2))

ij\_/l -dA +_”.p\_/2 -dA, =0
A A

oS b ol ey A andl) 01 el

_J‘J‘pvl'dAl_FJ‘J-pVZ -dA, =0
A Ay
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(mass conservation) k) Lo

-0 Vil oW = 0

(continuity equation) &, | yeiw 3l dsles 2.4.1

(2.4) Wbl o 3 2L g 3 kS i Wslas o Lole o) s 3l

sl ol Bl 850 (I madl LS 850 0 g A Lsd S

.(divergence theorem) sl & ks

To obtain the basic equations of fluid st ol Y slal S Jd |

motion, always the following way is
followed: D W aa, L)l gLl Wil s ccf\jl\

e Choose the ' appl"op'rlate Ll Z\Wuiﬁ\ Zt:fbj:éj\ tosLl) TN
fundamental physical principles

from physics bl e
e Apply these physical principlestoa . .

suitable model of the flow. C—’}*’J Pl Lol odn 3ok e
e From this application, extract the ol Ol

mathematical equations which
embody such physical principles. Y3kl gl (Gekdl e e e

So, in our case the physical principle is: ) toall) e gl dol)
“Mass is Conserved”. )

A" s g Tl aglpd) Wl (3 o

.(“Mass is Conserved”) " s4s| &

ﬁg{iw + §ﬁ (V.pv)dV =0
ook v o

i |

;) hY
£+V.p\=JdV -0
4

\
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

g oS g Lo Sl dad S 13) T S dad 0555 JalSI olsa) Tas

Al S
dp )
f— AVPY =0 e 2.68)
7t
rlp b, e . .
—+—(pu)+—(pvi+—(pw) =d.. cerreirinnenn [ 2.65)
o ok ay g ok !

&M\deﬂ‘d\dbd) zyxuu\;‘}}\gc&}mﬂu @wvuw
(incompressible flow)

ou ov ow
.............................. —u+—+—=0(2.7)
X oy oz

Divergence Theoreme:

f=fx, y, z) i
razoll gi f o

wpke 28y 8 X DA e8 Pr 5 Py s Py adllhe LS 0 15 asan (SIS 151
P sl Q18 .

8l | szl | JolEsll g pocezell JolSall aclall Arpbai b gi
(V.- 0)dV = ] 9.4 oo
A

e

(energy conservation) &@lhlf bi= 2.5
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(energy conservation) aslall i~

2.5 e

Jo¥1 Ogll e Bla)) Lo dsles dezud
VAR A diC

@Jﬂ—‘p’* GL‘M:‘UL’L\ iSll

o Q) Bl Ol Jiee Jalls el Blae oSl o 515 Bl (ST5 Juas'
[H% oS s WU e algd ) 3,0l Joley 2SI JUisl pakomd) (e
VS et 51 ) 8L Ol Jiee el L)

2

d P2 § |
gfﬂ’ﬂ(c?wL?vL gz)dV +5EJSP(€+?+g:)g.dé:ﬁ)(gﬁ)(m +P+0
(,.>.=;U J=1s C‘U.\ e Weddl 3udll e Ol Qﬁf}f\ skl il (3 OWgYI Ol

T Jaly | WS A s AL LA 0L Jae Q (oSl
10 (stress) slexY! emaz (viscosity)

og=-pn

<-

ﬁ:f [p(e+—+gz)]dV+ﬁp(e+—+gz)v =— ﬁp\_/~dA+P+é

ﬁ:{ﬁ[p(e+ﬁ+gz)]dv+ﬁp(e+£+ﬁ+gz)v-dA=P+é ........... (2.8)
y° ot 2 e p 2 -
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

Azl Solol iy Ulpew sde (Suubos

alisl Jlazil Vg e Selows (2.8) alslandl s JeWl szl Of G wloowd| &,
A4) 5 (3) sVl e

8,0all (sd| alsleoll Jjass 2Uiug

2

<
e N

2.5 Jsdul
il +%+%+ 82V A + py(e; + Pr 22y gz )v, Ay = P+Q
1 e 2

(2.5) szl wslol sl Ol l) @Sl Jaas dlslesy @ilawil

Py VA =pavad: = m

ﬁl{el +ﬂ+i+gzl)+P+Q:n!{€ﬂ+p2 +'|.-'2 +gZﬁJ
2 2 ) 2 2 i
"‘j P ‘.) - el "'32
T o B I £z, +— +L P T - # 2y creeerrenna(2.9)
g P8 2 mg mg & P28 28
0=0 8,1l Jasl ol oS dwwiigll olaghil o S b
=7z, e =e:z S P = N -l | B Y i
Pr=pz:=p waolaasl Vol ped! jlac] o Seag
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(energy conservation) aslall i~

(2.9) alslooll Frusad

) 9

3 v, P y v,
SR N F— = B e (2.10)

.I{'JI]..[';F jg mg J"')? g 25\?

aaic Jioad adlw wilS 13 g dvan  Jios Lpild ausge Péyuall Ol Jls b
(2.10) alsleoll 7eai (2) ¢ (1) pushaoll 0 deic Hi Unan gy pAs > s

2 \"2 b \"-..2
B o= s il e 2.11)

Pg 28 rg  2g

heall cocw + ac | cosow + 290 cioaw = S sl 1]

o

oo slall ga 5 fus sasg o il t_.q:',_‘l::[
18yl slel (sl] Ll

8m sl

151/s som=ll U.._.{_).A.\.L.”_' lama

154mm  éseanll o wgaiVl dad
102mm cdsaell 1slw gVl ke
1000kg\m” reloll aslis

rols Lglholl

azeanll J8lwe aums dc (1)

I5] azeaoll oo d_=, L=l 6,08l (L)
anz i) Vol pdl e

(2.6) Jsal
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

e cablaail Ml ol (2.5) alisdl has alsles (1)

v, . A, =vs Az =V =0.015 nr/s

015
v, = %= 0.81m/ s
2(0.154)°
Fd =&5q= 1184_”!_;.5
Z(0.102)"

Aceanll Bl e @ sl g aswacdl s saed o aasAl s

[2.1”} Al D_LE_.I asllall alslzs {tfﬁ]

gl gl
P P _py vy
t——t g t— ="+ +12,
Prg 2g mg P8 28
2 2
P=mg L2702 70 ()
L ope 2g I

s isim g gl Ulogian (2) g (1) vlalhaoll
P: =Pz = Ps
Pz-py =0

Z:—2z;=8 wulles

I yao ailasi ac,w 1 Ll pdaow (1) adaoadl

vy =0, vz = vy
m alisl ol Jasa

m =p V=1 000(0.015) = 15.0 kg/s
alslzoll Tl g

(1.84)2

+8]=1203W

1.2 kW = a2l 6,.4ll
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(momentum conservation) & =) 4.5 i~

(momentum conservation) /,a daS biés 2.6
- 2.6 Js2d

Ye

o UUUM Sl (Second Newtonian Law) @tﬂ* Fes Ol e 0glEl s deey
Jane Lol o Gl oSl s ls ) 3087 ST Jans” oSl s
e 835 sl ozt ol A JUisl WSl e o)l ) ) 28700

no.

. C’U"‘
%J[H'[*"E WV + {f pulvdA)= {f{BaV + f{oda
v A v h

fﬂ%{ﬁz}d‘r’ + ﬁ'PE{Ed&}= ﬁfﬁd‘r’ - ﬁg«ﬂq e 2.12)
‘ It v 't

bR
doall s B ol LS . 1 g - o0 ap=iall genzo Ssluy O Slp=yl ol Lis g i
fazg code ausl=ll 848 o8 ,.Cu.l;:-h,l x“g:.v:-h,l wd | lied g fuoses 8oy oede Qoo

B=—pgk sl s

&ilsall <lolyy/ @overning equations) GuslvY/ o Xskall yast 2.7
wlbs o go
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

il el Wl baill 9 (visoous flow) @3l ol sl S ¥sleo 2.7.1

Viscous flow: a flow which
includes the dissipative, transport
and
The

additional transport phenomenon

phenomena of viscosity

thermal conduction.
of mass diffusion is not included

because we are limiting our

considerations to a homogenous,
non-chemically  reacting  gas.
Combustion for example is a flow
reaction. If

with a chemical

diffusion were to be included,

there would be additional
continuity equations — the species
continuity equations involving

mass transport of chemical species
i due to a concentration gradient in

the species.

Moreover the energy equation
would have an additional term to
account for energy transport due to

the diffusion of species.

With the above restrictions in
mind, the governing equations for
an unsteady, three-dimensional,

compressible, viscous flow are:

Continuity equations

(without considering chemical reactions)

s b edn gl ga ) 0L,
o 4 Bl S Leogdls gl ¢ Jal
Qo Liad Y 2l Jadl 5,8 e
2 9 Al e oMl ] Whlae
oo Ol 52 JUU o e Bl LS
R e Y OS] S el
Pl == Lo aylexnl S¥slas Sis 0,5
S 5 e gobn ) ayhana ¥ oYsles
N ST 2 o 1 2SI 153
BLo) g wllll Wsles O $5 e 39dleg
S e Bl B Ol s 3

)
¢ el 3yssTl sgdll Jlae¥l 3 Y1 e
sy S el ) amla¥l Vsl

PP CJ'U\ Ob ey ¢ cglauu,b.i\

dyy) yorwy) Y Dles

(Non-conservation form — [Wendt 2009], Eq.2.18)
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olla>Ye xe 2kl sl ld (governing equations) &l Yl SYalall 25l

(il el JSe)

(Conservation form — [Wendt 2009], Eq. 2.27) b doe) | lg X[

-

ap
—+V(p-V)=0
p (p-V)
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

Equation [Wendt 2009], (2.18) is the

continuity =~ equation in  non-

conservation form. Note that:

1) By applying the model of an
infinitesimal fluid element, we have
obtained Eq. [Wendt 2009], (2.18)

directly in partial differential form.

2) By choosing the model to be
moving with the flow, we have
obtained the mnon-conservation

form of the continuity equation,
namely Eq. [Wendt 2009], (2.18).

Equation [Wendt 2009], (2.27) is the
continuity equation in conservation
form. Note that:

1) By applying the model of a
finite control volume, we have
obtained Eq. [Wendt 2009], (2.23)
directly in integral form. Only after
some manipulation of the integral
form the partial differential form,
namely Eq. [Wendt 2009], (2.27), is

obtained.

2) By choosing the model to be
fixed in space, we have obtained
the conservation form of the

continuity equation, namely Egs.
[Wendt 2009], (2.13) and (2.27).

46

dsles 2 Wendt 2009], (2.18) #slall

il S g e

Pk bakdl

Sl el 2398 oy s e (1
Al e bamd Grall sl
= 3,5l Wendt 2009], (2.18)]
S e S

Sz g 2390l jls) b e (2
JS.:J\ e bam 13 0L e
2 ¢ el Aol Jadd Al

{2009 sl

Wendt]
(2.18)

& (2.27) 2009 Wendt] @stal

il S 3 gyl Wsles

FPRVEVIR

o AL sl ke s e (1
Wendt] .45l Lo Ula> (3gu

IS 2 5l (2.23) (2009



wlle>e xe 515l Elslyl (governing equations) il S¥slall a5l

Momentum equations

Dlblas any gpe da Lo LS
Wendt] (). 541 Lot (el
el Woam 301.(2.27) (2009
¢ el @30 ks Gk e
il S e Jamid cLadl

4yl exa Yl dslal

(2

& el dS Yslas
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(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

(Non-conservation form - [Wendt
2009], Egs. 2.36a-c)

x-component: p—=-_—+—+—+ L

; . p—=——t—t—+—+pf
y-component: Dt 5')/ X 6y o Ay

Dw op or, 07, or,
z-component: p—=-—+——+—+—+f

Dt & ox o a |

[Wendt 2009], Wendt]
Fig.2.5: ! . [2009
Infinitesimall ( o
)‘1"#(1 S %
y small, Velocity 4 : 0y }/>ﬂldl g -
) . companents ! ﬁL
moving fluid i S <p, gl’ dx)dydz 44905
d X s
element. Only & <—/ 9 -
plydz +—~ ! f _/<n,+a—dX)dydz
the forces in dydz=— 1 | S c‘L‘ Pty
the x direction dz///d S ; - 4
e shown. /J/ q,rdz (nxo#dz>dxuy L xol L;AL;»
i b
& <lsall
x ol£Y)
Total force in the x-direction: F, x ol 3 ) 544 < F,

[Wendt 2009], S.28 Def. of body forces

and surface forces: DY e (3 50dl e (re g Sl

1) Body forces, which act directly on e w b Jolis gl drawar I8 (1

the volumetric mass of the fluid
element. Examples: gravitational, fluid ) b gl L HE]
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electric and magnetic forces. Def.:
body force on the fluid element
the

acting  in x-direction

= pf, (dxdydz).

2)  Surface forces, which act directly on
the surface of the fluid element. They
are due to only two sources: (a)
pressure distribution acting on the
surface, imposed by the outside fluid
surrounding the fluid element, and (b)
the
distributions acting on the surface, also
the fluid

“tugging” or “pushing” on the surface

shear and normal stress

outside

imposed by

by means of friction.

A3k 3oall 1 s alzel .(element
Adolially 2504 Sl

SU saall e dand) Sa)
ol£Y! < J;:o:]
of, (dxdydz)

= X

e 3l Jelis gl dodaw 0l (2
ot sl g A sadl el
brall misi (a) ¢ B () pytaas
o @, el o o 3
el el gbUll 3 Sl o)l
bidl Slys 2 () 5 @W
e Jos G opadl k)
DB 8 e LS mhll
LSRRI PRI

LY ) o Clz..d\

CSLL\
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y y
ryx
7 P ]

/ / : T

// // T_»
/ / I

/ / i e

X X

a b

[Wendt 2009], Fig.2.6: Illustration of - D6 Kl ,[Wendt 2009]
shear and normal stresses

(Conservation form — [Wendt 2009], _ [Wendt 2009], Eqs. — i) el
Egs. 2.42a-c) )

2.42a-c))
0 - op or, Or, oOr
x-component: () +V-(puV) = P T T, O - o,
ot ox ox oy oz
_ . O(pu) - op Or, Or, Ot
component: M Ly (V) = 25 y W Y _of
: . 0(pw) - op or, Or, or
z-component: M7V L v (o) = -2 Xz y z _ of
P a VPV S Yy Ta
Energy equation Bl Uslee
(Non-conservation form — [Wendt 2009], Eq. 2.52)
uja_ul Jres) J.{.‘iJ\
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D( V) - af aT) o, oT| af,al
p—le+—|=p0+—| k— [+ —| k— [+ = k—
Dt 2 ox\ ox) oy\ oy) o\ oz

_Ofup) _a(vp) _o(wn) , olur,)

oX oy 01 oX
our,) our,) O(r,) olvr,)
- + + +

y x o
8(VTZY) 8(W7XZ) a(Wz'yz) a(Wrzz)

+ + + + +pfV
o X oy o

(Conservation form — [Wendt 2009], Eq. 2.64) Lot ()

]l

PR M ax oy\ oy
a(kaTj _9up) _o(vp) _a(wp) , A(uz,)
oz\ oz x oy o X
Auzy) aury)  Avr,) Avz,)
+ + + +
oy o ox oy
. a(VTZy) N a(WZ'XZ) + 6(nyz) n a(Wz-zz) n ,0]? Vi
oz ox oy 0z

<

wlels Wl bl e (inviscous flow) a3l Al lowdl wdsles 2.7.2

(without considering chemical reactions) &SI

Here are the viscous terms of the el Loy Vsl gq_jj.m _bjf; La

above equations dropped.
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Surveying the above governing

equations, several comments and

observations can be made:

1)

2)

3)

They are coupled system of
non-linear partial differential
equations, and hence are very
difficult to solve analytically.
To date, there is no general
closed-form solution to these

equations.

the

energy

momentum and
the

difference between the non-

For
equations,
conservation and
conservation forms of the
equation is just the left-hand

side.

Note that the conservation
form of the equations contain
terms on the left-hand side
which include the divergence
of some quantity, such as
V-(p-V), V-(puV), etc. For
this reason, the conservation
the

equations is sometimes called

form of governing

the divergence form.
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Quulwdl Asleall Wle wlides 2.7.3

Jsd O ot cmla¥l SYslal) Ll 13

dW

idoladl Vsl e dxlgre deges &
o nall o Ly Bt i) a5
S R P N A W P Y

LYl odd Lgl,,l.4
o Gl ¢ alllly ol .S oYsll
o abimd)l o oabid R JSKY

-Cf‘ﬁ\ GO 52 e sl

@5t SVslaol) imd) Ko 0 Lo
an Jeis @8 W e by s
V(p-V), Je ¢ 1S3 & sy
¢l 1 L83 ) by V- (puV)
hidl S Ol G (3 e

Aol iy Al Vsl

(1



4)

5)

ol a c’\j—u Elslul (governing equations) aw Yl Yl 25l

The normal and stress terms . Nl o 3 charall 4 Lslell Jﬂjfﬁ‘ (4

in these equations are

functions of the velocity
gradients, as

[Wendt 2009], Egs. (2.43a-f).

given by

The system contains five
equations in terms of six
flow-field

o, p,u,v,we. In

unknown
variables,
aerodeynamics, it is generally
reasonable to assume the gas
(which

assumes that intermolecular

is a perfect gas
forces are negligible). For a
perfect gas, the equation of

state is p = pRT, where R is
the specific gas constant. This
provides a sixth equation, but
it also introduces a seventh
unknown, namely
temperature, T. A seventh
equation to close the entire
system must be a
thermodynamic relation
between state variables. For
example, e = e(T,p) For a

calorically = perfect  gas
(constant specific heats), this

relation would be e=c,[T

e LS s ) Sl e VI s

[Wendt 2009], Eqgs. (2.43a-f).cm>
G oVl s Lo deshill (gpd
Jad g 18 Slpie B2d Slollsall
Kol 2 .o PUVWE o
S igas 2l OF Jgiall e ¢ 540
on sl OF oy ) QU 5 ga
Sl S 4y (ST Y LSS ol
R o p— pRT o Ul ablall ¢
bkl oay 1a Gl sa) cold) g
¢l se2 Lo a4 ¢ Al
amgladl bWl T ¢ 3L amps o
B 055 Of g adloSTL pllad) BEY
JEN Lo o 8 Oolpate o &) >~
g Qb W 2l e = e(T,p) ¢

O5SS Dgand ¢ (342 ol o) a4

5

53



(Governing Equations of Fluid Dynamics) x51s! SLilSe (3 A la¥) Vsl

where ¢, is the specific heat

at constant volume.

6) Historically, the momentum
equations for a viscous flow
are called the Navier-Stokes
equations. However, in
modern CFD literature, “a
Navier-Stokes solution”
simply means a solution of a
viscous flow problem using full
governing equations (including
continuity as well as energy and

momentum).

The boundary conditions, and
sometimes the initial conditions,
dictate the particular solutions to
be obtained from the governing
equations. (This makes the
difference for example between
the flow over a Boing 757 or past a
wind mill, although the equations
are the same). For a viscous fluid,
the boundary condition on a
surface assumes no relative
velocity between the surface and

the gas immediately at the

54

A s O e =T G
b et Ayl
Yol GaS OVslae ey ¢ WL (6
oSy el ool Sl sl
<3Y1 3 « &5 aey . (Navier-Stokes)
" oS b - sag " gdd CFD )
A gl Al - sl bl o
Sy 3 ) el oVslal) Jlaaal

(S 48y Blall e Db dy)l ezl
(boundary conditions) &, |x)l o3l 2.7.4

P idoY) YU by ¢ dgyladl oYU
uﬁsw\war&\Qﬁgg\w‘ﬂjb
Olpdl e Dze 3,31 ot Lo 1dag) LdwlaY)
¢ il ~ LMl s>~ o) Boing 757 JI e
Pl (et o @Vl 01 e (21 e
J.v::} Y CM\ o,l.o 2\;“)\.,\.%-\ Al cCJ'U\
e aale Sl Csa | RSPR- VOO R V0N |

no-) GY5YI pde Al vy Lo Ly xla
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surface. This is called the no-slip
the

stationary, then u=v=w=0 at

condition. If surface is

the surface (for a viscous flow).

For an inviscid fluid, the flow slips
over the surface (there is no
friction to promote its ‘sticking’ to
the surface); hence, at the surface,

the flow must be tangent to the

surface. V -i=0 at the surface (for
a inviscid flow), where A is a
unit vector perpendicular (that
means orthogonal) to the surface.
The
elsewhere in the flow depend on
the type

considered, and usually pertain to

boundary conditions
of problem being

inflow and outflow boundaries at

a finite distance from the surfaces,

or an ‘infinity’ boundary
condition infinitely far from
surface.

The boundary conditions

discussed above are physically

boundary conditions in nature.
In CFD we have an additional
the proper

numerical implementation of the

concern, namely

boundary conditions.

B cul skl O I3 (slip

(2 Sul)) mldt e U=V=W=0

gl o Gl Dbl () sl Ll
P I eI
of et Sl ol o QW (e
cldl e Viii=0 ak d e 055
dmie By 52 A o (oY) OL)
SV mlanl o (dalaze gn 1d2g) (53900
et Sl e sl UG b
Bale lasy e bl o2 G Al g s
33902 Bl e o) 5 511 0Ll 902
S REN" sd) A o ¢ sl
il OV bl e S sl Jeer
Byl oYU Wes 2 ol cdy 3
(2lo) GB L) CFD & .dsebll (3 450540

gl SV ) ssael) Ll 32k
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lsindll Sl e s Yo o p s g0 w1 sl Y] & Yoleall 2] 2.8

(conservation form)
(conservation form) (sl JSadl dw ) Vol s ez S 0 s
RN teATY

o oF oG oH [Wendt], Eq. 2.65
—t—t—+—=1]
ot ox oy oz
p
el
U _ pu PUW=T,
=\ H=1pw-r,
p\N ) /Ml2+p_‘[zz
e+Ve/2
4 ) pE+V? 12w+ pw—k%;—u%—wzy -wr,
A 0
puz + p_Txx pfx
F=ipw-1, J=1pf,
-7, A
plut, +vgt, +wgh, )+ pg

pe+V?I2u+ pU—k(;T—UTXX -Vr, - W1,
X

o

pUV_Tyx
G=ip'+p-1,
pWV—Tyz

T
ple+V? 2+ pv—ka——uryx -Vr, -Wr,,
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Lpep (..,)’\., il SV sleadd I

(conservation form)

In [Wendt], Eq. 2.65 the column
vectors F, G, and H are called the flux
and ]

represents a ‘source term’ (which is

terms (or flux vectors),
zero if body forces are negligible). For
an unsteady problem, U is called the
solution vector because the elements in
U (p, pu, pv,etc.) are the dependent

variables which are usually solved
numerically in steps of time. Please
note that, in this formalism, it is the
elements of U that are obtained
numbers

the

computationally, i.e. are

obtained for

p.pu, v, pw and p(e+V?/2). Of
course, once numbers are known for
(which
includes p by itself), obtaining the

products

these dependent variables

primitive variables is simple:

wle>sl) ([Wendt], Eq. 2.65 aslall 3
Olersll odH 3 G g F &30l
W) s mllaas” e Ty cail)
VoS ed g ST IY i e
arie U ol dhedy b AL (ST
2 U(popu, pv,..) 3 polad O
Ble L ol Lo e 3
aldlamdle mp ool st (3 Loas
o U ole 0B oS oda
BV Mtne Ll L Jpadt oz )
Sl s Jsedl a3
pe+V©12), P pU, PV, pW
e J9Y SBY1 O Laisc JUH dnay
A 3 P eai ) amldl bl odd
S A oledl Je Jsadt (a3

R
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P =p
u=2"r4
Yo,
v="2
Yo,
w=2"
Yo,

_pEe+Vv?/2) u?+vi+w?
Yo, 2

e

For an inviscid flow, [Wendt et. al. [Wendt et. al. dslall 7 ¥ 0L,
2009], Eq.(2.65) remains the same, )

except the elements of the column of Y ‘(S LS™ &5 2009] Eq.(2.65)

vectors are simplified. Examining the ol o) g galall Slgmsl

conservation form of the inviscid
equations summerized in Sect. 2.7.2, 1 Yl i) M‘ Lk 13
we find that )

OV A€ 272 b (3 &)

Yol pu
pu pu’ +p
U=1{pv F=4pvu
oW o
(e +V2/2) pue+V?2/2)u+ pu
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(conservation form)

oV
puv

G={pW’+p

W
(e+V?/2)+ py

For the numerical solution of
an unsteady inviscid flow,
once again the solution
vector is U, and the
dependent  variables for
which numbers are directly

obtained are  products
P, PU, PV, pW and
p(e+V?/2). For a steady
inviscid flow,8U /ot =0.

Frequently, the numerical
solution to such problems
takes the form of ‘marching’
techniques; for example, if
the solution is being obtained
by marching in the x-
direction, then [Wendt et. al.

o

PUW

H =1 pvw

pv+p
ow(e+V212)+ pw

plut, VA, +wgf,) + pg

ST B oy ) ) Obpd) (g3l ol
o B e BY anldl lpally ¢ U ga | ame

9 P pu, v, o Sl e 350 Leds Jsadd

N e sl

pe+V?212)

dU/at=0

JSLal) odd (ooual) ) OB Ol e S Y
Joe Jo (‘marching) " wlas JSs d5b
G pdl Gk e > e Jgad) o 0713 (JU
o5& [Wendt et. al. 2009], Eq.(2.65) ¢ ¢ x sl£|

QU ol e LenlsS”
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2009], Eq.(2.65) can be

written as
OF O0G OH| [Wendt], Eq.2.66
x oy oz

Here, F becomes the ‘solution
the

variables for which numbers are

vector, and dependent

obtained are p,pu,pv,pw and
pe+V?/2).

dependent variables, it is still

From these

possible to obtain the primitive
variables, although the algebra is
than in the

more complex

previously discussed case.

the
equations when written in the
form of [Wendt et. al. 2009],
Eq.(2.65), have no flow variables

Notice that governing

outside the single x,y,z, and t
derivates. Indeed, the terms in
[Wendt et. al. 2009], Eq. (2.65)
have everything buried inside
The
equations in the form of [Wendt
et. al. 2009], Eq.(2.65) are said to

be in strong conservation form.

these  derivates. flow

In contrast, examine the forms
[Wendt et. al. 2009], Eq.(2.42a,b
and c¢) and [Wendt et. al. 2009],

60

LY am ) Ol o ") anens” == Fla
0 s Jeed S

.p(e+V?2/2) 4 £ PU PV, PV

o))
o
Ao Jsadt Wi Ss anld) ol oda
¢ (primitive variables) Js¥) iyl
& ade SO e ST ga b OF e 2 )
SVslall Of LS lile cudy G AL
[Wendtet. J@J\ & LS de awly)
Slpae vgeld o ¢ (2.65) Wslal ¢ al. 2009]
@t oliilly Z 5Y X 24l ol Ol
[Wendt et. al. 2009], & Lyl ¢ @3l
sla sl i s b S L Eq.(2.65)
[Wendt Kl 3 O et Vsles Lol
b Bgme 0sSSet. Al 2009], Eq. (2.65)

Jal anlys KGN 3 i) aasdl Ji.‘:.)\

[Wendt et. al. 2009], Eq. (2.42a,b and c)



T A O T D R SE BV L W RCH HENU(CSY

(conservation form)

Eq.(2.64). These equations have a
number of x,y and z derivates
expliticly appearing on the right
-hand side. These are the weak
the

conservation form of

equations.

The form of the governing
equations giving by Eq. (2.65) is
popular in CFD; let us explain
why. In flow fields involving
shock waves, there are sharp,
discontinuous changes in the
primitive flow-field variables p,
p, u, T, etc.,, across the shocks.
Many computations of flows
with shocks are designed to have
the  shock appear
naturally the

computational space as a direct

waves

within

result of the overall flow field
solution, i.e. as a direct result of
the general algorithm, without
any special treatment to take care
of the shocks themselves. Such
shock
capturing methods. This is in
the

approach, where shock waves

approaches are called

alternate

contrast to

are explicitly introduced into the

< Yslall ods [Wendt et. al. 2009], Eq.(2.64)
k5 oz gy o ox ol e sae
L B 2

Al (3t 3 ladod)
A e s 2l Vsl Ks
25 Lses (CFD (3 Lx Byme 2 (2.65)
Olrge fodd Ol oVl 3Ll
@ dnbill Ol ol 08T Sl )
primitive flow-) 1o¥ 0Ll Jl# ol pie
» cppulT ., :(field variables
Opedl Sbles oo il Cnns .l
kel Dlarge ghod dannze p Dbkl ne
oo bbb Bt L g8 3 b Sy
il iS Gl Gl Ol i sl
Y aols adle o 09 cielall du,lgsl)
o U SCSSUI R PIOY- JCIUN W R e
el paddl ea s el LU (L

adal) Dlrse modg Jo) 0 o ¢ L)
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flow-field solution, the exact .5y NI RPEITP e Jede s
Rankine-Hugoniot relations for )

changes across a shock are used <l Rankine-Hugoniot  4&3.)
to relate the flow immediately
ahead of and behind the shock,
and the governing flow L olut r.Jo'ﬁ.wj' Lol Y) Ol dl Vsl o

equations are used to calculate . .
the remainder of the flow field. el Gl L Moy Ol JUg e 25

This approach is called the ((shock-fitting method) ewlll Zetl
shock-fitting method. These two

different approaches are 2.8 . JQ:J» 8 okl gl i s,
illustrated in Figs. 2.8 and 2.9. In

caadall sl g alel §ile 0Ll oy dadial

Ld Gladl JU Sy D
Fig.2.8, the computational < G Jis) 2.8 Jg-wj 3 2.9 9

domain for calculating the PEINEY: L) 4 e sl Gsd Ol

supersonic flow over the body

extends both upstream and Badeal) g LY e ol C.*"U slgws A
downstream of the nose. The i oldl JW1 O .
shock wave is allowed to form “' ) i
within ~ the  computational el 0Ll i e )led
domain as a consequence of the

general flow-field algorithm,

[Wendt a Free-stream boundary conditions 2 [Wendt
et.al.2009], £ L % et.al.2009]
Fig.2.8: i K
Mesh for the Poo Qo é T [l B 2
shock- A A s 0 28
| I ——

capturin 7l Bady bound .

P & - X/ conditions & L) C—é—‘}
approach £
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(conservation form)

without any special shock relations
being introduced. In this manner,
the shock wave is captured within
the domain by means of the
computational solution of the
governing  partial differential
equations. Therefore, Fig. 2.8 is an
example of the shock-capturing
method. In Fig. 29

illustrates the same flow problem,

contrast,

except that now the computational
domain is the flow between the
shock and the body. The shock
wave is introduced directly into
the
discontinuity, and the standard
shock (the

Rankine-Hugoniot relations) are

solution as an explicit

oblique relations
used the free stream supersonic
flow ahead of the shock to the flow
by  the
differential equations downstream
of the shock. Therefore, Fig. 2.9 is

an example of the shock-fitting

computed partial

method. There are advantages and
disadvantages of both methods.
For example, the shock-capturing
method is ideal for complex flow
problems involving shock waves

for which we do not know either

3 ol sl b 4l Jss) 0
J51s dadall doge LU oz ¢ dikl) ods
cVsleall gld) gk e U
R CCAIRVRNCS URUPY WU (I S - WP
3 el bl gl Lo Jue 2.8
Obped) 8l =2y 2.9 IS ¢ LA
Ol 52 0¥ Gl L OTY) ¢ i
§ils dadiall Bga Jls) L enckly Bakiall o
Jre pdsandy ¢ moly el 2l Jlsl 3
SBML) Al dedal dlall Sl
A olwsYl 0L, (Rankine-Hugoniot
Ol Cled il 13 350l B4l
a2l oL agdl akolid Vsl dauly,
skl s e 2.9 L ISah ¢ ey
o o IS ey Llie s 25 Al
Ll Ol ¢ QU e e LY
siall Ol STLad LiasVl sl o)
i ¥ (@ el Slage o (g5t 3
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the location or number of shocks. ., .} J.iwc La . obedall sue o 015
Here, the shocks simply form
within the computational domain S ng‘» Ls™ L}.LW"’L‘ Ji J”"b aboluy
aslnature would héve it. More(.)\fer, D93 o ot ay ¢ b st 35y nndal
this takes place without requiring

any special treatment of the shock = |515 i)l A ol s st ) axd

within the algorithm, and hence
simplifies the computer &7 75 A 2 QWb 5o Ay

programming. However, IRl OT}“ Ce'd‘ e (3 Wl 0L ¢« $l3
disadvantage of this approach is
that the shocks are generally ead) L) e sae e b Loses

smeared over a number of grid

Lade Joadl Jby ¢ dgguldl 2ozl
points in the computational mesh, S Gy ¢ s '
and hence the numerically L, .J)Uaj\ L;L; dJ e N e Ele

obtained shock thickness bears no
relation what-so-ever to the actual < <% Al C‘eﬁL by &-;Lu) \ L}j bf‘d e

physhlcal shocl.< thickness, and the (L>,=>-T any e 5o b dedall b
precise location of the shock
discontinuity is uncertain within a &kl skl o sl ¢ LGl 3 e
few mesh sizes. In contrast, the

hock-fitti el
advantage of the shock-fitting 5 (shock-fitting)

method is
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(conservation form)

[Wendt
et.al.2009]
, Fig.2.9:
Mesh for
t%le. shock- Doo, Do
fitting - Moo.->1
approach
Initial
data

line

that the shock is always treated as
a discontinuity, and its location is
well-defined numerically.
However, for a given problem you
have to know in advance
approximately where to put the
shock waves, and how many there
are. For complex flows, this can be
a distinct disadvantage. Therefore,
there are pros and cons associated
with both shock-capturing and
shock-fitting methods, and both
have been employed extensively in
CFD. In fact, a combination of
these two methods is used to
predict the formation and

approximate location of shocks,

Shock boundary
conditions

[Wendt
et.al.2009] :

: 2.9L}§~‘J\.

4w Ll del2])

Body
boundary
conditions

¢ drbine BT Lo Loy weaall el Of
ey Al AU e JWl ely Ladsa
Joa e O o g e el ¢ 23
5 et Sl po5 ) Lod o
s 0,5 0 Sa ¢ ddine wlibad L Lasas
Slaboy ololg) dla ¢ Sl ol Ll
LUl opsle¥ IS dage slow d> e
Al ed2ll o (shock-capturing) dsdizll
e omse¥) pasaals ¢ (shock-fitting)

Pl 4 ¢ @3l (3 LCFD (3 aly Slas
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and then these shocks are fit with
explicitly in those parts of a flow
field where you know in advance
they occur, and to employ a shock-
method the

remainder of the flow field in order

capturing for
to generate shocks that you cannot

predict in advance.

Again, what does all of this
discussion have to do with the
the
governing equations as given by
Eq. (2.65)? Simply this. For the
method,

conservation form of

shock-capturing
experience has shown that the

the

governing equations should be

conservation  form  of
used. When the conservation form
is used, the computed flow-field
results are generally smooth and
stable. However, when the non-
conservation form is used for a
the

results

shock-capturing  solution,
flow-field

exhibit

computed

usually unsatisfactory

(wiggles)
upstream and downstream of the

the shocks

appear in the wrong location and

spatial ~ oscillations

shock wave, may

the solution may even become

unstable. In contrast, for the shock-
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(conservation form)

fitting method, satisfactory results o L ssle ¢ Al Zatall ]Ljy . J;.LE.U
are usually obtained for either

form of the equations-conservation JaT e Jg“:‘ Lﬁy e Cu J" ‘J)“"L‘
or non-conservation. Abind) b of baindl sl
Why is the use of the conservation form of the equations so important for the
shock-capturing method? The answer can be see by considering the flow
across a normal shock wave, as illustrated in Fig. 2.10. Consider the density
distribution across the shock, as sketched in Fig. 2.10(a). Clearly, there is a
discontinuous increase in p across the shock. If the non-conservation from of
the governing equations were used to calculate this flow, where the primary
dependent variables are the primitive variables such as p and p, then the
equations would see a large discontinuity in the dependent variable p. This in
turn would compound the numerical errors associated with the calculation of
p. On the other hand, recall the continuity equation for a normal shock wave
(see Refs.[1,3]):

Pl = poUy (2.67)
From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as

illustrated in Fig. 2.10(b). The conservation form of the governing equations

uses the product pu as a dependent variable, and hence the conservation

form of the equations see no discontinuity in this dependent variable across
the shock wave. In turn, the numerical accuracy and stability of the solution
should be greatly enhanced. To reinforce this discussion, consider the

momentum equation across a normal shock wave [1,3]:

P, + pul = p, + p,u’ (2.68)
As show in Fig. 2.10(c), the pressure itself is discontinuous across the shock ;

however, from Eq. (2.68) the flux variable (p + pu®) is constant across the
shock.
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[Wendt et. al. 2009],

Fig.2.10: Variation Flow ”
of flow properties —
through a normal H ” 2
shock wave
o}
o i
X-'
gicf
b -
, X
C S
X
(p+gu?t}
x
d Py

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in
the conservation form given by Eq. (2.65), we clearly see that the quantity (
p + pu?)is one of the dependent variables. Therefore, the conservation form
of the equations would see no discontinuity in this dependent variables
across the shock. Although this example of the flow across a normal shock

wave is somewhat simplistic, it serves to explain why the use of the
68



\ References p=!,s

conservation form of the governing equations are so important for
calculations using the shock-capturing method. Because the conservation
form uses flux variables as the dependent variables, and because the changes
in these flux variables are either zero or small across a shock wave, the
numerical quality of a shock-capturing method will be enhances by the use
of the conservation form in contrast to the non-conservation form, which

uses the primitive variables as dependent variables.

In summary, the previous discussion is one of the primary reasons why CFD
makes a distinction between the two forms of the governing equations-
conservation and non-conservation. And this is why we have gone to great
lengths in this chapter to derive these different forms, and why we should

be aware of the differences between the two forms.

References | ga/0 2.9

Anderson, John D., Jr.., Fundamentals of Aerodynamics, 24 Edition McGraw-
Hill, New York, 1991.

Liepmann, H.W. and Roshko, A., Elements of Gasdynamics, Wiley, New York,
1957.

Anderson, ].D., Jr., Modern Compressible Flow: With Historical Perspective, 2nd
Edition McGraw-Hill, New York, 1990.

Bird, R.B,. Stewart, W.E. and Lightfoot, E.N. Transport Phenomena, 2° edition,
Wiley, 2004.

Kutler, P., “Computation of Three-Dimensional, Inviscid Supersonic Flows,”
in H.J. Wirz (ed.), Progress in Numerical Fluid Dynamics, Springer-Verlag,
Berlin, 1975, pp. 293-374.

69






G,b 1 (Incompressible Inviscid Flows) dx 5] ¥ dbblasil X ul w3
Source and Vortex Panel ) dol g3l ¢ gull @l )bgo wle taaino dylus
(Methods

S 3.7
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8dezns &yl 3 b (Incompressible Inviscid Flows) : &3 Yo ablazil ¥ ol
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& V) VV oY 5 .(V=const. ) cub Lyl g2 Pl g2l 1 (volume) w2
PSS O s 0Ll e e il sian) emd i) (K (38!

(3.1) VV =0

v JI s NABLA-Operator aesls idle 2 9 gradJl s» s.gradient
L 3hlse 3 S U o ¥ Lol (fluid element) wfle sadd) 136 1ds )
13U . (irrotational) (3)s> ¥ o (flow) OLydt 1da JLLS (streamline) lwsY!

oo — (potential) Ju;55S (velocity) as ) 18 s O oS8 ¢ ) oy g5
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(62) V=V¢
8 9¢
medg— Vo [ 2 | o= [
% &

tdl e (32) 9 (3.1) slae OV Liaa 13)

%) 5T gmbe il -2l e 3k Anderson 1991 (
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V.V$=0

4_9\

V=0

(3.3)

i gyl 3y5g2ll OY3lal) U ((Laplace’s equation) Laplace dsles o (3.3)
(mathematical physics) &2l )l &yl Ji & T

i3 Y 4 (incompressible) dblazl Y (flows) cml O 5 (3.3) dslas oy
.(Laplace’s equation) Laplace dslzg ri-ﬁ (inviscid)

(linear) 4= & (Laplace’s equation) Laplace dslxs o

oan oo (added) 215 O (S5 (3.3) Wolad drogas Jol> e sue IS U
AT e e

& 9 (incompressible flow) 619\&@\ 28 Ol oo B del) 2alls (g3 1
20l

(incompressible, irrotational flow) (3193 ¥ 5 Jblaail & Obud dire oS5
(elementary flows) dwslul o (synthesized) % 0 o

VJ‘B’\J géj‘ (elementary flows) dwslo! Cmludl j2e A sla o) buw Jub
.(Laplace’s equation) Laplace &Jslxs - (satisfy)
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8dezns &yl 3 b (Incompressible Inviscid Flows) : &3 Yo ablazil ¥ ol

(Source and Vortex Panel Methods) &/} @J\ lbse Je

Uniform flow el O )

Source flow kel O )
A
=—1Inr
¢ 27
Vortex flow dslgdl Ol e
T
=——0
4 2

In [Wendt et. al. 2009 ] there are two methods described which use these

elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source
Panel Method

¢ Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex Panel
Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings
Below and Above Stall” is described.
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Equations)
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Dynamic Equations)
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.(linearly) [WESEWS
U271 o) & 5555l SNl o) Lo a4 (viscid flows) aempll el
s b5 LSy (second order) L) amyl) 13 o AV L3l old olazzll

.(linearly)
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Ysles 0SS o L ddes i)l oVslad Taws Lo (system) EHPESUSSIWSY
s pomd s Jle pa o)l e OB L el am (3 Leeeds WS 0L,
tolsl 3lsl) das aidh N slal

(4.12) al@—u+bla—u+c1@+d1@=f1
x oy x oy

(4.1b) az@+b2a—u+c2@+d2@:f2
ox oy CoX

.y 5 x (functions of) J <Vl caldl wladl 2 Vo5 u Co

Y 0SS 0l gk f, 5 a,8,,0,b,,¢,,C,,d,,d,, f; (coefficients) falell 4

-V 9 X,y,u J

il oda I a (Slal=! ) bolas e o Bge3 . Xy g & BhE ) ind
(indeterminant) 5342 & 0S5 Vg u (derivates of) J wlizidl s (darg O))
.(discontinuous) dzkize 055 &, Lape o (Wl ) bobdl oda Jsb s
.(characteristic lines) dwailadl bgldl o5 bl sda

Quasilineare partielle Differentialgleichungen 2.0rdnung mit zwei unabhingigen
Variablen konnen in drei Typen unterteilt werden: hyperbolisch, parabolisch und
elliptisch. Diese Einteilung basiert auf Eigenschaften von Charakteristiken-Linien,
entlang welcher sich die Informationen iiber die Losung ausbreiten. Jede derartige
Gleichung hat zwei Sitze von Charakteristiken . Die verschiedenen Eigenschaften
der Gleichungen kénnen verschiedenen Stromungstypen zugeordnet werden. [3],
p-20
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N L g RSN c@-‘j{i\
5 oxy Gyl 3 (data) Ly el I o Gl st € 2 (el g
z oY @ s UL
o£Y! , (inviscid supersonic flow problem) =3 ¥ sl Gsdll 0Ly Sl
.z oY Ly 065 Ob,dd ale
:4.2 S
Domain and) 3¢ 4 i
cldll sl (boundaries

)

sl Y5 el Ol

(Three-dimensional steady flow)
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Fluid 515l Sl oYkl (Mathematical Properties) &2l )l olus sad)
c p
Dynamic Equations)

.(Unsteady inviscid compressible ﬂow) @) Y G‘a\a@\ s Ob

il B e p Bl SVl ol S 51 ol s n o) Y Ol i

) (subsonic) @ sall ispm Z (locally) Wi oo 0Ll OSTI3 L TR

.(marching direction) <led! oL} g2 =341 Lis . (supersonic) sv s

Azl I ol ¢ dly ey e o S OLUIP) Gspeld e ot SIS (3l (
4.3.

G pailad! e Gl Gp i) allll) azkidl » P oaleadl U aikd) (o2 5

W x st dsb e a9l e dmdll o sa b Jold) 5 P Ss e paas

P ikl 3 L ale doze

4.3 JSa!
YA J:- J:,-‘ o Jj.l:l-\ 9 (Domain) JL&‘
One-) d>ly da oo piie Ol )1 ol

.(dimensional unsteady flow
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Sl Sl e 5 54 Alolidl S¥slall e ikl Sluss plell S,L)

(oy,t) Gsndl 3 P akeddl aad ((two-dimensional) slaY) L;LJ\ f) SO ]
" oy Satead) 3 89,2l adgV SULIL Ty 44 ISEL (3 e s LS

(time) <3s)\ (3 LY ) (‘marches’)

4.4 JSC2)

Two—) sl L54‘\..3 el e 0L,

(dimensional unsteady flow
Parabolic Equations / 4;8l<o gbill odsleo 4.4.2

oo bl IS e 35 xy Gped) 3 P akadl ke Slaglal) asISU abadll SYsleal
Aly st Lo ) & G A5 SN B pgern 58 1A P e sl B ) (gnld

P oakadl M e
y o) e 2pidd byt Sl Paie JH gas S5y sl 5 x 521 O o i
(N & S wldll SV gl bl a e x s 3 s e Yozs cakal
= (boundary conditions) &3g4d! by 2l Tes ¢(‘marching’) "spms’ sl

pldl oY1 (3 Spns” pe OL N I > e Jgad) oy g x el e ST b

. X
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(Fluid & s lslys Yslal (Mathematical Properties) dwel ) < luws s
Dynamic Equations)

JSadnas

eSS abadll SNl e sgad) g JU

)parabolic equations) pie 3 (in two

dimensions .(
Ssie — 23 Vslas e (reduced forms) ziz JISCa) s (&Sl WSl 3
sler¥l bos Jald & 131 o3 wbadll g g5 e Sobe Jf &l (Navier-Stokes)
oF Yol ol 3 x U dedl wlaall s ok & (viscous stress) o)
“parabolized’ ) ¢ S k) (Navier-Stokes) wSsiw = 290 Yalall o fast
san oo deds ox ol (3 sl ) e J> =& & «(Navier-Stokes equations
S5 =gl SVold (2 e Ly g x el Jsb e Lede (ol olaal)
iak)l oV¥sles UV 635 LW (Reynolds numbers) Jsx, 314sY (Navier-Stokes)
a b dab)l oda Ju g, > & (boundary layer equations) ;44!

45 IS @ S akadl ol 25 (boundary layer equations)
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Sl Sty e s a8 Alolid) Vsl e dkdl SLosU el S50

(elliptic equations) 8Ll gloall w¥sleall 4.4.3

bl tie Sloglal) (asll abadll NslollP gl 3 xy bW S e Sy
) Jeadd s 2 Yidomain M‘ Q3 oyl oda sy (4.6 Jobotes I (52 s
) [Sedirectangular. (

JQ}J\; 4.6

)two dimensions.

O (@il sl Vsleold Labed 2L spad) bs Ld Ll Glae ga JUE1 L
90t Lo Sl Pakadl e 4 Loyl 5 (J8) 3 bl 7 Lo 5 Pl
JH pl) pe aly OT 3 P oakedl e | pl) g | Labed 33k (boundary)
4Ll Joldl (“marching’) " o ksl 8 OsSG la LJLE bls St

2SS il g 1 b)) o Ysland)
((subsonic) sl 2o 095 e s sl ((steady) culdl Ll allll Sl 3
IOl oz Ll s a3l aladl) ¥l 3l 5o (inviscid) o) V)
$3tws (Mach number) #ls sas Uk a2z 1) (incompressible) Plrail

boundary ) iylddl bg i)l ki st copbedl e glgN1 odd AN
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(Fluid @l lealys ©Vslel (Mathematical Properties) &ob ) <lio g2l

Dynamic Equations)

JS" 3 (Flow-field) Obd) Oldss > 5 Ol udl SalS” lod 350,340 (conditions
Lis | 0Y ((simultaneously) cdgl i (3 ads Jﬁaj‘- Ol et Ol (3 b

byall by ) it 46 Sl o o ooV LA IS > Lo 35 diee dbais
&Sk (boundary conditions) &yl b i)l eds aduSTL abed Jlad) s a,lud)

Jsb e v 5 u (dependent variables) i) ol padll 1,04 3l JIKaY) dsb o)
.(Dirichlet condition) ckiyps byb end dpladl b i) e gl s IRES

OUIOy s o uamldl lazadd (derivatives) <lizil) (specification) A<

Condition) Olags b o aylud) by 2l o th\ s lud) Jb P

.(Neumann
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Sl Sl e 5 54 Alolidl S¥slall e ikl Sluss plell S,L)

ol yoey 4.4.4

a5 aloladl oYaladl aad Gl IS o (Il s 00K Bl M o
ol (parabolic) + 3N —d, «(hyperbolic) L3 el gl e ddad| (PDE)
elliptic) 23\

colol sl Cusm bl b
Well-Posed Problems / sy Ky Slaall 2,b 4.4.5

J= dl Jesdl Ol am (3 Jed) e sn a5 aloladl Vsl )
25 3l pS (boundary) 4l o (initial Conditions) 4 g b 9 )5 Jlrzal
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Fluid x3s4 Sl @Yslel (Mathematical Properties) awol JI <ol s
c p

Dynamic Equations)

USCan By 2 A L (3)950) 2815 il U1 Bole (o055 AKad) " b epn” Slae 2L
sAsp g Bdgmse A Adoly Wbl M OB L WS ae SKay g ks
ASall QWL eVl aluds byadl e jhazal dezs |4 08131 5 (unique)

e Sy By lae 0SS
gl 4.4.6

[1] Aol )y giin c(g.«:;iﬂ Sles Lga s taa ) a5 alolad) Vsl ()b,
2005 sladl ¢ jlasd N

[2] [Wendt et. al. 2009], Chapter 4 (Mathematical Properties of Fluid

Dynamic Equations)

[3] Ferzinger, Peric, "Numerische Stromungsmechanik"”, Springer-Verlag
Berlin Heidelberg 2008
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(Discretization of PDES) du 5ol alslill oXslea 55,85 5
o 355 b Ogeal) (laes

Chapter 5 (Discretization of Partitial Differential [Wendt et. al. 2009],

Equations)

S 5.1
Wl Jand (PDEs) 454 alolidl wY¥slah (Analytical solutions) ads Jsl>
Jie! Js (dependent variables) an Wl <l pazeld ol pad) Joss &) JSCadh i
ol Jdb ells se @las (continuously)  etews sy (domain)
& (discrete points) dkain bls s ot of s (numerical solutions)

(grid points) &l bl ewd 5 (Jais 1)

L 5.1 JQ&J\ sl Ax
é.l.,aé.;l\ M\ . | SRR |- .
TSI 7Y T+l j+1
Ay
ity id Tty
O o
i=1.4-1 1,1 1i+1,-1

xy sl @ alain 808 e g (5 BT JSa 3 B JU e e

Iag ¢ Ax Leadds gy o(uniform) d>Fe o8 x old) (3 &) bl dels OF o i



(Discretization of PDEs) 4554 aloladl Vsl 5 &

JS2I 3 Gn 58 ST Ay Lo gy o(uniform) 25y Wil oy oldl (3 deld)
ot bl B 0B (s ey Lpili DU Ay 5 AX ple S 5.1
uniform ) d>ge dela il Ao asde Jol> e ssks  CFD wligkd)
o) il pas () a2, 1S as ) ke e OY ol ST 3 (spacing

ST Ble s Jamg (ysmlh
¢ (physical xy space) Supdl xy sLadll 3 &as Of g Y gkl seldl Vs
numerical ) 34l Sblud) £9 « CFD 3 0LV o w5 (3 U g8 LS
A5l g &) J5dl (computational space) glwd! sLadll (3 (calculations
transformed independent ) s> alizdl el 3 (uniform spacing) A>se
& (non-uniform spacing) 44 & dell & Bl ) Ny ¢ (variables
aeldll o W) Jad) Ma & (b f (3 (physical plane) Sbpd) syl
B glus 3y9,20L wd oSy ((coordinate system) S alladl olZ1 ST (3 Al
el e Ay g Ax dsae TV YIS (equal spacing) sl
8358 3lgludl a8 Lo Ax 5 Ay LSS OF ()90l oo o) s -9 (constants)
ox o) (3 aag 1 (index) ek Wy 3ad bl wad oz 51 S )
ibid (index) ;330 55 (i) O3] (JWby .y old) (3 dxe sl j (index) ;5549
Lo eI abad odag ((i+1,§) BL B P ope Jo abaidl ¢ 51 JSadh 3 P

VA1) o 8ske
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

JWby « CFD & mwly SUai e (finite differences) 339421 3 dl) day b piserns
finite ) 8394 B all adladl BLA Je Ladll s (Bas ened e
.(differences

partial ) 453 wlaall Jlazel ea (finite differences) 3948 39,4l danls
governing equations ) a1kl SIS Gl Vsl (3 gl 2l (derivatives
«(algebraic difference quotients) &t leguioll 3 J; & .(of fluid dynamics
> S &) (system of algebraic equations) ! Vslakl oo allas mezy
L) 0Ll (3 o) sl e inall L (3 (flow-field) Ol md! Ji> ol il
k) Sl 33 o Jam s Sl OV x5 Byes (5.1 US2) (3 mdge 5o
(discretize) j,ad pdswins S e S i (algebraic difference quotients)
.(PDE) a5 aloladl ¥l

Elementary Finite ) 4uilsi/ & 93>0 § 4/ loguibo liisl 5.2
(Difference Quotients

el e (derivatives) wlizil (Finite difference) 355! &4l | o5k
do w13 (JWY Jew L (Taylor’s series expansions) LU abls olews
velocity) as ) Tbl ,(i,7) & (3 (velocity) 4s,.l) x (component) &

ty J - Y P
Al Sl r abl ) SLLY e f OF (S (41, ) Aol 3w,

QW sl e ((, §) i) Jg~ (Taylor’s series expansions)
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

ou y u\  (4x)? Pu\ (Ux)3 5.1
U=t +|— | Ax+ +|— — - 5.
i+l S VR i ox2 i 2 ox3 i 6

I3 W o8 B3 e Loy a (5.1) abll)
S A 5 ((infinite) WY (terms) &sb) GBIV e sas (1
«(converges)

Ax— 03] 5 (o
Y osae Jss) Sl e ab «(numerical computations) &sds)l oblusl
i gbis 0S5 (5.1) Wslall (U L(5.1) Wslll 3 (terms) UL o 4 o
order of ) a1 Aad Al )l 21 LY Jald o 13 WJW L e (truncated)

: 4l 2 (5.1) slall ((higher order) Y 57 5 (Ax)3 (magnitude

2 2
um,jzui,j{a—uj Ax+[a—uj M ................................... (5.2)
i ij

X J; . ox’
&3y (second-order accuracy) Bl e W A5 3 2 (5.2) Aslall O 5B
Led 13 ST 6 eV 5 (Ax)® (terms of order) il 2 ol oy

Wolall oo ot | LSLG%“ 5 (Ax)? (terms of order) «yll L;sb\s)\ bl ey

«(5.1)
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

ou

Uiy j = U +(8_\) Ax
Y i

L ((5.3) 5 (5.2) <¥alall 3 Bl e LY am )l e s (5.3) Wbl Eom
;£ & (truncation error) g LY lox |u L;&‘ys il s auol N O LY

(truncation error) §Ue3Y| W JW) Lo Je . (finite series) 53942 alulol|

t 92 (5.2) Wsleadd
= (o"u) (Ax)
;(ax” ji’j n!

: »¢ (truncation error) g LY Uas ol s

sl (¢! (Taylor’s series) kG aluls 3 (terms) &zl )l SLLYY o il s (0
i Jof 3 (accuracy) Bl s5re gLl ] 535 148 .(5.1)

AX p u&& (<

(Ou/Ox )ij J L 5 ¢(5.1) Wslall 1] 5405 Lges

ou Ui U GPu\ Ax  (Pu\ Ax?

Truncation error
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

. Uis1i — Ui
(ﬂ) — M—k()(d.r} (5.4)
ox i Ax

formal mathematical ) L;Lﬁ‘iJ\ 2 el or O(AX) 50y (5.4) Wslall 3

J adb (of-order-of) il @I5 (terms) a2l 394> Ji¢ sl (notation

1Sl il 3 @udx) riall oY) olEVL ABy B Byle » (5.4) Usladl L Ax

0. ds) s> S5 (i, )

Blaled) " a5 Lo (sl ) ((5.3) Wslall e s ST a5 s (5.4) dslall
gl o n (55 (54) Wl (3 ¢ "(approximately equal) Ly
O 9d I8 0 e Ky e J}« (truncation error)

&b} < uing J (Taylor's series expansion) /b dede sy 86 OV Lges

Ui ‘55&

¢ Engl.: first order forward difference expression for the derivative (du/0x) at grid
point (i, j).
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

ot Pu\ (=4x)?
-1 = Uy +| — —4x) +
i1 j = Ui (c').\)j)j( Y) ((’).-\‘2 )i.j 2

Pu\ (=4x)3
+ - + ..
ox3 i 6

or,

du y 0u\ (4x)
=i~ — ) Ax+
S A TS A V) S

-)3‘ .113
—(‘ ”) o, .. (5.5)
i

ax? 6

A Wos: ¢ (Qu/dN) J ek

; Ui — Uil
u) T oo
Ox i Ax

13 (i, ) B daidl 3 Eu/dx) il Y1 oAV 48y 5 5)Le (5.6) slall
7.&)\ 4>y

- (5.1) o (5.5) Walall (subtract) ks OV Lyes

7 Engl.: first order rearward difference expression for the derivative (Ou/0x) at grid
point (i, j).
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

) Pu) (dx)
Hi+]_j — ”i—l,j =2 g Ax+ (—” { :) +
X i ax3 i 3

e et 5 Qudxyii J (5.7) dslall £

Ox 2Ax

du Uislj— Ui_1; R
i

Goryd I3 (1, §) RSS! &) G Qu/dx) il 45500 4392 3yl (5.8) dslall

8 agt

ij ;.U (62u/6x2)i,j L}L:J\ L;?I;\ M JjJéSz\ s %J\J-\ SJL.;J\ L;Lc JWU
sl gb (5.8) @slall (3 (order-of magnitude) el ez L5 of

@ _ MirjHie1g d_3u (d.y)g o (5.9)
dx i 24x 9x3 ij 6

e et (5.1) @ (5.9) Wslakl Jlasaly

8 Engl.: second order central difference for the derivative (du/0x) at grid point (i, j).
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

Uig1j = Ui +[

Ui+l

24x ax3

+(82M) (A.x')2+(@) (Ax)?
ox2 i 2 Hx3 i 6

otu)  (Ax)*
+|— +

e bet @) J ddl (5.10) Aol |

i ;—.‘.fi_],j_(ﬁ?'u) [d.\')2+
j

(5.10)

({JZH) Uil
a.2 -
0x~ i

- Zui,j + ”i—l,j
(Ax)?

+O0(Ax)?

(5.11)

second-order central ) &6 dyd 4o (SS,b GU\ 3 el o)L..c«

(5.11) dslad

G4l el (i, ) sl abss & (u/dx?) (derivative) sxiwd) (second difference

s Gl i bl edn Lede J-.a.f- y o wlil (Difference expressions)

_ Uij+1 —

d-u B
r‘).‘.z ])J B

ﬁ)xuw

)+ O(Ay
Ay )
i j— Ui j—1

y + O(dy)

U j+1 = Ui j1

+O0(4y)?
24y ey

- Qh'i.j + Ui -1
(Ay)?

Ui j+1

+0(4y)?

Al oY¥sled) Ll e

Forward difference

Rearward difference

Central difference

Central second difference
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

skl (central second difference) W (g;Sh 3,40 OF LoD O plaxad pill a9
(forward difference) L";LJ B S s S (5.11) Wslall 3l o JUEll o e
(rearward differences) s)sl) 3l 3529 xs ¢ (first derivatives) Ja¥ Szl

(L €O ol Jegitld Lbolanl 15) (first derivatives)éjgﬂ olaell & dedsand

a P
(qu) B [ d (r_'?u” N [ﬁ)m,j _[ﬁ)i.j
ax* i ox\dx i Ax
Fu) [(”i+l,j —Hi.j)_(”j.j—”i—l.j )] 1
ax2 i - Ax Ax Ax

) E
OCu\  tivrj— 2uij+ Uiy
) N
i

(5.12)

(Ax)?

s .(5.11) Ukl Jzs (difference quotient) 3,a) ol i & (5.12) doles
(finite difference quotient) >34t G,al Jol> de vy Al 2audidl i pldsezal

e el Je () 4k 3 (@u/dxdy) (mixed derivative) dlakul) olizial)

cJel J.:M

Tu_ 9 (o (5.13)
dxdy  ox\dy

Sliidl o & oy cyd i) 5 345 xd sl CsST (5.13) Aol

. (Central differences) 451 & ,3-5\ J§»"~ &3 Ll yJ
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(Elementary Finite Difference Quotients) &4z 85942 34 leguin Blax)

Pu 0 ({Ju): (?Tz)iﬂ,j_(%)i—l,j

dxdy  dx\dy 24x

12

O“u Uit 1 j+1 — Uit j—1 Uin j+1 — Ui j—1 I
dxoy 24y 24y 24x

9u 1
N ~ m(”iﬂ.jﬂ T U1 j—1 — Ui j—1 — Uiz j+1)
or

Pu ] ( |

. = Ui jer T Uiy o1 — Ui j—1 — Uiz j+1

dxdy i dAxAy T o o o (5.14)

+O[(4x)2.(4y)?]

M (derivatives) coliziadl (65 ) Go o ) Lo Jsuad) Sy
ainldl .25 s (higher-order derivates) Js¥) Cill wld wlazall e Sl
e L5l (difference quotients) 30 Jeols= ST o dpiall faie Jgid

45 544 S\is)

Anderson, D.A., Tannehill, John C. and Pletcher, Richard H., Computational
Fluid Mechanics and Heat Transfer, McGraw-Hill, New York, 1984.

¢(boundary) 55| e g 3L

ONL 04 (differencing) 8,40 e g5 ! S(boundary) >9d1 e uz b
seddl o deln @l BV (o) b iad sy ol V) L Ol

¢(boundary)
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

Y

S e il b 152 J&.ﬁ\
3l e 1 8bAY ma 9dd) e i g g (5.2 IS el JU fe o
3944 345 2Ay 9 Ay (distance) Blus 33 92 L 5 390 e 055 (grid)

9l e 8301 Gl dudy J el iz O) Ay OY)

LS” (forward difference) @b%ﬂ Gl oy gnd) pad

(du) _ up—u +0Uy)
1

Ay

J st LS uufcuﬁ .(first-order accuracy) .U L}jy‘ iyl e < L"éj‘

¢(second-order accuracy) Bl a3l am) ) o & ) dmzdl s

&Y (5.8) Ul Qs L«f(central difference) gjgn S & 25 Ol Cly ;N

2 abeidl 52 . JSa 32 il 3 poge a LS el (55 et by
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(Elementary Finite Difference Quotients) &5l4x) 85942 34 leguin Blax)

Su s olagds T Ligas L) s ((computation) ol wd Bl o

Ladead) ol

Uy =U, OF (o1 Moo mombo 8 Jgldbl o el Slia ¢ CFD (e 151 ALY 2
¥ (oYU Les (3 (reflection boundary) w&uﬁﬂ S boadl e ey
UL L8 e T S 0] s b 329 b (physical sense) $ole sas
(finite difference) 3942 33 Jo sl LiSs (a8 (g5 350 lgund) 1 e o
¢(boundary) 3¢\ e (second-order accurate) i3l (3 a5l il -
S B ot iy 1 Tl g ly s
(polynomial) 34} sdazs axs s O - S& u (boundary) 244 Ol ﬁ

u = a+by+c > (5.16)

d) s 5.2 ISl 3 i) bls S alolal) ol Lad 13)

uir=a

uz=a+bAy
+c(Ay)?

us=a+b(2
Ay)+c(2A

yr
1 b J &b (system) pladl 1is (solving) Jos

=31 +4ur — w3
b= ———- = 5.17)
’ 24y (
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

:dl b (differentiating) Alolilly ¢(5.16) Aslall I s4e

ou

(evaluation) I ™ =b+2cy (5.18)
ay
seddl e (5.18) aslal
Ly =0 S (1 3k Le)
(“i) = b (5.19)
av ),

tbe et (5.19) 5 (5.18) wVslall o el any

(r-‘?u) _ wtduy—uy (5.20)
1

ay 24y

Taylor’s series ) JLU Al g & s (5.20) Aol Bl L5 LebY

.1 kil s> (expansion
ou Fu\ ¥ (Pu) VP
u=u+|—| v+l —=| 5 +Hl—=] =+ (5.21)
Y)= (6_\‘)1' ({)}*)l 2 (6_\'3)1 6

4! (polynomial expression) 394l siatll uadl L(5.16) 3 (5.21) < ¥Yalall 06
AL alde 3 olblbas &M Jf aldsaal ol 58 (5.16) Ualell 3 olis il
gkl WSs 3 .0AyP o 2 (516) Wslall (JWby . (Taylor’s series)
(5.20) Dslall lagt ) oY) ¢ Ay o oliand £ ((5.20) Wslall (3 (derivative)

tk LS(5.20) sl SS of (Ks JWby O(Ay )2 g5 o
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(Basic Aspects of Finite-Difference 394! 3,4l V¥alad dnli) Cilgr

Equations)

~

(f‘?u) _ Dty oo (5.22)

av ) B 24y

second-order- difference quotient) &> -0 23U &yl I3 3,40l Lol> oa Iday
G s (5.22) 5 (5.15) cadslald WS ae sy LS (Ul sgudl e (accurate
A\ (derivative) il o p wy «(one-sided differences) A=y —ilx e
d-lg ol e e g\ il olpag 2y cﬂzm b s ki (¢ (function)
one-sided ) d>ly ilr e I el WS Ko ikl eds e e
dl ails) bl alasaal cldy ((accuracy) B o wlmys Lol (differences

394dl - (one side) 41y ol

Basic Aspects of Finite-) 3gasal/ § 8/ & Xslea/ duull ciiles 5.3

(Difference Equations
pldswsl s CEDJ) (3 (finite-difference) 3394 Ga) @b o Jsh> o s
wlaall Ju 5.2 e 3 el G (difference quotients) 43,41 wols gl
& =zl (governing flow equations) &l LIS dw W Vsl (3 454
(system of algebraic difference equations) 4> 433 Vslas o degbis

(grid) 3zl o0 4ok |S7 3 (dependent variables) sl ol pazel

(a difference equation) &, aslak awleN Colsdl o pydiw (oW s (3
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

dependent ) GL:S\ gl ey ol Les PSR LSJ\j AU A dsedl Walell jue

.t 9x oy (function) Vs 05, s (variable

o _ (5.23)
ot Ox2
S8 B Hlin ud Wiladle e il M oda 3 ¢ ol Sgd o) alslald oda Lt
ARW-R e (flow equations) Oyl Y¥sles & Jeadl s b o Lede Jsnd
(parabolic) t 3 xbill 55 oo 2 (5.23) Bslal
AL ) Gyl (5.23) Wslall & (time derivative) <yl stin Jldaul Lud 13)
a5 (55 BVasl s (spatial derivative) L}\-{l\ i «(forward difference)
AW ased) )
b e TR .

finite-) kelS” 5942 .40l Uslak (truncation error) glasVl s oo L :Jis
¢(difference equation

truncation ) ¢Ua3Y! elbos] =2 IS 11y (5.24) 5. (5.23) <Yl =
cy'éi (5.10) 9(5.4) =Ykl -» (difference quotients) &,4! Lels% abs Wl (errors
g

: a2 n+1 _ ..n n _ A,n n
. H*u G u (u, | 2”1 +ul )

gt o2 At (Ax)?
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Equations)

original partial ) oYl ag adolad) dslal) dla (5.25) Wslaadd L)l il e

2o A AR (102
(equation +[_(’) ”) £+(0_”) (4x) +} (5.25) differential

s oY) U dey ¢
o4é (finite difference expression) 53945t (4l cxm 3y J V) el
s

s\l (truncation error) &M’ﬂ\ Lo &[] e A3l (3830 wldlaall
. O[At, s» (representation) OLJ! |44 (truncation error) g LY L aS)
(Ax)]

aloY) adlolad) sl s9lus (finite-difference equation) 3948t 34l Aslas |a
Sl @l YL | L.a.b i b sae 13| (original differential equation)
SAt — 03 Ax — 0 s

a2l ) cady (truncation error) §UazY| Wos OF > ¢ (5.25) Walall i
ol dslall s B> Cpa5 (difference equation) <MYl Wslas g
AN

finite-difference ) 83945t 34l Ol o) J& (JUH s lda Ojir, Lekis
Gwlzs (partial differential equation) 453 4loledl dslesd) (representation
.(consistent)
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Siads) Lol e Slss (3 (‘marching’) ' ped! J K JxU (5.24) Aol J=
Vsl ol e de v (marching solutions) sl Jo> O 4.3.2 CE-B—U o

.((parabolic equations) ¢ 3\ —
(ool o i am 3 x :}Q (dependent variable) sy FEtIUNG TRV Y T
6 BT (65 ((5.24) sl =i 5 .3kal) (initial conditions) &dsY) 2 L
Jsad! -Ss il ods o upt say (unknown) g ms 6 laib d>ly ae s
dbgal cﬁu‘ o 5ale (t+At) <34l & (dependent variable) ng\ ) e
dg,all i)l o Sl Lgsle Jsadd o 4l G5 g ot <30 3 (known results)
C;a\jj\ J.imlb 5392 3 4l J e Jle sa Vs Lgpn g g, up (known values)

(explicit finite-difference solution) fw_hl\
original partial ) ako¥ asd) aloladl doladl ) s olas Jis” LGl
S MY S 3 M o L (5.23) sl Lgzedd & (differential equation
(average properties) il ol=lbag o Uf&\ il s (spatial differences)

s ey (n+1) 9w

T e R P N
i+1 i i i—1 i—1

1
At 2 (Ax)?

JSEN oy (5.26) Aslall 3 o) (differencing) MusNI e i) sy
.(Crank-Nicolson form) 0slSG —&b1 S|
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Equations)

terms of ) &gme laS pe baib wie S Y unt gl 8 (5.26) alall il
e Lo s = umi seumi,un TN Oyl ikt (3 (the known quantities
A g ut s g — el Ol A 3 b g By nb oS

3 oS Y (grid) 82 (3 i s 1k Lie (5.26) Aolall lai OF Wl 131 ¢ Ll
Ol g (5.26) Walall (3 (o Yoy cumt J 1 Lo Jgad) 813 02 kil ol
system of ) &pdl SVslall e pllss Ul (o35 L Sl bl mon (3 2550 055
el u-<‘* 9 C"“"L u! (unknown) Jsgst! 05 (algebraic equations
implicit finite-difference ) 2945 G all gouz J> e Jlie lda L axly g (3 AW
iod! k! SVl s (large systems) 35S olod > xs &L,J &Y .(solution
iaez)l Gl dsle diliss (simultaneous linear algebraic) 4>ly <ds (3
.(large matrices) 35l Sbsiall Cedd! (3 (implicit methods)

i) (disadvantages) <lludly (advantages) <lelgN) o >se &lﬂ Lasd s
el b el

(Explicit approach) ) e (1

(program) z+b» (set up) L5y Luwd Lors :(advantage) aol%! (i

At 05 Ol g cnms Ax J eodlel JW das Lo :(disadvantage) duled! (o
S (3 (stability constraints) 21 353 o &5 & (limit) 39! o e sl
Iy ((stability) iz s blisl 2,6l ales At 05T O st (oYU
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Sbles slxY hsb <3 (computer) SseSd Lais ) on O Ss
ot Ol e dime 378 (s e (calculations)

(Implicit approach) ol gl (2

JWby ¢ At o S5 SV A (stability) LaeY) Je bl Sa s (1
37 (s Je (calculations) dulwd! olleall fad e ‘_}ET Cdy Olshas alisaul
(computer) el 2 31 [P Sl ol b oo Aims

(program) gy LY i ST . uel (0

Byee ale Sy s (massive matrix)ieseall Bsiall, CeM O & 1wl (=
ae oS oS ST aa g ssks 1S3 SeneSl By 3l e Bsbes ST
(explicit approach)cg ol el 2

plszaly (truncation error) xS T gUasl Uasy ¢ 358" At 31 S w1 L i) (3
Olpazal) C3l OlMsl) sad) el anld (implicit methods) aews &b
explicit el medlS” 4ids 05 Y 28 ((independent variable) aliz..l|
.(approach

& (steady state) LAY W= ap Com 3l Lo i > 11 Logll S5 &

O (inaccuracy) sy c3gll W Al B M a2l
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Equations)

CFD Jskb e aboall 20600 01 (1979 ale Lls> 11 1960 ole 0 5581 IDs
o (Sl S 3 I 3 LS) (marching) 'sd! Jyb e s 3 s
VRN & (explicit methods) d=.2lsll 3kl

1o bl b gl Sl sk STV CFD JI Sl a kel 0B 23 g
<l (regions of the flow) @) sblie jax (3 Lpzny oo U 4y 3 (grid points)
small marching ) spaea)l ! Slshs 1) Tl 55meSl ST Lads wdy by
skl (steps

(implicit methods) iesa)! 3kl oMel 3,,STL) (advantage) 3k ods cdax L3y
13 G Al 3 8 e Olslas plasnal Jo 50 oy YT Ll 210
L) 12 ©lislodl & (implicit methods) ezl 3l 3l Coed 146 Tos
CFD JI wlighs

ale @i 5.3.1

a5 bl Jagel ddly Lind g ¢ 53508 G ol OF molsll a
3,4l Lols# (governing equations) dwslu¥! Vsl (3 (partial derivatives)
odd Jol> o Jsamll 340 2J&5 4 ((algebraic difference quotients) & pd!
oda (25 aey A b e akis ST (3 (algebraic equations) dgpdl Ykl
CLLdl sds o O e L Sls Lo e gl Y allas 5540
o Jb g «(stable) &iins s> o c(accurate) iis> 0sSaw (calculations)
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inme Al (boundary conditions) g4t b & 0l (U3 e 39dley Loy 2l
,b) (¢ (boundary conditions) it by i () OOk 1y ¢ > s

Yl gl & Al (finite-difference) 3945t 3,4l Laww Yy (53942 4u5

Ul séal Jid~ig slbsErrors and an Analysis of Stability - 5.4

At the end of the last section, we stated that no guarantee exists for the
accuracy and stability of a system of finite-difference, equations under all

conditions.
SVslaall (3943 Gl plas f Azaly 385 Olewad 35009 Y T 685 V) wlaill 416 3
byl 57

However for linear equations there is a formal way of examining the accuracy
and stability and these ideas at least provide guidance for the understanding
of the behaviour of the more complex non-linear system that is our governing

flow equations.

B e SV odag e Vlg Bl jamd) de) Ay Slis o) Vbl S,

Bl SYslall o odiag des xSVly Lol pd albd) Ske 1gb DL 4y puis
ST

In this section we introduce some of these ideas, applied to simple linear

equations.
bl ot SVl e ks g SIS oda an pdd o) M (3

The material in this section is patterned somewhat after section 3-6 of the
excellent new book on CFD by Dale Anderson, John Tannehill and Richard

Pletcher (Ref. [1]) which should be consulted for more details. Consider a
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partial differential equation, such as for example Eq. (5.23). The numerical

solution of this equation is influenced by two sources of error:

o el ad) CFD S 0 6-3 o) dns et (4] OUI s (8 31l o Lad

) JLedM 3,Lex)s (John Tannehill) J86 O ((Dale Anderson) Osws )T Ll |3

Wslall jead 335 ot 5 Lenn el a3 ([1] sV ((Richard Pletcher)

o Wbl odd (eouall 1 3lny L (5.23) Al QU e Je Joe i) adolad)
Lot jslas o ol |3

1 .Discretization error. The difference between the exact analytical solution of

the partial differential equation (for example, Eq. (5.23)) and the exact (round-

off free) solution of the corresponding difference equation (for example, Eq.

(5.24)).

From our previous discussion, the discretization error is simply the truncation

error for the difference equation plus any errors introduced by the numerical

treatment of the boundary conditions.

(analytical solution) >l |4V ¢ 3,4 . (Discretization error) ;43| Lx .1
sl JW L Je) (partial differential equation) 454 dloled) dsleal) 334
G Wsles we il s ((round-off free) ~ Ly®) 3 by ((5.23)
((5.24) Wslall Judl S <) (difference  equation)

tLh“é\ s iblay o (discretization error) 4! s bl eidle &

=
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J= @ slasY) U 8LoYU (difference equation) &,4)) dsles (truncation error)
. (boundary conditions) 594+ bs,2) (numerical treatment) &3 ) -l (3

2 .Round-off error. The numerical error introduced after a repetitive number

of calculations in which the computer is constantly rounding the numbers to

some significant figure.
>4e da; (numerical error) s34l ad! |5, . (Round-off error) woidl s 2,
R s s f}x&‘ e Q8 3y Sl (calculations) aglwd! oLl -

. (significant figure) &pell s\AeY) j2a 4] )ezel pls fﬁ\ (rounding)

If we let
A = analytical solution of the partial differential equation
D = exact solution of the difference equation

N = numerical solution from a real computer with finite accuracy
L5513
partial ) 454 dlolidl dslead  (analytical solution) e =A
(differential equation
(difference equation) &,4)) aslel (exact solution) &34 |+ =D

dalas 3> & ujné-\ jj:.,«f)‘L@:,- S (numerical solution) @w J.-l-\ =N

then,
Discretization error = A-D

Round-off =¢ = N -D (5.27)
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From Eq. (5.27), we can write

N =D+¢ (5.28)

¢

A-D = (Discretization error) o) s

(5.27) N -D =¢ = (Round-off) &)

S5 Of S (5.27) LAl s

(5.28) N=D+¢

Where again ¢ is the round-off error, which for the remainder of our
discussion in this section, we will simply call “error” for brevity. The
numerical solution N must satisfy the difference equation. Hence from Eq.
(5.24),

9 (el a3 Lz23L 553 (round-off error) i los sa e (557 50 o
Ol % N (numerical solution) s34l |41 . 5led) "las" ablawy annd g

,(5.24) Wslall oo LWLy . (difference equation) &,4)) &sles 64.<5

n+1 n+l _ pyn _ .n n n o n_ ngn n .n
D™ + & DY —&, ~ Dl +& ,=2D!-2&! + D! (&,

At (dx)>

By definition, D is the exact solution of the difference equation, hence it

exactly satisfies:
difference ) 3,4 Wslal (exact solution) a3l | sa D iyl V"{';

s Lelé s &) L}L:S\,:j c(equation
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pr+l_pn  pn _opn g pn
i i _ il i
At (Ax)?

(5.30)

Subtracting Eq. (5.30) from (5.29),
/(5.29) (» (5.30) Aslall ~ b

| :
A ¥ s o (5.31)
At (/_/L’L‘)"

£

From Eq. (5.31), we see that the error ¢ also satisfies the difference equation.
difference ) 3,4l asles Lz &&; e (error) Lt O «(5.31) Akl

. (equation

Stability Analysis - \,&x¥! |4

We now consider aspects of the stability of the difference equation, Eq.

(5.24). If errors ¢, are already present at some stage of the solution of this

equation (as they always are in any real computer solution), then the

solution will be stable if thes,’s shrink, or at best stay the same, as the

solution progresses from step n to n+1; on the other hand, if the Girg grow
larger during the progression of the solution from steps n to n+1, then the

solution is unstable.

That is, for a solution to be stable,

3,4 Asles (3 (aspects of the stability) LVl Ciler OV jua 4
J=Ve sam B 639rss & s Y oS3 .(5.24) .aslll (difference equation)
s 05 1 0B ¢ (GiseraSl] it o 6T 3 Ll oo L) 2ol ol W
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M e gt 25 Jle ) et 3 5 (alis g sles Y 35713 (stable)
RN SRRV R IO AROM UL R RS | L BSTR VS S RPNT
(unstable) .. &0 40w n+l Lin sy

(stable) s 0555 o U)ol (5,51 2 o

1"t /eh < (5.32)

For Eq. (5.24), let us examine under what conditions Eq. (5.32) holds.
Assume that the distribution of errors along the x-axis is given by a Fourier

series in x, and that the time-wise variation is exponential in t, i.e.

pis O o2l (5.32) Wl jens by s (s o s Uses (5.24) slaed
J3 o lass O}Q (x—axis) X 452 Jsb P (distribution of errors) ozl
L;“S“ s sl 3l AU e ldmg ¢ x (@ (Fourier series) 4uyss dhlos

L_sf ¢ t & (exponential)

e(x.t) = e Z otkmx (5.33)

1

Where km is the wave number and where the exponential factor a is a
complex number. Since the difference equation is linear, when Eq. (5.33) is
substituted into Eq. (5.31) the behaviour of each term of the series is the
same as the series itself. Hence, let us deal with just one term of the series,

and write

123



(Discretization of PDEs) 4554 aloladl Vsl 5 &

exponential ) L;fﬂ\ JWl Com9 (wave number) wlxsll sue s kn Eo
difference ) 3,4 dslas OV & .(complex number) S >4 s» a (factor
(5,31) Wslall 3 (5.33) Aslall Jlaze) oz Lis ((linear) iks » (equation
815 (series) Ahuodl k5 p (series) Ahokodl 0do e (term) llaas S S5k

455 (series) Akl o o 6 Aol s o Jiles Ly o o

gn(x, 1) = eletfm? (5.34)

Substitute Eq. (5.34) into Eq. (5.31),

(5.31) Wslalt (3 (5.34) .aslal) Jlzal

eil(l+ﬂ1]€fk1111 Al n'\mx oo ik (X+7) 226 .'kml' Al fLm(x /)

= . (9.3))
At ()

Divide Eq. (5.35) by e eikmx,

.esteinx L3 - (5.35) Wl (Divide) e
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Uﬂ.’_ﬂ _ 1 (,.l:}l\’m.’j_r _ 2 + ()_Mmdx
At (dx)?
or,
iy, AU iy, ik -
¢ = l+—=("" e =) (5.36)
(Ax)

Recalling the identity that

U5 (identity) sbl xST8
cos(kypdx) = S

Equation (5.36) can be written as

AW K e (5.36) Wbl 2l S

ezlﬁl‘: | +

24
| [costkndx) — 1] (5.37)
Ax)-

Recalling another trigonometric identity that

SIS f’-i (trigonometric identity) du~‘ 498 S

| —cos(kpdx)
7

e

sin®[(kyAx)/2] =

Equation (5.37) finally becomes
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Sl 8 3 enai (5.37) Al

(_)adt —

(Ax; sin®[(kin13)/2] (5.38)

From Eq. (5.34),

(5.34) skl

et I (_}a(t+;’il)€£kmx

= Mt (5.39)

ch o eat(_,ikmx
i

Combining Egs. (5.39), (5.38) and (5.32), we have

Lol s ¢(5.32) 5(5.38) ¢(5.39) Vsl e (Combining) st

L sin?[(kydx)/2] < 1 (5.40)

— 6',az_’Ir — 'l _
e 7

Equation (5.40) must be satisfied to have a stable solution, as dictated by
Eq. (5.32). In Eq. (5.40) the factor

Al s Wy s > L 05 bys [S7(5.40) ablal 39 Of 2

Sl ((5.40) sl (3 .(5.32)
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(A.r; sinz[(kmdx)ﬂ] =G

is called the amplification factor, and is denoted by G. Evaluating the

inequality in Eq. (5.40), namely G <1, we have two possible situations which

must hold simultaneously:
wglidl i G o) pe 4l s (amplification factor) mewiad) ule o 529

2 @ Al OV e ) L (G<1 gl ((5.40) Wolal) (3 (inequality)

HOCIV W RV RPN WP

44
(1) 1= = sin’[(kn 40/2] < |

Thus

441
e sin®[(kydx)/2] = 0

Since At/(Ax)? is always positive, this condition always holds.
Ladls atey Lyl s g Lils s Ab/(AXR OV

4AT ]
M 1 G2 A _
(2) 1 e sin“[(kpdx)/2] = -1

Thus

(ﬁ.\‘;— Sil‘lz[(kmﬂ,\‘)/Z] —-1<1

For the above condition to hold,
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el by 2l |z

At
(4x)?

<

(5.41)

9| =

Equation (5.41) gives the stability requirement for the solution of the

difference equation, Eq. (5.24), to be stable.

J+ (stability requirement) ;lx.Y ok b (5.41) wslal)

05 Ol S ((5.24) Wl (difference equation) &) wUsle
.(stable) 5z

Clearly, for a given Ax, the allowed value of At must be small enough to
satisty Eq. (5.41).

slal) 2l 2l ASG L Bpae At A 0S5 OF g 332 Ax =Y g2y
(5.41)

Here is a stunning example of the limitation placed on the marching

variable by stability considerations for explicit finite difference models.

e85 &) (marching variable) ywd! ate s 354 e2s) dads Jle ga L

explicit finite ) a2l s9dl Gl Z3Ld (stability) LawN) ozl
.(difference models

As long as At/(Ax)? < 1/2, the error will not grow for subsequent marching

steps in t, and the numerical solution will proceed in a stable manner.
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¢ t 3 i (marching steps) pd) Slshd san o) d) (At/(Ax2 < 1/2 Wb
.(stable manner )3 &ims W= (3 &d>w (numerical solution) (s34l |4

On the other hand, if At/(Ax)?> > 1/2, then the error will progressively
become larger, and will eventually cause the numerical marching solution

to “blow up” on the computer .

3 s ¢ ST mray Gpor L) T3] cAY(AX)2 > 172 13] cs4T 2l e

(‘blow up’) =44 (numerical marching solution) yld (s34 > lall 418
SseneSd) Sler

The above analysis is an example of a general method called the von
Neuman stability method, which is used frequently to study the stability

properties of linear difference equations.

Ogp izl dipb ewd iule dib Lo Jl oa oMel 5041 (analysis) >l )

B WRUFRESRRVIES L;J\ «(von Neuman stability method) Oless

linear difference) ikdl G4l Vsl (stability properties) liz.Y!
.(equations

Another Example: Stability analysis of a hyperbolic equation - Jl

dgaked)l Wsleall 2l UL 2 5T

Let us quickly examine the stability characteristics of another simple
equation, this time a hyperbolic equation. Consider the first order wave

equation:
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Laissez-nous examiner rapidement les caractéristiques de stabilité d'une
autre équation simple, cette fois une équation hyperbolique. Considérons

I'équation du premier ordre d'onde:

day Wslal (stability characteristics) LYl [ailas dulyd pgdi 4wy Lges
gﬁi\ iyl dsles e (hyperbolic equation) duaks aslal 31 oday 6,"-7

:(first order wave equation) 4=
q

ou  du

— +tCT— =

or  ox
Let us replace the spatial derivative with a central difference (see Eq. (5.8)).

(5.42)

central ) S 3,4 & (spatial derivative) L}&l\ gl Juzas Lees

((5.8) Uslell Lsl) (difference

: n o _.n
Ou Wi = Ui

ox 24x
Let us replace the time derivative with a first order difference, where u(t) is

(5.43)

represented by an average value between grid points (i+1) and (i-1), i.e.
first) oY) amyl I3 &4 & (time derivative) wdgll i Jdaus Useo
iSadl bla ou (average value) Jaal) aad i % <> (order difference

L“;T ¢ (i-1) s(i+1) (grid points)
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u(t) = %(H?H +ul )

Then Lo
: n+tl _ 1/ n n
Qu i =5l )

or At

Substituting Egs. (5.43) and (5.44) into (5.42), we have

Lo ez (5.42) 3 (5.44) 5(5.43) <Yaladl Jlazu

5 T 2

n n n n
sl Wi TUL (‘Ar (”m _”i—l)

Combining Egs. (5.18) and (5.19), we obtain The differencing used in the
above equation, where Eq. (5.44) is used to represent the time derivative, is
called the Lax method, after the mathematician Peter Lax who first
proposed it. If we now assume an error of the form em(x, t) = e*elt as done
previously, and substitute this form into Eq. (5.45), the amplification factor

become sin

@ pasadl (differencing) Gl e bt ((5.19) 5 (5.18) w¥alal (g mad
time ) <ds)l ie Lied dlertes (5.44) skl G oMel 35Ul Wslall
e (Peter Lax) SV ju dng (Lax) ~SY b ews gl (derivative
em(x, t) = (error) Ll [ oV Lol J =b o Jo) O Gl wlasl))

7o pieadl bole (5,45) dslall 3 2l L Jliiznls (il s J ganl) eateiton
sin

G = cos(kmAx) —iC sin(kmAx) (5.46)

(5.44)

(5.45)
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where C = c.At/Ax . The stability requirement is le*| < 1,which when
applied to Eq. (5.46) yields

lext| < ¢a (stability requirement) ),z gl b )l C = c.At/AX G
ke et (5.46) Wsll e gl Ls 1

At
=c— < 5
( ch <1 (5.47)

In Eq. (5.47), C is called the Courant number. This equation says that At <
Ax/c for the numerical solution of Eq. (5.45) to be stable. Moreover, Eq.
(5.47) is called the Courant-Friedrichs—Lewy condition, generally written as
the CFL condition. It is an important stability criterion for hyperbolic
equations. Let us examine the physical significance of the CFL condition.

Consider the second order wave equation

Js5 Wslall ol (Courant number) 0,8 548 C o ¢ (5.47) Uslall 3
sl 3 (numerical solution) saa)l 41 055 O T e (At < Ax/c) O
— LS bd e (547) Wkl (U5 e sdley .(stable) |t (5.45)
bsas ((Courant—Friedrichs—Lewy condition) ) - -5
<Ysleold pladl (stability) LA Y) jles 4 5L wedl o LCFL LS’ oS5
J L) (physical) a5l 4831 ., Lses . (hyperbolic equations) dslaill

il d=, ) oI5 (wave equation) xsH dlsles yed (CFL

9 ]
a-u a-u

- =C—=
or? dx?

(5.48)

The characteristic lines for this equation (see Sect. 4.2) are given by

S Redde 0655 (4.2 - 1) skl 044 (characteristic lines) 4w}l b sl

132



= (R W sUzs{Errors and an Analysis of Stability -

x=ct (right running)
and

x=—ct (left running)

and are sketched in Fig. 5.3(a) and (b). In both parts (a) and (b) of Fig. 5.3,
let point b be the intersection of the right-running characteristic through

grid point (i — 1) and the left-running characteristic through grid point (i+1).
abid) e 53 Sl o (b) 5 (a) oA TG (b) 5 5.3(a) S & ey
ibi JYs (right-running) Lus gV jaslad (intersection) bl O S Ol b

(1) 3 ek IS (left-running) Hles LAY jaflas o ((i- 1) 82

For Eq. (5.48), the CFL condition as given in Eq. (5.47) holds as the stability
criterion. Let Atcsi denote the value of At given by Eq. (5.47) when C = 1.
Then Atcs1 = Ax/c, and the intersection point b is therefore a distance Atc-1
above the x-axis, as sketched in Figs. 5.3(a) and (b).

MY Jlas e (547) Wslall @ kel CPL JI bys ((5.48) aslead
sl daulg @eddll At JI a3 Je Ju Atea 2 5ad (stability criterion)
b (stability criterion) xblidl ki ULy Atcr=Ax/c & .C=1 Eo> (547)

{(b) 5 53(a) wJ 3 oy LS ((x-axis) x o B9 Atcar Blus e

Now assume that C <1, which is the case sketched in Fig. 5.3(a). Then from
Eq. (5.47), Atcci <Atc-1, as shown in Fig. 5.3(a).

«(5.47) sl o & .5.3(a) s )l 3 23 M (case) D) ng ,C<1 OV OV o4l

.5.3(a) Jg.il\ BRSPS LeS™ cAtea <Atca
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

Let point d correspond to the grid point at point i, existing at time (t+Atc<).
Since properties at point d are calculated numerically from the difference
equation using grid points (i-1) and (i+1), the numerical domain for point

d is the triangle adc shown in Fig. 5.3(a).
(tHAtea) <3 (8 835mshl i Abidl e a2 (3 dbk w33l d abAD 25l
(calculated numerically) Usde ot d dbaidl e (properties) _ailad Ol
Sd) (i +1) 5 (i-1) (grid) &l bl plasaal (equation) 3,41 slas e
& ek . ade (triangle) i) 06 d akad (numerical domain) sl
5.3(a) ISz
(shaded triangle) Ml ¢l o d akid) (analytical domain) M\ J
Ol Lo>N5y .d akaidl die (characteristics) LaSladl as (¥all 53(a) JSall 3
‘__}:Lxﬂ‘ Ji S d ozl (numerical domain) Sl Ji 5.3(a) J_{;J\ &
C> e . 53(b) JSKadl 3 and) b 5 xade Ll (3 . (analytical domain)

aboid) o s, 5.3(b) JKa)l (3 e o8 WS ¢ At > Atent ,(5.47) Wbkl e (1301
d
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BIN (W sUzs{Errors and an Analysis of Stability -

:5.3
AW ey
physical)
significance
Ul ( -
=
CFL b, i
Al r x
1 Ale.,
i o

O e (trAte) <39l (8 839l d a2l 3hd mo nlis 1 5.3(b) ISl 8
G4 Wsles oo (calculated numerically) Lsde s d kil 3 afladl
Sadl ¢ (i+1) 9 (i-1) (grid points) s blas pldsb (difference equation)
Jgnﬂ\ & ek ¢l adc(triangle) il oa d dkad) (numerical domain) (s3-4s!
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(Discretization of PDEs) 4554 aloladl Vsl 5 &

shaded ) Jall eJd) s» d akad) (analytical domain) =3l J2l .5.3(b)
Ais (characteristics) _afladl Y o ae Fally. 53(b) ISl (3 (triangle
ey Y (numerical domain) s34l JI) 5.3(b) JKadl 3 o Lo .d alaidl
Al ¢35 U (condition) Lb,idl ¢a ldae  (analytical domain) (ke BIEINCY
Sl il pai OF (K6 Ay L (unstable behaviour) jites xé ko
1 (CFL condition) CFL JI L,2) JWl (physical interpretation)

S of et (computational domain) gled! J1 ((stability) ) 2z Jq-f o
Szl me eyl oMol 35S olLzeYl (analytical domain) Juld) Ji1 S
of Lay! u-<“:~ LY orx & Ll (el 65\5 «(accuracy) @l alews .(stability)
& e s» LS (stable case) siradl A e 53 . Kl b iy 0 eyl
(dependence) &~ (analytic domain) Jud>dl Jigl O L= 5.3(a) Il
Jeadll 3 Wlasle - .5.3(a) U2 3 (shaded triangle) Mall cJad) oa d alaiil
Ml dell s bladl e b deey Lk d dbs 3 oladly ((Chap. 4) 4
(i-1) (numerical grid &4l 2020 bls o) a5 (U3 Cﬂj.(shaded triangle)
S8 Y O % bk QWL (of dependence) il Jl2 o 0SS (i+1) spoints)
@3l old) (i Al o -d abkidl we (properties) eiledl e
bl e leglas 150 d 2o 3 (properties) L25lesl (numerical calculation)
D oz bie cudlis 18 065 AU odag (i+1) 5 (i-1) (grid points) &)

igled] Sllaadl O e V.PJJ\ o A sds (3L Atca << Atcar I oy Atca
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= (R W sUzs{Errors and an Analysis of Stability -

> x& (results) Stall O oSS L ((stable) &8s W= (3 (calculations)
domain ) kil 2ad Ji2l p swldd) (mismatch) dadl o LU (inaccurate)
(actual numerical data) &ded) &saa)l UL <8ss v 9 < d (of dependence
sl oMl 35)le)) 223Ul co (3 .d s (properties) Lafladl olud dadsal)
(unity) a4y oo 31 of (sslue 055 OF % (Courant number) JU sual ol )
QAT C O OF o w3l ks 43 s b1 (C<T ((stability) a1 Jof e

) (accuracy) Bl J.a,-T o JL«»-K(unity) RES
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(Grid transformations) &Sl wdg=i 6

JSw 6.1

If all CFD applications dealt with

physical ~problems where a
uniform, rectangular grid could be
used in the physical plane, there
would be no reason to alter the
governing equations derived in
Chap.2 we would simply apply
these equations in rectangular
(xy.2)
these equations according to the

space, finite-difference
difference quotients derived in
Chap. 5, and calculate away, using
uniform values of Ax, Ay, Az and
At , However ,few real problems
are ever so accommodating, for
exsample, assume we wish to
calculate the flow over an airfoil ,
as sketched in Fig .6.1, where we
have placed the placed the airfoil
in a rectangular grid . Note the
problems with this rectangular
grid :

(1) Some grid point's fall inside the
airfoil, where they are completely
out of the flow .what values of the
flow properties do we ascribe to

these points?

o bbs CFD clbd s ol 13
S plasaal (S dabonl) 45054l sTall
il el Bla 050 ) el
ks Chap.2 s saandl Sl oYl
dadl @ allilll Vsl sda ke dbl,
sy Valall oda 335021 39 dls ((x,y,2,1)
ley Chap5 (3 sdezedd Gl ol
AZ Ay (AXP 5050 o3 plasianl dis
o8 EAR SN o (s ey Aty
PR e (pan 23y T e ST Lslaa
ety LS ek o slsdl 35 Ol Uy Ll
s 3 med ey o (Fig 6.1
il oda o JSlad) aladle aldos

sildez
T ) s 1) bl jan beies (1)
gl atlas dad L33l oyl Ll L4

Sl oda 1) s O (S5 &




(Grid transformations) &5aa)l < Vss

(2) There are few, if any grid points
that fall on the surface of the
airfoil. This is not good. Because
is a vital
the

the airfoil surface

boundary condition for
determination of the flow, and
hence the airfoil surface must be
clearly and strongly seen by the

numerical solution.

As a result. We can conclude that
the rectangular grid in Fig .6.1 is
not appropriate for the solution of
the flow field. In contrast, a grid
that is appropriate is sketched in
Fig. 6.2(a). Here we see a non-
uniform, curvilinear grid which is
the

New coordinate lines??

literally wrapped around
airfoil.
And?? = constant. This is called a
boundary-fitted coordinate
system, and will be discussed in
detail later in this chapter. The
important point is that grid points
naturally fall on the airfoil surface,
as shown in Fig. 6.2(a).What is
equally important is that, in the
physical space shown in Fig. 6.2(a),
the

quotients are difficult to use. What

conventional difference

must be done is to transform the

curvilinear grid mesh In physical

S blE e domg O] 9 o Wl sus s (2)
gz e Ma ikl o e 25 3
wad sgid sy byd sa ) mlaw O
s O ot i b JWby (i)

N AN S R TR It
& Aer ) 22l Of gaas OF LiSe LS
3l J > sl awls s Fig 161
Latlas oeb & a2l (els o (2l
s s e Fig. 6.2(2) g cuys
Js= Lo SUdL ool gl dimie  Aeams
gl = 905 90 bolasll i oS ek
oy (ASM—3 gt sl ol oy Lo Iag
aboadly . Ladl e 3 EY Leasdl Lgzasls
b iy bins 1) bl of s aegl)
Fig. & o 0 Wbl s e
(il gn a3 uin sa L. 6.2(2).
« Fig. 6.2(a) ¢ ol S 4
Leahsnnl oy ) il 341 Lol

& ) B2 fgd ea a ald) (2 L
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J

space to a rectangularmesh in
terms of £ and n.This is shown in
Fig. 6.2(b) which illustrates a
rectangular grid in terms of £ and
n. The rectangular mesh shown in
6.2(b) is called the

computational plane. There is a

Fig.
one-to-one correspondence
this and the

curvilinear mesh in Fig. 6.2(a),

between mesh,

called the physical plane. For
example, points a, b and c in the
(Fig.  6.2a)

correspond to points a, b and c in

physical  plane
the computational plane, which
involves uniform A& and uniform
An. The computed information is
the
physical plane. Moreover, when
the

solved in the computational space,

then transferred back to

governing equations are
they must be expressed in terms of
the variables £ and n rather than x
and y; i.e., the governing equations
must be transformed from (x, y) to
(&, n) as the new independent

variables.

The purpose of this chapter is to
the

transformation of the governing

first  describe general

N s & cum o bl s ) 48054
s oy UFig. 6.2(b) 3 . 4k
T | PR UNSE PR [l
Lbsd ey Fig. 6.2(b) 3 e o
ods o dly U sy O s | g5l
Fig.
Jo oL Flpd)l Lol ans96.2(2)
L;jbﬂ‘“ bzl L} C o b 9 d L (Juel

@ aeall bl sy i)

2C b ya bl s il (Fig. 6.2a)
AL sosr sk sl (glud) Ll
Bl gl el U8 2 & AT S
o Ledis (5 e sdley L JLnd)l Ladesidl
LY (gaeld a3 S G oVl
o Y My & ) o n i pnd)
SE S oVl Jps o (g f ey 5 X

il oy (M &) U y) o
eyl
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(Grid transformations) &5aa)l < Vss

flow equations between the 50 oY Loy sn Ladll s e ol
physical  plane and  the

computational plane. NNRELRCE ("<"" G Yolal) alall sl

Following this, various specific cabedl babesdl g U b
grids will be discussed. This i )
material is an example of a very | o .33d2 OIS sde dddle s U5 Uy

active area of CFD research called
grid generation. QN‘ o M Ao ddkas ‘-51'9 i o J\j'u

b1 s s CFD

Flg. 6.1: ¥
Airfoil —
ona
rectangu

lar grid — 7 S ——

Fig. 6.2 (a)
Physical
plane
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General Transformation of the Equations

(b) Ag
Comput ! _‘I
ational i
plane __ - B N i ] —]ﬁ.q
: |
L I i
b £
General Transformation of the Equations 6.2
For simplicity, we will o~ cJLx.gi}!\ L;ﬂ"’ BV TRLS Cows ciblu

consider a two-dimensional

unsteady flow, with
independent variables x, y and
t; the results for a three-
dimensional unsteady flow,
with independent variables x,
y, z and t, are analogous, und

simply involve more terms.

We the

variables in physical space(x,

will  transform

y, t) to a transformed space (¢,

n, 1), where

G 5 ¢ (%, y, ) S g 2 e Abmall Sl
(oo o il Sl e ol SN s
Ssht Wl g cslin A (xy,21) ) 9 2
ollball e e e

L (xy 2) SUd) 5 @ ol bed pgicn
Lo ot e <§) s

&=
r]:

T=

&%y, 1) (6.1a)
nx y, t) (6.1b)
T(t) (6.1¢)

In the above transformation, t
is considered a function of t
only, and is frequently given

t .This seems rather

by T

\ﬁi‘f) chﬁétwrﬂiﬁcoy\ﬁi);ﬂ‘ J}’C‘S‘L}

A A E sy et =T Ko e b L
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(Grid transformations) &5aa)l < Vss

trivial, however, Eq. (6.1¢c)
must be carried through the
transformation in a formal

manner, or else certain
necessary terms will not be
generated. Form the chain rule
of differential calculus ,we

have

IV e o5 0F ot EQL (6.1€) s g tLa
ool g ga.bd.w Yb Ay 3.5.3,)9.’ ijis\
ol Olao o Aleddl 30el (Sis 2y 1))

Ly

|

dx

J] _(-:9) 5.:,7] N 6] (r’i'q)
v ~\ae g\ OX vt an £ ix yi

&ro

()
o)y, Wl

¥t

The subscripts in the above
added

emphasize what variables are

expression  are to
being held constant in the
partial differentiation. In
our subsequent expression,
subscripts will be dropped;
however, it is always useful to
keep them in your mind. Thus,
the above

we will write

expression as

Lgﬁbg:—JJL.Uo)\.c\MM}M\W\)
Oheadl 3L G a2 8 el Olpadl wie
Aol ped (M3 ey adind) blan] e iUl
gl oSG gy (liSCay L lie (3 vgilasl Ll

LS oMed
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General Transformation of the Equations

3~ (3 5 (32)(5)

Similarly, _
a5 ~ () (5) () (5) ©3)

Also,
(@), -G, (5), G5,

+[g—"‘]5[§) 6.4)
B e
Equations (6.2), (6.3) and (6.5) o (6.5) 5(6.2), (6_3) o Yslao

allow the derivatives with
respect to x, y and t to be
transformed into derivatives
withrespectto &, nand t. The
coefficients of the derivatives
with respect to &, n and T are
e.g. 0&/0x,
0&/dy, on/ox and On/dy are

metric terms which can be

called metrics,

obtained from the general
transformation given by Egs.
(6.1a, b and c) .if Egs. (6.1a, b
and c) are given as closed form
analytic expressions, and then
the metrics can also be
obtained in closed form.
However, the transformation
given by Egs. (6.1a, b, and c) is
frequently a purely numerical
relationship, in which case the

Gy t) s or o sha b olinzall
cMulas . Ty N & Gy Lad Slizine ) Joms
e il By M T (G e L izl
oN/0y s On/0x OE/0y OE/OX I i
oW ol o lle padd S5 gy e 0
131 .Egs. (6.1a, b and ¢) oYkl
leivs Ss Eqs. (6.1a, b and ¢).c¥stl
S dsad) Ll (Sa f lae S IS s
@l Jsmelh OB il ey 3las IS8 3 elal
¢ »Egs. (6.1a, b, and ¢) 3 o an

oda (39 i Bsde BOe semg OV e S

145



(Grid transformations) &5aa)l < Vss

metrics can be evaluated by
finite-difference quotients —
typically central differences.

the

equations derived in Chap. 2,

Examining governing
we note that the equations for
viscous flow involve second
Therefore,

derivatives. we

need a transformation for these
be
obtained as follows. From Eq.
(6.2), let

derivatives; they can

Bo ) ol 1 o Lpansl oS8 il 2L
Sl s dsle — 53gust

«Chap. 2 3 saell Sl Vsl 2l
clizadl feis U @adl oVslas 0 L3
colial) odd Jedl 1) a1t Wb (s a5l
bl e W e e Lgle Jsedl Se
iy (Eq. (6.2)

a [a\(as\ {a\[fan
A T(‘BT:)('T](T:)(T]
Then.,
2o -
A2 Ax  ax|\ag)\ax anfh\ax
(D )z () e
“\ae\ax2) T\ ax N\ axae) T\ an/\ a2 ] T\ ax )\ onax 16.6]
| | |
i [
The mixed derivatives

denoted by B and C in Eq.
(6.6¢) an be obtained from the

chain rule as follows:

Al 3 C 5 B abuly o) dblee ol
sl e Lede Jsadt Ssy Eq. (6.60)
QW el e dldld)
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General Transformation of the Equations

L2 o)
T axdE T x\ e

Recalling the chain rule given
by Eq. (6.2), we have

Eq. bl Les gl aleddl susl U] 525 3]

d)-l-f u"lﬁ c(62)

Similarly:

S N
T Axdy  Ax ﬁqJ_ Agdn |\ Ax an [\ dx

NEENENT
a2\ ox anadE |\ dx

(6.7)

(6.8)

Substituting B and C fro Egs.
(6.7) and (6.8) into Eq. (6.6),
and rearranging the sequence

of terms, we have

Eqgs. (6.7) and sy iz C 3 B Jiozal
o5 alely (Eq. (6.6).4l 3 (6.8)
L:g.U c‘lajj«fu JM\L..J

s

x?

(a)(azf) (.’3)(6‘3:;) (aﬂ)(as)ﬂ
% ax? N ﬁ_ﬁl a2, N 0e? ax

, 4 5 (6.9)
() (52) {3 )
an )\ dx anag ( ax \dx

Equation (6.9) gives the second
partial derivative with respect
to x in terms of first, second,
and mixed derivatives with
respect to & and n, multiplied
by various metric terms. Let us

now continue to obtain the

e Lo ) i olinie loxy (6.9) Aol
Lo Laleslly sty LoV wlixadl o o x ©

OV bges (s pellonan (il by ian M3 & slay
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(Grid transformations) &5aa)l < Vss

second partial with respect to
y. From Eq. (6.3), let

Yoo gk L B age e Jsed) 3 e

Then,

aE

a

ap

Ty ay
¢

()5

d

)

Using Eq. (6.3),

and

& E
)+( )(8{'61.) ( J Bqax) (6.10)
“- F
_ D) (2 )(2%) (2 (2 _
- J,v(aef)"(6&1)(8J']+(anag)(ay) ®.1D)
_ J(a)_( & (J_E) ( )(d;_a) 1
_a d_’f - Wﬁf E a2 [\ iy 12

a
v

L3

ay

an

p Ay

(=

(G5
Ja)+ (3 )(5)

)

]

i,
aE

|
()G

Substituting Egs. (6.11) and
(6.12) into (6.10), we have, after
rearranging the sequence of

terms:

(6.10) & (6.12) ,Egs. (6.11) Jue

ibgi edod iy aale] dm (Lo

a?

&‘.1

(r’-i
e

)

d

(e
o).

@ &\ (A&

3}..3)*(&5 ](&x
)55

andE

|

6.13)

ay
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General Transformation of the Equations

(6.13) the

second partial derivative with

Equation gives
respect to y in terms of first,
second, and mixed derivatives
with respect to & and n,
multiplied by various metric
terms. We now continue to
obtain the second partial with

respect to x and y.

L U a5 olzall s (6.13) Wbl
) olizally (Y G a y o sl
gllvas Calis by ae (Mg § Glan Lo el
L W) a5 Jo Jgmamll OV Lol s

Y o9 X gl

ﬁtﬂ\ _(ﬁ )
(f xdly

( i3

v el 3 ()5 )|

fl&’f'] X

AN

(.}2
andx
(I
.

Ay
dxdy

in

gl

dy

(6.14)

Substituting Eqgs. (6.7) and (6.8)
for B and C respectively into
Eq. (6.14), and rearranging the

sequence of terms, we have

J= C s BEqs. (6.7) and (6.8) Jiaz
Sl 3 walely ((6.14) bl @ Jis

Ly (g 2
ddd'-=(§f)(ﬂi;)+(dn)(d&;‘t) (0& )5 )(zf) 615,
(55 )(5) - (3)5)- ()3
Equation (6.15) gives the Lo 25l 45> olinia ujg_,g (6'15) Uslall

second partial derivative with
respect to x and y in terms of
and mixed

first, second,

derivatives with respect to &

A olially (Lo o 0 Y 9 X lay
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(Grid transformations) &5aa)l < Vss

and 1, multiplied by various

metric terms.

Examine all the equations
given in the boxed above.
They represent all that is
necessary to transform the
governing flow equations
obtained in Chap. 2 with x, y,
and t as the independent
variables to £, 1, and T as the
new independent variables.
Clearly, when this
transformation is made, the
governing equations in terms
of £ 1, and T become rather
lengthy. Let us consider a
simple example, namely that
for inviscid, irrotational,
steady, incompressible flow,
for which Laplace’s Equation

is the governing equation.

ploas il Lgoae (1) € len Lo Laleslls

S
Jit g sl ol (3l oVolell i s
Gl (S G Vol o (g0, 55 L IS
Qw(x,y,t)c»(:hap. 2 3lds Jpadi g
Gl it whaeS Ty ) & J alies
SE G oVolally (Jedl s o2 Ladis ¢ s
bses b oy alsb meas Ty ) & o 0
26 ol p B say e Jle g by
Wsles i (bl BN 18 g el cglpll

WS sl s by

Laplace’s Equation

2

Fo 8o
" _

—+—=0 6.16
ax?  A? ' ]

Transforming Eq. (6.16) from
(x, y) to (§, 1), where E=£(x, y)

and 1 = 1n(x, y), we have from
Egs. (6.9) and (6.13):

cM &) UK, Y) o (6.16) sl Lsd
Egs. el (o) = M Eloy) -6 oo
:(6.9) and (6.13)
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General Transformation of the Equations

aE?

(ﬁ:qﬁ

)( &) *3({}50.-«;](3”(3—‘?)*(235 (?)
)5 Ge)5) - (350
(el G5 (G2
(5 (G5 -0

[ i
aE

Rearranging terms, we obtain

r'i';r}
dx

w5 G
agaul("’”)( (1)

G-g'r L'H,- c'] J'q.& g U i r;
51, dx? Hig ae an?

= t;b| r'i'r]

(5]

=10 (6.17)

Examine Egs. (6.16) and (6.17);
the
equation in the physical (x, y)

former is Laplace’s
space, and the latter is the
transformed Laplace’s
equation in the computational
(&, n) space. The transformed
contains

equation  clearly

many more terms.

Once again we emphasize that
Egs. (6.1), (6.2), (6.3), (6.5), (6.9),
(6.13), and (6.15) ar used to
transform the governing flow
equations from the physical
plane (x. y space) to the
computational plane (£ , 1
space), and that the purpose of

the transformation in most

o2 JeVl ¢ Eqs. (6.16) and (6.17) =)
2y (g y) St sladl @ Y asle
(N B) st cladh 3y Y s 5

Dyl e deall g Al (gt
Eqgs. (6.1), (6.2), (6.3), ol 155 515,09
iz (6.5), (6.9), (6.13), and (6.15)
Lbsdl e gl (SE G oVl e
Oy « (1, &) gl Lokl Ul (x,y) Sl
s CFD clild) Jhee 3 Jomdl o Sl
9 LS o) el 51 3 itoge 5 B st
PG e K ) (F1g. 6.22 ¢ e
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(Grid transformations) &5aa)l < Vss

CFD

transform a non-uniform grid

applications is to

in physical space (such as
shown in Fig. 6.2a) to a
the
computational space (such as
shown in Fig. 6.2b). The

transformed governing partial

uniform

grid  in

differential equations are then
the

computational plane, where

finite-differenced in

there exists a uniform A and a
uniform An, as shown in Fig.
6.2(b). The flow-field variables
are calculated at all grid points
in the computational plane,
such as points, a, b, and c in
Fig. 6.2(b). These are the same
flow-field which
exist in the physical plane at

variables

the corresponding points a, b,
and c¢ in Fig. 6.2(a). The
transformation that
accomplishes all this is given in
general form by Egs. (6.1a, b,
and c). Of course, to carry out
a solution for a given problem,
the
generically by Egs. (6.1a, b, and

transformation  given

¢) must be explicitly specified.

Examples of some specific

o¥slas (Fig. 6.2b & tpe 5o L J2e) Gl
Gl —83942 045 Wil 455 ALolidl (S
ANy g AQ sy o (gl Lalosd
Gl o Fig 6.2b 3 e 58 LS casa
¢ S b s 3 @) Ol lpan
2a, b, and ¢ b i (geeldl Lbsd
g Ji ol 8 s ods Fig. 6.2(b)
2, AW bl 3 Jupd) bsd 3 g )
Je=d J) i, (Fig. 6.2(a) 3 b, and ¢
Eqgs. 3 o ol S0 3 e S 332 (o))
J> G (JW andes (6.1, b, and ¢)
ol S o g Sl e 1L
Lad 2 Egs. (6.1a, b, and ¢) s
@ 8342 Vgl aad Al clae] gz i

RAEI AN
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6.3 Metrics and Jacobians

transformations will be given

in subsequent sections.

6.3 Metrics and Jacobians 6.3

In Egs. (6.2), (6.3), (6.4), (6.5),
(6.6), (6.7), (6.8), (6.9), (6.10),
(6.11), (6.12), (6.13), (6.14),
(6.15), the terms involving the
geometry of the grids, such as
0&/0x, 0&/dy,0n/dx, on/dy, etc.,
If the

transformation, Eq. (6.1a, b and

are called metrics.
c), is given analytically, then it
is possible to obtain analytic

values for the metric terms.

However, in many CFD
the

transformation, Eq. (6.1a, b and

applications,

), is given numerically, and
hence the metric terms are

calculated as finite differences.

Also, in many applications, the
transformation may be more
conveniently expressed as the
inverse of Egs. (6.1a, b), that is,
we may have available the

inverse transformation.

Egs. (6.2), (6.3), (6.4), (6.5), &
(6.6), (6.7), (6.8), (6.9), (6.10),
(6.11), (6.12), (6.13), (6.14),
(D) dwdin g5k ) by iy (6.15)
«on/0y «on/ox &[0y « OE/OX Js
el OTIE] L el Lews (23 ) Ly
iUl o «(6.1a, b and c) Wsladl law,
o e Jyadt (S e aT E addd)
(i by wllS

CFD clibdl o maadl & 23 ey
¢ (6.1a, b and c.) .dsldly (Jo=ly
LS e Lt ot WLy cbas Jawdy
L8398t (34 4]l

oS sty ol e ¢l
Egs. (6.1a, o&aaS dogw ST puandll
oSl Jml Lyl =z 6 Liagb),
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(Grid transformations) &5aa)l < Vss

x =x(En,7) (6.18a)
y=y(ENT) (6.18b)
t=1(t) (6.18¢)

In Egs. (6.18a, b and ¢), , nand
T are the independent variables.
However, in the derivative
transformations given by Egs.
(6.2), (6.3), (6.4), (6.5), (6.6),
(6.7), (6.8), (6.9), (6.10), (6.11),
(6.12), (6.13), (6.14), and (6.15),
the metric terms 0&/0x, on/dy,
etc. are partial derivatives in
terms of x, y and t as the
independent variables.
Therefore, in order to calculate
the metric terms in these
equations from the inverse
transformation in Egs. (6.18a, b
and c), we need to relate 0&/0x,
on/dy, etc. to the inverse forms
0x/0&, dy/on, etc. These inverse
forms of the metrics are the
values which can be directly
the

transformation, Eqgs. (6.18a, b

obtained from inverse

> T3M & (618, bandc) .S &
Vsl 3Gl eyl ol
Egs. (6.2), (6.3), s & 2zl
(6.4), (6.5), (6.6), (6.7), (6.8),
(6.9), (6.11),
byay (6.13), (6.14), and (6.15)

(6.10), 6.12),
clzsll Ly (ON/Oy ,05/0X ghe
Slpall Lalaelt oX, Y, G oo A5
$ie byt olas ol e (Ul iz
S @ S sl e oYkl sds 3
O0E/OX Ly ix1> 3 4 (6.18a, b and ¢)
JSal S el U by o On/Oy
JSsW wds 4 Oy/on < O&/ox

Jpadl (Ss G el (2 otldl) rsSne
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6.3 Metrics and Jacobians

and c). Let us proceed to find

such relations.

Consider a dependent variable
in  the flow

the «x

governing
equations, such as
component of velocity, u. Let u
=u(x, y), where from Eqs. (6.18a
and b), x = x(&, ) and y=y(&, 1).
The total differential of u is

Ky S e e 58le Lede
gy Lt aé byes (6.18a, band ¢)

LB °~L’5Jﬁ"
S oWkl 3 (Jadl) ol sadd 3 Ll
W\.uc&ﬂyxwycyﬁ\&
6.18a) . & o o (X, y) = U

given by
yM &) -y xn &) - x(and b
< U A G sy
ou oudx  oudy g
_ 7y (6.20)

_— = — 4 —
0F ~ Ox 08 Oy 0€

Equations (6.20) and (6.21) can
be viewed as two equations for
the two unknowns du/0x and
ou/dy. Solving the system of
equations (6.20) and (6.21) for
ou/dx using Cramer’s rule, we

have

iy of Sk (6.21) 4(6.20) <Yl
SOU[OX ) (dsed ndsles oylasl 4]
5(6.20) Yol sk > .0u/Oy
A8 8B alsanl, QufOx ) (6.21)

L «Cramer
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(Grid transformations) &5aa)l < Yss

du dy
& 0¢
u dy
ou on on
dx |dx oy

0E 0
dx dy
dn dn
6.22
In Eq. (6.22), the denominator | . 4 L e el & (6.22) sl
determinant is identified as the
Jacobian determinant, Jacobian L}J{ b abghae Sd>eS r*“u-“
denoted by ibuly 500 ¢ determinant
dx dy
o 0xy) o o
T dE.n) T |0x dy
an o
Hence, Eq. (6.22) can be ,“§“ OTQQ;(6.22) TN MUE

written as
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6.3 Metrics and Jacobians

6.23

ou 1 'E}u) f}}-'] (
(5}5 anl \

ox J

(6.23)

r'}u) 'Hy)
an (E}_f

Now let us return to Egs. (6.20)
and (6.21), and solve for ou/dy.

Egs. (6.20) and ) s Lees oV
00Uy J J>5 « (6.21)

6.24

or,

ax du
0¢ ¢
ax ou
au E I*;
ay  |ox dy
aE 0
ax dy

5 =75 %) (%) )
av — J|\\an, [f"ﬁf o I\ am

Examine Egs. (6.23) and (6.24).
They express the derivatives of
the flow field wvariables in
physical space in terms of the
derivatives of the flowfield

variables in computational

&) Egs. (6.23) and (6.24). .l
G @ Jle Sl e olial) e e
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(Grid transformations) &5aa)l < Vss

space. Equations (6.23) and
(6.24) accomplish the same
derivative transformations as
given by Egs. (6.2) and (6.3).
However, unlike Egs. (6.2) and
(6.3) where the metric terms are
0&/dx, on/dy, etc., the new Egs.
(6.23) and (6.24) involve the
inverse metrics, 0x/0, dy/on,
etc. Also notice that Egs. (6.23)
and (6.24) include the Jacobian
of the

Therefore, whenever you have

transformation.

the transformation given in the
form of Egs. (6.18a, b and c),
from which you can readily
obtain the metrics in the form
0x/0&,  ox/om, the

transformed governing flow

etc,,

equations can be expressed in
terms of these inverse metrics
and the Jacobian, J.A similar
but more lengthy set of results
can be obtained for a three-
dimensional  transformation
from (x, y, z) to (€, 1, €). Consult
Ref. [1] for more details. Our
discussion above has been
intentionally limited to two

order to

the

dimensions in

demonstrate basic

SVsladl gl a3 mad s
Nyl i 5 (6.23) and (6.24)
Eqgs. (6.2)and (6.3) s LSzl
bys e Egs. (6.2) and (6.3) S
Vsl g oF .0n/0y « 6&/6)(@ S
e ssku(6.23) and (6.24) suad

L 0y/on « OX/OE « psSan enlis
Egs. (6.23) and of Laf LY,
Jacobian S wsias La2i(6.24)
on JsZ ol 0TS el gl e
& Egs. (6.18a, b and ¢) )K=
Bl e Wagen Jsad) WD o 0l
gy 1 Ox/on « OEl0x s
oo SVslas e el Se Jedl (K4 )
e diphany Sl ol s
dob Sy able acsez JLA Jacobian
U 3 lede b e g gt o T
(E M &) AL (X, Y, 2) oo slad) O

2aslie . foolid) o b [1] b 3Lzl
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6.4 Coordinate Stretching

principles without cluttering

the consideration with details.

SLebl T o i ) s @zl 6 oDe!

ol e bl el 093 awled tosldl

6.4 Coordinate Stretching 6.4

In the remaining three sections
of this chapter, we examine

types

transformations.

three of grid
The simplest is discussed here.
It consists of stretching the grid
in one or more coordinate

directions.

the

physical and computational

For example, consider
planes shown in Fig. 6.3(a, b).
Assume that we are dealing
with the viscous flow over a
flat surface, where the velocity
varies rapidly near the surface
as shown in the velocity profile
sketched at the right of the
physical plane (Fig. 6.3a). To
calculate the details of this
flow near the surface, a finely
spaced grid in the y-direction
should be used, as sketched in
the physical plane. However,
far away from the surface, the

grid can be more coarse.

ST BN oy ¢ hadll s o 2all pLLST 830 3
Az Ny e

oY llasY dwdl ST ol asl

Sty il st 3oy JU o e
o b Wl oz Fig 6.3(a, b) @ ol
b i s G s o e ) 3305
o Gle & mose g LS bl e ol
(Fig. 6.32) slpd) Llbsdl & o) 2o pw
O had) O ) s Lol ol
LS (paszns O i 1 oY1 (3 Lest uelan
o5 Mom (S ey L Jlpdll bkl 3 e

Bprs 105 o el Sy (e

) s 0,5 Of g (G

G
G

541,

LS S e suslan L&l muad bobs s
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(Grid transformations) &5aa)l < Vss

Therefore, a proper grid
should be one in which the
coordinate  lines  become
progressively more closely
spaced as the surface is
approached. On the other
hand, we wish to deal with a
uniform  grid in  the
computational plane, as shown
in Fig. 6.3(b).

On examination, we see that
the grid in the physical space is
‘stretched’, as if a uniform grid
was drawn on a piece of
rubber, and then the upper
portion of the rubber was
stretched upward in the y-
direction. A simple analytical
transformation which can
accomplish this grid stretching

1S:

A Al Al e 2 e e 1Y)
Llosd) 3 a2 e ol 3 S

Fig. 6.3(b). ISad 3 e 92 LS (Lo d
2 Sl A G e of et e
iakd e oy sige 30E U1 ) LSl
odzel dBy LUkl e gslall oAl & (Llall s
@ o) Ll Joy LY oAV (3 I5gnn

SRTIRCI S CORA PN U P

G j)

(i j)

)
/
N
/
s
=

Fig. 6.3 Example of grid stretching. (a) Physical plane. (b) Computational plane

X U p

E=x (6.25a)
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6.4 Coordinate Stretching

n =In(y+1) (6.25b)

The inverse transformation is

gy L;wg.-}\ Js>=l

x=£ (6.26a)

y=enl (6.26b)

from which the inverse metrics

are obtained as:

AW ) e Lede Jgadt i an Sl il

6.22
ox ax
o on

dy _

%

av
— = e?”

(6.27)

.
]

E_

In Eq. (6.22), the denominator
determinant is identified as the

Jacobian determinant,

(,MLEJ\ lsast] e Ol o 4(622) Al 3

«Jacobian determinant 3sS\x 4bsias dd=eS

denoted by ibolg el
-e
Hence, Eq. (6.22) can be S of Q-<.€(6.22) ST
written as )
vy, g, Dg, Do (6.27)
& an & an
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(Grid transformations) &5aa)l < Vss

Let us consider the continuity
equation, given by Eq. (2.27).
For steady, twodimensional

flow, this is

Al Leeds I iy exe Y dsles (3 by Uses

9o ey sl Sl i eus.(2.27)

d(pu) . dpv)

=0
dx dy

(6.28)

Equation  (6.27) is the
continuity equation written in
terms of the physical plane.
This equation can be formally
transformed by means of the
general results given by Egs.
(6.23) and (6.24), obtaining

G oo 45550 gz Aslas » (6.27) kel
Loy Jomet OF S alalall odia . Slsdll Jodosd
Egs. (6.23) and lgsd gl Ll Sl LS e

e Jsadly (6.24)

1

J

dpu) (dv\  dpu) [ dy )
0& \dn an \ 0,

|

; -0  (629)

dpv) [dx\  dlpv) [0x
dn \ o€ 0¢ \dn

Substituting into Eq. (6.29) the

inverse metrics from Eq. (6.27),

o ResSAll gl (6.29) LAl (3 Jla)

we have Ll ¢(6.27) .asleld
i Npv

a2 o), (6.30)
13 on

Equation  (6.30) is the
continuity equation in the
computational plane.Equation
(6.30) can also be obtained

from the direct transformation

Lbsdl & aylee) sl a (6.30) Wslsl

oo Ll Jsad) S LS(6.30) Aalal) | 35l
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6.4 Coordinate Stretching

given by Egs. (6.25a and b).

Here, the metrics are:

<Ls .Egs. (6.25a and b) Lge-8 &) LU J ol

(P el
3 & an on 1
= -1 == — = B — 6.31
dx  dy dx dv  y+1 (6:31)
Using the transformations «(6.3) 9 Egs. (6.2) Led &)l Vsl pldseinl
given by Egs. (6.2) and (6.3), )
Eq. (6.28) becomes g2 (6.28) 4oLl
dpu) {']_E N d(pu) ( @ N apv) ( ﬁ_§ N Apv) {‘]j o 632)
o€\ dx on \dx a& \dy dn \dy

Substituting into Eq. (6.32) the

metrics from Eq. (6.31), we

Al e el (632) LN (3 Jlaea

have L «(6.31)
d(pu) N 1 dpv) _0 (633)
1S (v+1) on
However, from Eq. (6.26b), y+1 (s 41 = en «(6.26b) Wslall e (23 &9
= en. Therefore, Eq. (6.33)
becomes xaa] (6.33) .4l
dlpu) . L d(pv)
aE e gy
or ou)
LU apv) _ 634
¢ 61,1 (639
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(Grid transformations) &5aa)l < Vss

Equation (6.34) is identical to
Eq. (6.30). All that we have
done here is to demonstrate
how the transformed equation
can be obtained from either the
direct transformation or the
inverse transformation; the
results are the same. An
example of more complex grid
stretching, in both the x- and y-
directions, is given in Refs. [2,
3]. Here, the supersonic
viscous flow over a blunt base
is studied.The physical and
computational planes are
illustrated in Fig. 6.4. The
streamwise  stretching is
accomplished  through a
transformation originally used
by Holst [4]

Lad L JS7.(6.30) aslead) dils (6.34) 2slel
o st D e Jgad! 24878 ga La
& L WS el Sl sl Jedl Ll
IS8 ik s s el s Jle ks
Lo [3 2] Slam 3 3zg y 9 X SLAEY s
83l 34 e gl a g eV ) Gl g
OLFig. 6.4. 3 Galedly Jlpd) Llosd) mogy
S¥ed W e skl L (S

[4] Holst Cudsr 13 e pdians

X= %[s'mh[(gf —Xp)Px) +A]

where

and

X0

=—1In
2px

= sinh(Syxp)

1+ (eﬂx -1)&
1+ (e P -1 )
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6.4 Coordinate Stretching

Where & is the location in the
computational plane where the
maximum clustering is to
occur and (x is a constant
which controls the degree of
clustering at &, with larger
values of (3x providing a finer
grid in the clustered region.
The transverse stretching is
accomplished by dividing the
physical plane into two
sections: (1) the space directly
behind the step, and (2) the
space above (both in front of
and behind) the step. The
transformation is based on that
used by Roberts [5], and is
given by

A G gledd Ll 3 w35l sa B0 S
oy e s 3 b g5 By ol )
s b5 B ot ST ) o (B0 & prened) oo
ioe E] ang UL Bglice aikd) (3 da8s
s (1) omend ) Sl Ldasd) ey it
sly) QU 51 (3 (2) 5 Bkl oda el 3L
e Syl 1ds Aty LBkl (Cilsy ol
o 2555 |5 Roberts 529, b8 oo dndsnad)

o=
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(Grid transformations) &5aa)l < Vss

Uniform grid

Compressed grid

Fig. 6.4 Comparison of uniform and compressed grid

(.rG}' + l)_(ﬁv_ ])e—ttr[—]—ctj,l'tl—m
- 20+ 1)(1 _I_e.—t:(ﬂ—]—t(},."!l—m}

where
By+1

By-1,

c=log

And By and a are appropriate V‘:gsj‘ el e iy i) colsd) oy By
constants, and are different for
the two sections identified | & %= odlel 5-’)‘}5‘ i pt) Qy}’d‘ el Laas
above. The algebraic .

& Fig. 6.4 (& (e 28 i
transformations given above

result in the grid stretching

shown in Fig. 6.4.
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6.3 Boundary-Fitted Coordinate Systems

6.3 Boundary-Fitted Coordinate Systems 6.5

Consider the flow through
the divergent duct shown
in Fig. 6.5(a). Curve de is
the upper wall of the duct,
the

centreline. For this flow, a

and line fg is
simple rectangular grid in
the physical plane is not
the

reasons discussed in Sect.

appropriate,  for
6.1. Instead, we draw the
curvilinear grid in Fig.
6.5(a) which allows both
the upper boundary de
and the centreline fg to be
coordinate lines, exactly
fitting these boundaries.
In turn, the curvilinear
grid in Fig. 6.5(a) must be
transformed to a
rectangular grid in the
computational plane, Fig.
6.5(b).  This be
accomplished as follows.
Let ys = f (x) be the

ordinate of the wupper

can

surface de in Fig. 6.5(a).

Then  the  following

Fig. (3 cnee Aulae 8Ll IV o ) (3 i)
Loty LA e Solal St sa de s .6.5(a)
dbras s (@l b el b s fo
Pl alin o Sedl) Lkl (3 2oy
oo Y (Sect. 6.1) 6.1 .aslll 3 Labss
Fig. 6.5(a) (3 &) 8020 pasras O 555 (U3
el fog Wall 39 de o JS e ()
9] i o2l iy U (Bianis bghas 04S
Fig. 6.5(a) (3 &l Lskad) i 0B (Bl
Lbsd) 3 allre s ) Jps of 4
sl e s 53d -S4y Fig. 6.5(b) ¢ gyt
B Ll o 3o 08 ys = £ ()l L QW)
Sy WU Jedl & Fig. 6.5(a) (& skl de

Z(T] LE) ) & Z\.l.:la.:ﬂmm 3 S
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(Grid transformations) &5aa)l < Vss

transformation will result

in a rectangular grid in (¢,

1) space:

n=ylys  whereys=f(x)

E=x

The above is a simple
example of a boundary
fitted coordinate system.
A more sophisticated
example is shown in Fig.
6.6,
elaboration of the case
in Fig. 6.2.

Consider the airfoil shape

which is an

illustrated

given in Figure 6.6(a). A

curvilinear  system s
wrapped around the
airfoil, where one
coordinate line n = 1l

=constant is on the airfoil
surface. This is the inner
boundary of the grid,
designated by I1l. The
outer boundary of the grid
is labelled I2 in Figure
6.6(a), and is given by 1 =
N2 = constant. Examining
this grid, we see that it
clearly fits the boundary,

and hence it is a

Pl S5 gl e Lo U gr G Lo
25 5 Fig. 6.6 & hsls ST ke 35 . S
et JSo 3 Bl Fig 62 & ose dad)
& oYl soie pllsl i 5 Figure 6.6(a) (3 53,15l
e b ==l L et Com it o
Sl ads1al sead R
PR CORA R TP ER IRPR PR P i SIS PPV
= =12 ikulsy Jeas (Figure 6.6(a) (3 2 <
Jay oy ol g aSad) ode ey Lot
32 oLl rw.; Qb QL:}L;} (394 C‘b‘ﬁ
Sy T1 ads 1l 3pud) e 522l bobil 5ol
Joo ol € bglas 2 T2 don) ) 5gudl ablis
Fig. 6.6(a) & Of L>Y) .cub =£ =£1 93 of L=
N R
Bl 55101 A 0dn oo oy 2948 15
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6.3 Boundary-Fitted Coordinate Systems

boundary-fitted

coordinate system. The
lines which fan out from
the inner boundary I'l and
which intersect the outer
boundary I2 are lines of
constant &, such as line ef
for which & = &1 =
constant. (Note that in Fig.
6.6(a) the lines of constant
n totally enclose the
airfoil, much like
elongated circles; such a
grid is called a ‘0" type
grid for airfoils. Another
related curvilinear grid
can have the 1 =constant
lines trailing downstream
to the right, not totally
enclosing  the  airfoil
(except on the inner
boundary I'1). Such a grid
is called a ‘C" type grid.
We will see an example of

a‘C’ type grid shortly.)

0555 0F - Ks igoall 3,20 551 Al ol
e 3 o) Ul S pmall Bnglin 358 bshos = 1)
(T ksl sgadt Je V) mndl LU a5
IS P Gl C O F U I PSR L

(L 'C S gy e Vi
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& Transformations and Grids

¥ leper baundury
d &
C
[]
7
|
[ [ ot “[enter Line 7 3

Fig. 6.5 A simple boundary-fitted coordinate system. {a) Physical plane. (b) Computational plane

Fig. 6.6 {a) Physical plane. ¥ Ouler boundary £3
(b} Computational plane E=ronsts £

E=consl=§

] -l:ﬂl'llﬂ =0y
p=const = gy

Inper boundary 13 b
a .i"_
" L AL
s B i ‘F R
| Ag
p | 5
[ A | J
1
r g c G 7 | [
Ll I
h
b £

Question: What transformation
will cast the curvilinear grid in
Fig.6.6(a) into a uniform grid in

the computational plane as

Sl O Sl Jedl g Lt disld)

suge 35 (3 Fig.6.6(a) (3 dwikl 3l
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6.3 Boundary-Fitted Coordinate Systems

sketched in Fig.6.6(b)? To
answer this question, note from
Fig. 6.6(a) that along the inner
boundary I'l, the physical

coordinates of the body are

known:

(x, y) known along
I'1
Similarly, the physical
coordinates of the outer

boundary I'2 are also known,
because 12 is simply a rather
arbitrarily drawn loop around
the airfoil. Once this loop I'2 is
specified, then the physical

coordinates along it are known:

(x, y) known along
I2

This hints of a boundary value
problem where the boundary
conditions (namely the values
of x and y) are known
everywhere along the boundary.
Recall from Sect. 4.3.3 that the
solution of elliptic partial
differential equations requires
the the

boundary conditions

specification  of

everywhere along a boundary

enclosing the domain.

(Fig.6.6(b) & <y LS ledk) Laasudl (3
Fig. 6.6(a) oo LY (Jlgdl 1da e 2l
LAY 2 ag (T ads ) 59adl Job O
Jsb e e (X, )

Il
) el 430580 Uiyl g ¢ ekl
£ iy i 3l 3,2 sa T2 OV (Ll 8y ,0e 2
o Bl B il S s (S5 Lee)
WLl oY & T2 aald) oda L
O Jjb J—‘ a-éjju CMA?

Jsb Je Sone (X, )

r2
G 9dd) Bad (3 A 35rd) s s
BTy o x b () agdl by 2l
Sect. 4.3.3 ;’;T Deddl Job e o
gl a5 aloldl Vsl = of
J5 3 o) byt wlislye S

U s seadl Jsb e 0
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(Grid transformations) &5aa)l < Vss

Therefore, let us consider the
transformation in Fig. 6.6 to be
defined by an elliptic partial
differential equation (in contrast
to an algebraic relation as
illustrated in Sect. 6.4). One of
the simplest elliptic equations

is Laplace’s equation:

o304 (sl Fig. 6.6 (& Js=ll s Lges
o) ISad) (solad agh adolid) Aol
G o 9 LS L e e 2l
Lol e dsls (Sect. 64 6.4 .2
oMY Wles sa ISSEN dslall YL

:Laplace

are e
PR
fﬁzif r')zi,r B
o2 oy

(6.35a)

(6.35b)

where we have Dirichlet

boundary conditions

n = nl =
constant on I'1

n = n2 =
constant on I'2
and & = £(x, y) is specified
onbothI'1land I'2

Dirichlet cukis s 39dd) by b L) o>
Il Je ol =n=n1
I2 65& el = n=n2

[25 TS Jo Ldd o E=E(x, )

It is important to keep in mind
what we are doing here. The
equations (6.35a and b) have
nothing to do with the physics of
the flow field. They are simply
elliptic =~ partial  differential

equations which we have chosen to

La s Lo jlaeW) 3 dsoof bl e
bty W &M Y (6.35a and b) <Vslal
SVl by 2 i pad Jz2

oLisl 3 ISad) aland) g alold)
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6.3 Boundary-Fitted Coordinate Systems

relate £ and 1 to x and y, and
hence constitute a

transformation (a one-to-one
correspondence of grid points)
from the physical plane to the
computational plane. Because
this transformation is governed
by elliptic equations, it is an
example of a general class of grid
generation called elliptic grid
generation. Such elliptic grid
generation was first used on a
practical basis by Joe Thompson
at Missippi State University, and
is described in detail in the
pioneering paper given in Ref.
[6].

Let us look more closely at the

physical and computational
planes shown in Fig. 6.6. In order
to construct a rectangular grid in
the computational plane plane
(Fig. 6.6b), a cut must be made in
the physical plane (Fig. 6.6a) at
the trailing edge of the airfoil.
This cut can be visualized as two
lines superimposed on each
other: the line pg denoted by I'3
represents a boundary line for
the physical space above pg, and

the line rs denoted by I4

Yo IS Wby ¢y 5 x <oy € L)
o (B2 bls e asly ) dg 2ol
&Y L gl Llasdl ) Jlpdl) Ladasid)
Bglay OWolell S o Sl s 2k
s o el da k)l e Jl ga (20
IS et A s e b
JSKad ol L) aSis codsanl W,
Joe Ogunst s J3 oo os ool o Vol
(Missippi #Vy 4> (¢ Thompson
G )l sl By 3 Jeaddl ooy

6] .=
Lbsdl Jo o e 3l AL Uses
Jof e Fig. 6.6 3 ondl sty Sl
Fig.) gld! Labosudl (3 dlbozns s el
Ll 3 pis x4 ¢ (66D
oo sl Bl Je (Fig. 6.6a) Sl
oo ) WS jeaas (S it s et
pq L el lean (e aSlie bshs

J'.:;LU ij\.-l-\ bs J:.q I3 Zda_u\j; J',aj“
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(Grid transformations) &5aa)l < Vss

represents a boundary line for
the physical space below rs. In
the physical plane, the points p
and r are the same point, and the
points g and s are the same point;
in Fig. 6.6(a) they are slightly
displaced for clarity. However,
in the computational plane, these
points are all different. Indeed,
the grid in the computational
plane is obtained by slicing the
physical grid at the cut, and then
‘unwrapping’ the grid from the
airfoil. For example, the airfoil
surface in the physical plane,
curve pgecar, becomes the lower
straight line denoted by I'l in the
computational plane. Similarly,
the boundary  ghfdbs
becomes the upper straight line
denoted by I2 in the

computational plane. The left

outer

and right sides of the rectangle in
the computational plane are
formed from the cut in the
physical plane; the left side is
line rs denoted by I'4 in Fig.
6.6(b), and the right side is line pg
denoted by I'3 in Fig. 6.6(b). The
computational plane is sketched

again in Fig. 6.7. Here we

o g gl rs by pg S8 Jlpd)
St gl seudl b fag T4 Al
g“rjpw 4@@}:«5}‘ Lobsdl & s O
ki i a5 g akB g y ki) b
&9 g2 of W e Fig 6.6(a) &
LS LLad s ¢ gould) Laosidd) 3 (U
@ S e Jgadl on (a3l (3 add
15L5dl) 8l foods pe 35wl Llasid
S e it
3 b e JUW e o mad
T2 cpgecar sy o Shpdl Lagasd
grlm\ﬁy;\wﬁwb
o 290l OB iy L gl Lo asid)
Aoty jod) (Sshal) ofios Lo s ghfidbs
ol i g bl 3 T2
Lbsdl 3 fsadl e Vs o8V
sl 3 gl e K85 el
) gep s b a LY OB ¢ S
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6.3 Boundary-Fitted Coordinate Systems

emphasize that values of (x, y)
along  all
boundaries, I'1, T2, I'3 and I'4. The
key aspect of the elliptic grid

are  known four

generation approach is that, with
the given boundary conditions,
Egs. (6.35a and b) are solved for
the (x, y) values which apply to
all the internal points. An example
of such an internal point is given
by point A in Fig. 6.7, which
corresponds to the same point A
in Figs. 6.6(a) and (b). In reality,
the equations to be solved are the
inverse of Egs. (6.35a and b), that
is, equations obtained from Egs.
(6.35a and b) by interchanging
the dependent and independent

variables. The result is:

Fig. (3 I3 dawly el oz pg o a2V
3 AT 5 gl Lesid) s 6.6(D)
e (3, y) e B2 ST Ls £ Fig. 6.7
T4y T3 T2 I ciagyY) 390kl IS Jsb
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¢ (A) il s e ads 1) ded ol
G (A) 1aid) i mo 3w &)y Fig. 6.7
<Yslally (231l (3 .Figs. 6.6(a) and (b)
<Egs. (6.35a and b) _psSas - s
Egs. o Lesls Jgad) & &)l o¥olall ol
il ol 3 Jsls (6.35a and b)

L damdly alanldly
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(Grid transformations) &5aa)l < Vss

Fig. 6.7 Computational n
plane, illustrating the bound- IA
ary conditions and an internal nf==———===
point I (x. yknown I
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Note in Eqgs. (6.36a and b)
that x and y are now
expressed as the dependent
variables. Returning again
to Fig. 6.7, Egs. (6.36a and b)

Jroesi| Y 9X of Egs. (6.36a and b) (3 L>>
Fig. (1 51 5,0 83521 it olpanes” OV s

& oo dl Lix (J£ Egs. (6.36a and b) ,6.7
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6.3 Boundary-Fitted Coordinate Systems

are solved, along with the
given boundary conditions
(x,y)onTI1,12,I'3and

I'4, to obtain the values of (x,

for

y) which correspond to the

uniformly  spaced  grid
points in the computational
(& 1) plane. Thus, a given
grid point (&, 1j) in the
computational plane
corresponds to the calculated
(xi, yj) in
physical space. The solution
of Egs. (6.36a and b) is
by

appropriate finite-difference

grid point

carried out an

solution for elliptic

equations; for example,
relaxation techniques are
popular for such equations.
Note that the

transformation, using an

above

elliptic partial differential
equation to generate the
not  involve

grid, does

closed-form analytic
expressions; rather, it
produces a set of numbers
which locate a grid point (xi,
yj) in physical space which

correspond to a given grid

T49T3 T2 T1 Je (v, y)d 1 390t by
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(Grid transformations) &5aa)l < Vss

point (&, nj) in
computational space. In
turn, the metrics in the

governing flow equations
(which are solved in the

computational plane), such

as 0&/0x, on/dy, etc. are
obtained from finite
differences; central

differences are frequently
used for this purpose. The
curvilinear, boundary-fitted
coordinate system shown in
6.6(a) is

illustrated in a qualitative

Fig. simply
sense in that figure, for
purposes of instruction. An
actual grid generated about
an airfoil using the above
elliptic grid generation
approach is shown in
6.8,

Using Thompson’s

Fig.
[7]-
grid

taken from Ref.

generation scheme (Ref. [6]),
Wright ([7]) has generated a
boundary-fitted coordinate
system around a Miley
airfoil. (The Miley airfoil is
an airfoil specially designed
for low Reynolds number

applications by Stan Miley

ERCAIFTNCRIPE INCH R e " ‘@u‘ys
s @ ool sall ably iz Fig. 6.6(a)
oF sl s aaadt) 3 el B2V (3
Gl L) 8o b sl meidl 3gmy
o o 8355l Fig 6.8 3 oaee oDl K2
171
ey 85 ([7]) <)) «([6] M) Thompson
PO e ST SR P IR PRE R FE Y

rodhl il g2 Miley Jbs odls) Miley

Reynolds jsy, sds 84sl wlinkd Lawes

Ogemish b s Lb2 alasaal

LYy dxel> (3 Stan Miley Ll Ol |3
ixi (3 Fig. 6.6 & .(Mississippi (e
ey bl g K2 s Camie (3 slian

DY S8 i) e e 25
sy o sl o [7] b g
el g b e olbd) M e Reynolds
LVl @V¥slas (3 83908) Gl > doie
oda 2o :3L5s)Navier-Stokes -Syiw sl

AL (Chap. 7 & o) e ezl Jold

178



6.3 Boundary-Fitted Coordinate Systems

at Mississippi State
University.) In Fig. 6.6 the
white speck in the middle of
the figure is the airfoil, and
the grid spreads far away
the all

directions.

from airfoil in
In Ref. [7] low Reynolds
number flows over airfoils
were calculated by means of
a time dependent finite-
difference solution of the
compressible Navier-Stokes
time-

equations  (such

dependent solutions are
discussed in Chap. 7). The
free stream is subsonic;
hence the outer boundary
must be placed far away
from the airfoil because of
the

propagation of disturbances

far-reaching

in a subsonic flow. A detail
of the grid in the near
vicinity of the airfoil is
shown in Fig. 6.9. Note from
both Figs. 6.8 and 6.9 that the
grid is a ‘C’ type grid, in
contrast to the ‘0" type grid
sketched in Fig. 6.6. We end

this section by emphasizing

39l oy it Jby (sl Ao 9> gp
B LS et el 8 Iny
gl Ao 093 35 3 bl kol e Al
gt ol o) (3 8 e ol 55
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(Grid transformations) &5aa)l < Vss

again that the elliptic grid
generation, with its solution
of elliptic partial differential
equations to obtain the
internal grid points, is
completely separate from the
finite-difference solution of

the governing equations.

The grid is generated first,
before any solution of the
governing equations is
attempted. The wuse of
Laplace’s equation (Eq.
(6.35a and b)) to obtain this
grid has nothing to do
whatsoever with the
physical aspects of the
actual flow field. Here,
Laplace’s equation is simply
used to generate the grid

only.
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Fig. 6.8 Boundary fitted grid (from Ref. [7])
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==

Fig. 6.9 A detail of the boundary fitted grid (from Ref. [7])
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6.6 Adaptive Grids

An adaptive grid is a grid network
that automatically clusters grid
points in regions of high flow field
gradients; it uses the solution of
the flow field properties to locate
the grid points in the physical
plane. The adaptive grid evolves
in steps of time in conjunction
with a time dependent solution of
the  governing flow  field

equations, which computes the
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6.3 Boundary-Fitted Coordinate Systems

flow field variables in steps of
time. During the course of the
solution, the grid points in the
physical plane move in such a
fashion to ‘adapt’ to regions of
large flow field gradients. Hence,
the actual grid points in the
physical plane are constantly in
motion during the solution of the
flow field, and become stationary
only when the flow solution
approaches a steady state.
Therefore, unlike the elliptic grid
generation discussed in Sect. 6.5
where the generation of the grid is
completely separate from the flow
field solution, an adaptive grid is
intimately linked to the flow field
solution, and changes as the flow
field The

advantages of an adaptive grid are

changes. hoped-for
expected because the grid points
are clustered in regions where the
These

increased

‘action’ is  occurring.

(1)

accuracy for a fixed number of

advantages are:
grid points, or (2), for a given
accuracy, fewer grid points are
needed. Adaptive grids are still
very new in CFD, and whether or

not these advantages are always
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acheived is not well established. [8] Corda ‘3))—(&3 o pls | el G <l

An example of a simple adaptive
grid is that used by Corda [8] for
the solution of viscous supersonic
flow over a rearward-facing step.
Here, the transformation is

expressed in the form:

Where g is a primitive flow field
variable, such asp, o or T. If g =p,
then Egs. (6.37) and (6.38) cluster
the grid points in regions of large
pressure gradients; if ¢ = T, the
grid points cluster in regions of
large temperature gradients, and
so forth. In Egs. (6.37) and (6.38),
AE and An are fixed, uniform grid
spacings in the computational (&,
n) plane, b and ¢ are constants
chosen to increase or decrease the
effect of the gradient in changing
the grid spacing in the physical
plane, B and C are scale factors

and Ax and Ay are the new grid

184
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6.3 Boundary-Fitted Coordinate Systems

spacings in the physical plane.
Because 0g/0x and 0g/0y are
changing with time during a time-
dependent solution of the flow
field, then clearly Ax and Ay
change with time, ie. the grid
points move in the physical space.
Clearly, in regions of the flow
where 0g/0x and 90g/dy are large,
Egs. (6.37) and (6.38) yield small
values of Ax and Ay for a given A
and Am; this is the mechanism
which clusters the grid points. In
dealing with an adaptive grid, the
computational plane consists of
fixed points in the (£, 1) space;
these points are fixed in time, i.e.
they do the

computational space. Moreover,

not move in
AE is uniform, and An is uniform.
Hence, the computational plane is
the same as we have discussed in

previous sections.

The governing flow equations are
solved in the computational plane,
where the x, y and f derivatives are
transformed according to Egs.
(6.2), (6.3) and (6.5). In particular,
examine the transformation given
by Eq. (6.5) for the time derivative.

In the case of stretched or

g/ 5 9g/dx OY . Slpdll Ladasidll (3 5ad
I e dezm Jo Pl 235l 950 me piS
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4>y e .Egs. (62), (6.3) and (6.5) J
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boundary-fitted grids as discussed
in Sects. 6.4 and 6.5 respectively,
the metrics 0£/0t and on/ot were
zero, and Eq. (6.5) yields o/ot

0/0t. However, for an adaptive

grid,

and

(Sects. 6.4 and (3 i3y LS 5542 seudl of
OMN/Ot 3 AL/t pmelir ilSs cL}\fJ‘ $£6.5)
&9 00t = 0ot i (6.5) LWblally o

(e S il (els

[,

an
ot

Are finite. Why? Because, although
the grid points are fixed in the
the

points in the physical plane are

computational plane, grid
moving with time. The physical
meaning of (0£/0t) x, y is the time
rate of change of £ at a fixed (x, y)
location in the physical plane.
Similarly, the physical meaning of
(On/ot) x, y is the time rate of change
of 1 at a fixed (x, y) location in the
physical plane. Imagine that you
have your eyes locked to a fixed (x,
y) point in the physical plane. As a
function of time, the values of £ and
n associated with this fixed (x, y)
point will change. This is why 0&/0t
and 0n/ot are finite. In turn, when

dealing with the transformed flow
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6.3 Boundary-Fitted Coordinate Systems

equations in the computational

plane, all three terms on the right-

hand side of Eq. (6.5) are finite, and
must be included in the
transformed equations. In this

fashion, the time metrics 0&/0f and
on/ot take

account the movement of the

automatically into
adaptive grid during the solution of

the governing flow equations.

The values of the time metrics in the
form shown in Eq. (6.5) are a bit
cumbersome to evaluate; on the

other hand, the related time metrics
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are much easier to evaluate,

because they come from
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Where Ax and Ay are obtained
directly from the transformation
given in Egs. (6.37) and (6.38)
respectively. Let us find the
relationship between these two

sets of time metrics. Consider

el e 380e Ay 9 Ax Jo Jsad) o Co
Al Je Egs. (6.37) and (6.38) (& 535l
o oEset) opla on B e ga Lges

A ealia

X

Hence N
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From this result, we write
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(6.41)

Note that we are carrying the
the

avoid

subscripts on partial

derivatives to any
confusion over what variables
held

consider

are constant. Now
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6.3 Boundary-Fitted Coordinate Systems

y=yé&n.7)

Hence: a 20 .
d_v:(;—“') d§+(;—‘\) dr;+(%] dr
08 |1 x 0N [ 07 Je
Thus. from this result we write
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Solve Egs. (6:41) and (6.42) for (%)
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Recognizing that t=t, and that | ; ; s Szl ("‘”’w\ OTJ ct=rob ("L“" 3
the denominator is the

Llisl) odel alslall =25 Jacobian ] 3s5l>

Jacobian |, the above equation

becomes (dropping subscripts) (ki)
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d& 1 dx

ot J

(' ay ) N ay ( ax )
at [\ong| \at|\on,

(6.43)

Solving Egs. (6.41) and (6.42) for

(22

at }x.y' J Eqs (641) and (642) J”'

we find a likewise e i
fashion that o “ub e E
an 1 ( ax ) dy ) dy ( ax )
— === =]-=||— 6.44
gt J\\at]\ag) ot )\ og, (644)

Let us recapitulate. For an
adaptive grid, the governing
flow equations, when
transformed for solution in the
computational (&, 1) plane,
must contain all the terms in
the time transformation given
by Eq. (6.5). The time metrics,
0&/ot and on/ot, in Eq. (6.5) can
in turn be expressed in terms of
ox/ot and dy/ot through Egs.
(6.43) and (6.44). These new
time metrics can in turn be
readily calculated from Egs.
(6.39) and (6.40), where Ax and
Ay are given by the basic

transformation in Egs. (6.37)

and (6.38). An example of an
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6.3 Boundary-Fitted Coordinate Systems

the

supersonic viscous flow over a

adapted  grid  for
rearward facing step is given
in Fig. 6.10, taken from the
work of Corda [8]. Flow is from
left to right. Note that the grid
the

expansion wave from the top

points cluster around
corner of the step, and around
the reattachment shock wave
downstream of the step. It is
interesting to note that the
adapted grid itself is a type of
‘tlow  field

method’ that helps to identify

visualization

the location of waves and other

gradients in the flow.

As a final note, there are many
different approaches for the
generation of adaptive grids.
The above discussion is just
one; it is based on ideas
presented by Dwyer et al. in
Ref. [9]. For a more complete
discussion on adaptive grids,
as well as grid generation in

general, see Ref. [1].

@£ &)l (Fig. 6.10 3 3554 axly gl 35ks s
bl o 5o 3305 .[8] Corda 13,58" Jos o
s B Jom ddginall 3020 OF oY e
Aadall Bmge Jomg cBsladl oda e Ul gl e
Of alaxatl il e agbd) ol SN
o ey eh A e 3 S 3K O L

s i e 1ol 0L b1 B i

Bl 3 AT ol C\y‘y\
ikl CILY e il Sl sl ales DS,
3,2 & ol 53yl a3l L Sl os ad
Dwyer »ls> Lot gl G e ooty 4Y iy
Se YL T aasll 9] a3 02T,
el Koy b s iy (GBS o

1] b st
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L

Fig. 6.10 Adapted grid for the rearward-facing step problem (from Corda, Ref. [8])
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38 M s IS8y o el ot 21y )l et sl E e ¢S
.(CFD) 4l Sl Sloales s o pls ol

ble (mechanism) &7 Ceas OF vl o M3 o al2ell o 23l OF 3
@J\ v jesdl € . o(explicit finite-difference calculations) ) 2 9dst (3 4l
U8 Led bl sl OF s ) 5.3 ol & (implicit)  s2lly (explicit) 2!
1% 0l Gl Caog ps o clall AL AbUL 3 had) Vs 3 ST
Gy (treatment) Ml Joxy .o Lo a2Vl g 2nidl (explicit methods)
s Lzi3be o5 ) (implicit methods) dcesall & kb))

(g Jo e dib IS Gaas el M 3 Lgradle o g 2l OB ol
)Wl . (forward marching in steps of time) o)l o Slshs (3 Ls xudl
J> st 055 (time dependent solutions) ¢yl e ez @) Joldl o a oaal
05 L | o s Iy (steady-state flow field) AU cold) Ol i
G R ol dmd Ay 52 e el e szl AV OB cliag (ST OL
el olad alh e dazs gl a8 el plasiaa) oz o541 (applications) <ligks
.(unsteady flow) <dazs 0L, (2 (actual transients) I

Examples of both are given here. We note, however, that although the
following sections deal with marching forward in time, the same techniques
are easily applied to a steady flow calculation where spatial marching is done
along some coordinate axis. We have seen in Chap. 4 that such forward
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marching (in time or space) is appropriate when the governing equations are
hyperbolic or parabolic.

I bl OF e o2 31 e ol (3 e (oS5 L Lasl 18 (n3Y) g aliel Slinyg
G5 oz ,(time) <35l a.db (marching forward) »L31 Y ol fls
o (steady flow) ol 0Ll olud dseus (techniques) wlaad) i
Goei) o2 e Jsb o Je(spatial marching) ol )
forward ) »LY ) s di of 4 Ladh 3 Wi, 4@ (coordinate axis)
SYolell 3555 b onlin n (O o 0Ll 3) i) 1ia s (Marching
6 aabs o (hyperbolic) iaxks (governing equations) ...yl

. (parabolic)

(The Lax- Wendroff Method) dg ilg S dis b 7.2

Let us describe this method by considering a simple gas-dynamic problem,
namely the subsonic-supersonic isentropic flow through a convergent-
divergent nozzle, as sketched in Fig. 7.1. Here, a nozzle of specified area
distribution, A=A(x), is given, and the reservoir conditions are known. Let
us consider a quasi-one-dimensional solution where the flow field variables
are functions of x (in the steady state). For a calorically perfect gas, the
solution of this flow is classical, and can be found in any compressible flow
text book (see for example Refs. [1, 2]). We use this example here only
because it is an excellent vehicle for introducing and describing the time-

dependent finite-difference philosophy.

gas—) W clelyld dbo i Al s e dgg bl oda Caal Lges
ot el e @M‘Y\ — gl 1w 093 Ol i say «(dynamic problem
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subsonic-supersonic isentropic flow through a ) sielae —aylize dags M
wF B e ke 71 IKE) 3 ey LS ((convergent-divergent nozzle
reservolr ) ohdl Oy b 0sS g0 ek 0,5, A=A(X) a2 b
quasi-one-) dadl @sl>f as J> I s Lses iy (conditions
ks, (flow field) oy, Ji (variables) wipass o ((dimensional
Jls (gas) 5 Js Jsexl ((steady state)at dl-~ (3) X o (functions)
SIS 5a (flow) ou,di 1 b ((calorically) a4 el 2l
OLudl blaay oS o ¢l @ s el Sk o(classical)
JE s paszs L([2 1] a0 QW e Je i) (comprressible flow)
Edy o szl 5390l OMas Y dals Chogy Cagad 3l Ay &Y Lo L

.(time-dependent finite-difference philosophy)

The nozzle is divided into a number of grid points in the x-direction as shown
in Fig. 7.1; the spacing between adjacent grid points is&* . Now assume
values of the flow field variables at all grid points, and consider this rather
arbitrarily assumed flow as an initial condition at time t=0. In general, these
assumed values will not be the exact steady-state results; indeed, the exact
steady-state results are what we are trying to calculate.

o4 @ (grid points) izl bs e sae 4] (nOzZlE) ansd) s
bl op (Spacing) asldly 7.1 . SKal 3 ome 92 WS ,X (direction)
Jiz (variables) g (values) o3 oV (ol AX a5yl a2l

sear (low) 0l iis 3 bdly aSad bl aa @ (flow field) b,
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Fig. 7.1 Flow through a

Jey t =0 o @ ol (condition) b,as” s i (arbitrarily) siews
(steady-state) il Al Bl axy e 055 0T b ¥ ol oda 0B cole
steady-) gt jlaeal Al Bl axy e L ¢ (steady-state results) st

Leled s Lo » (State results

Consider a grid point, say point i. Let i denote a flow field variable at this
point (Ji might be pressure, density, velocity, etc.). This variable Zi will be
a function of time; however, we know &i at time t=0, i.e. we know g:(0)
because we have assumed values for all the flow field variables at all points
at the initial time t = 0.

Ji e e Vs i g . 1akid) e, (grid point) il bl jed
Lzl 05 W i) il oda we (flow field variable) oy
i i i (pey (velocity) aed, (density) sl (pressure)

i 3 Ti e 4y alls aey ((function of time) cal s 0,5 s

flow ) ol Jle wlpane mead ol 285 WY 9i (U)u‘ﬁ’ Wil et =0

t=0 (the initial time) ¥ <3 3 bl s 3 (field variables

Fixed equilibrium reservoir
conditions at first grid point

' L
I

1

nozzle

. X
convergent-divergent Ax
Nozzle of specified shape A=A(x)
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suslaze—iglize angs s -0 0L, 70T Kl

AN by sl e Bily ¢ BT 3y 3 Ti e sas A OV et
s At s, t+ AL =0 + AT sl 1Y @1l 3 ((initial conditions)
NEW ) sl ded o Jsadl an 3> 3y 3 Ladld gl 3 paw B3l
Taylor's series ) bt dhles moss n ¢ it +al) f  Gi .. (value
(LS gl e e 34l (3 (€Xpansion

We now calculate a new value of gi at time t +At; starting from the initial
conditions, the first new time is t+At = 0+At. Here, At is a small increment in
time to be discussed later. The new value of gi, i.e. gi(t+At), is obtained from a

Taylor’s series expansion in time as time as:

g”“+ﬁ”::mﬂﬂ+(;')Ar+t ﬁ)( A
i i

ot a2 2

s

or, using the standard notation Lol 3ol Ay g jns sldiizal, ‘jf
of time as a superscript,

(e
']nt (‘}QQ‘ t(.ﬂf}
A ot [T Ar [ ) =2 .1y
Si o1 (.«.’fri) or ], 2
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Here gitt is the value of g at
grid point i and at time t +At;
(Og/ot)it is the first partial of g
evaluated at grid point i at time
t, etc. In Eq. (7.1), gtiis known
and At is specified. Therefore,
we can use Eq. (7.1) to calculate
git"\tif we have numbers for the
derivatives (0g/ot) i+t
(0%g/ot?) it2t. The numbers for

the derivatives are obtained

and

from the physics of the flow as
embodied in the governing
flow equations. (Note that Eq.
(7.1) is simply mathematics,
and by itself is certainly not
sufficient to solve the problem.)
The governing flow equations
for the quasi-one-dimensional

flow through a nozzle are (14):

ey G I e i EhE g dad a gt s
Aaid) (3 oS g A o0 J9Y1 52 (3g/O)i +AL
Al 3 ey ) Ly el 3 il e i
Ll (U, 3302 Aty Bgyme gl iy ((7.1)

gttt Olud | (7.1) a5kl pluse|
izl pl)] oy 05K 0T W 08713 gt ol
Jsad! oz &b (O%g/O17) 2 5 &b (Qg/o)a
@y LS gl slpd e I il BT Je
aslalt OF al>3le) L gl (SE G oYalad 3
B a~ @ Gy (olol, bl a (7.1)
& oVsladly (Al a8 e NRgrie

iagh s e slel (ool ans g gl (KL

:(14) &
o dp I d(puA)

C L — = 7.2
ontinuity % A o (7.2)
Momentum : (?—M = —1 Ji +pu8—“ (7.3)

dt - pl\ox ox

. de ~ [ Ou d(lnA)  de J

Energy : i —; {pa—.‘_ + pu R + 'UH(_'M'] (7.4)
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Note that Egs. (7.2), (7.3) and
(7.4) are written with the time
derivatives on the left-hand side,
and spatial derivatives on the

right-hand side. For the moment,

let us calculate density, ie g
= o, and let us consider just the
continuity equation, Eq.

(7.2).Expanding the right-hand
side of Eq. (7.2), we obtain

dp 1 0A  dp

— = —pPU— — U

ot A dx x
At time t = 0, the flow field

variables are assumed; hence

we can replace the spatial

derivatives with central
differences:
I t
)y __1 ';'J{I(Aim ~ A )—u
ar). AP\ oAy

Equation (7.6) gives us a number
for (0o/ ot)ti, which is inserted into
Eq. (7.1).However, to complete Eq.
(7.1), we need a number for the
second partial also,

@0t To

namely

obtain this,
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LeSINT4) 5(7.2), (7.3) Vsl Of dass
Slizadly eV oW e 3l Slinzll x
Lses calalll ol J o6V ol e as S
Lo Ly Lyesy gm0 sl WS ot
S 5 (7.2) AL ez A laald

e St (7.2) Al e <Y

du

— (7.5)
pr.?.x'

Ls g (335 JUg gl o b5 (b= 0 oy 3

S UM 35y e Slazall Jlbza) LSs

S\

t t t

Piy1 ~Pio i1 Ui

',It U
t —_—
i( 2Ax ] ’U{ 2Ax ]

o L;Jb «(do/ ot)ti rﬁ)\ Lbery (7.6) Wslal

t
i

(7.6)

Akl JLsY Sy ((7.1) skl 3 L))

dad gl a5l sae U s 4 (7.0)
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differentiate  the  continuity 3., 3 a5 e e Jpamd) L (20/08)5 58
equation, Eq. (7.5), with respect to

fime: (3l sl Lad (Bq. (7.5) cylanaY)
0%p [|OA[ du dp ?*p  (dp\[ou Pu [ 0u\(dp
SR il i | N B R [ R
g A L_n( T f)r)] Yoar m) or | oo 8.&') i)

Also, differentiate the (7.5) bl ¥ bl G Ll
continuity equation, Eq. (7.5),

with respect to x: xJ Al
&*p I &*A (oA ()u dp r_'?zp dp [ ou Pu (ou\(p
= —|pl— T — U ||~ U 5 P\
dtox Al dxd \ox Pox 0x o2 \ax\ox) "o o)\ ax
(7.8)
The procedure now works as AW sl e OV el Y Vs ey

follows:

(1) In Eq. (7.8), replace all * wlizll pe Pl (7.8) Al 3(1)

derivatives on the right-hand :
o (AS A M| 5 NS
side with central differences, JM 2 P& oA

such as

P L —ul
Ou Wiy~

ox  2Ax

Fu ~ u, —2.‘.' +H »
ax2 (Ax)?

etc.

This now provides a number for — yj,, o (Po/otN) J osae oY s lda
(0%0/0tox)t from Eq. (7.8).
(7.8)
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(2) this number for
(0%0/0tox) i into Eq.(7.7). Also in
Eq. (7.7), numbers for dou/ot and

Q?u/oxot are obtained from a

Insert

treatment of the momentum
equation, Eq. (7.3), in a manner
the the

continuity equation was treated

exactly same as
above. The details will not be
given here. In Eq. (7.7), anumber
for (0p/ot) is already available,
namely from Eq. (7.6). The net
result is that we now have a
number for (0%0/0t?) 4, obtained
from Eq. (7.7).

3) number for
(0%0/0t?)t Eq. (7.1)

remembering that g = o for this

Insert this

into

case.

(4) Insert the number for (0g/0t) &,
obtained from Eq. (7.6), into Eq.
(7.1).

(5) Every quantity on the right-
hand side of Eq. (7.1) is now
known. This allows the density
0i*t to be calculated from Eq.
(7.1). This is indeed what we
the

wanted.We now have

204

dolall & (/01N J sl M -)05(2)
dudtd sByls «(7.7) LAl & WS (7.7)
2 o) Wl Lo Jsad) oz 22u/Oxdt
Lol fly 05 52 Je (7.3) Wbl 23
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density at grid point i at the next

step in time, t+At.

(6) Perform the above procedure
at every grid point to obtain o(t
+At) everywhere throughout the

nozzle.

(7) Perform the above procedure
on the momentum and energy
equations to obtain u(t + At) and
e(t + At) everywhere throughout
the nozzle. We now have the
complete flowfield at time (t +
At), obtained from theknown
flowfield at time t. (Recall that
the process is started at t =0 with
the assumed initial conditions.)

(8) Repeat the above process for
a large number of time steps. At
the

properties at all grid points will

each time step, flow
change from one time to the next.
However, at large times, these
changes become very small, and
a steady-state is approached.
This steady-state is the desired
result, and the time-dependent
technique is simply a means to

that end.

3

e @ s S s Ol sl Li(e)
o i (3 O IS B o(t +AY) e Jsal

Angdl
Vsles Lo oMl 5,ST wilel Y1 1is(7)
u(t + At) and e(t + e Jgall Blally (5]l
OV L L angdll (LT o (3 OG JS7 3 AY)
Jsad) & ((t+ Acdy @ WS 0Ll 52
OF SI) ot o) 3 0Ll (5,2 B me o Lells
(o) &gV oo ol st =0 (3 Akasl) e 02
ot S e dendlly o3l 5,55 T lea)l ) S7(8)
Ailas O e Bsbas S8 el sk
(Y Sy e i 1) BB e i)
Spiee pendl Slpead) ods lsh Ay S 8
U oda i U ae Joladl g2y s
sozall 23 odny Bem Ml Al a3l

B ode gt Ay 32 8 )l e
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Fig. 7.2 Transient and final steady-state temperature distributions for a
calorically perfect gas obtained from the present time dependent analysis, y =
1.4

ifled Wy eFig. 72 12

DA B ol el

N

el Zu,‘j;-‘ <o \J.}-jjb 3l [ 08 \\\k
- L3 v ) ~
'k N

a1 =Tk At (steady state)
120]
32

/a

<06 <N 16
 JU s @ sl S A4 =14220-187 TN BAL o(initial
= s t =time S distribution)
: At =time increment
v=14 ¢ Leds Jgadl o NACA report 1135 N Ez
0.2 =

0 04 08 12 16 20 24 28 32
Distance along nozzle x

The behaviour of this type of Figs. (& & o @‘J\ s Hslo o anys
solution is illustrated in Figs. 7.2 )

and 73. In Fig. 72, the IO oo sk 72 . JSa) (372 and 73,
temperature distribution through e bt s ingd) 5L Sl w5
a given nozzle is shown. The

dashed line labelled t = 0 is the (3 TJ &l & x4 m.z)x B t=0 ol
initially assumed values for T . .
throughout the nozzle. The curve 8 BAL (podl 355 gt Angd) ol sl

above it labelled 8At is the & Al 3l bt day A Sl oL
temperature distribution after

eight time steps following the 16At |oudl liis oSl el Y s
above procedure. The curves
labeled 16At and 32At are similar
results after 16 and 32 time steps > s T of L= é‘rs‘ 16 and 32
respectively. Note that the .

temperature  distribution has G P %;ﬁ“ @jﬁ:j R

w3l sl dxy 3l 55 & and 32At
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the

assumed initial distribution at t =

rapidly changed from
0. At later times, the changes
become smaller; note that the
curve labelled 120At is not too
32At.

Finally, after 744 time steps, the

different from that for

changes are so small that the
temperature  distribution s
essentially at a steady state. This
the

that

state is desired
Note the

numerically-obtained steady state

steady

solution.

agrees virtually perfectly with the
classical results, as can be obtained
from Refs. [1, 3], and from Ref.
[4].Fig. 7.3 illustrates the variation
of mass flow, m’, through the
nozzle. The dashed line is the m’
consistent with the assumed initial
conditions at t = 0. The curves
labeled 16At and 32At graphically
demonstrate the wild variations in

m’ at early times.

ol nad Slpadl ai=Y SBsl (3 .t=0
S Calif Y and) 120At gt OF LY
(g seks 744 dmy dpsl 32AL s
gy O il M B sl el
Bt Al (3 wll] s 3 Sl
Of L3 Joll 32zl ) ol o gllally
35 s Ll Jpad) & 5l anl
Leake Jpmad) Shy ASSISY el e Lol
4] b s ([3 s T] el
(el 3 3 MYl s 7.3 IS8
L e gn abaill L) Zagdl Y e e
Slimin t=0 3 25k BV Gy b e iy
oo
38 Dbl 3 e (3 dabenl) xe SUYY)

TsPyr <P 16At and 32At
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Fig. 7.3 Transient and final
steady-state mass-flow
distributions for a calorically
perfect gas obtained from the
present time-dependent

analysis, y=1.4

5 ikl 45lgdl Uy e Fig. 7.3

~ AIA*=1+22(x-15)
< 16 N t =time ]
g At =time increment
& I
= 12 {=74% At (steady state)
s T —

a- O(Lnitial
= | - % 32 distribution)
T 4 N 18 | 120 D
0. < - - \
PR ATTIE R TN S N e
I AN —== \‘
a \

0 04 08 12 16 20 24 28 32
Distance along nozzle

ke Iyt vz QU gl (3 S 2 W) ) 41 ol SR 5140 d s Slaysd

However, after 120 time steps
m’ has become more stable,
and after 744 time steps has
reached a steady state. This
steady state distribution for m’
is a straight, horizontal line, as
it should be for steady flow,
where m" = constant through
the nozzle.Moreover, it is the
correct value of mass flow, as
compared to results from Ref.
[4]. The method described
above, utilizing Eq. (7.1), which
is the first three terms of a
Taylor’s series expansion and

where both the first and second

208
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D> U oy L5 ius) sshas 744 darg ¢ 1)) dxal
S pEdl Al a5
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5 il s e ($48) el = m o
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el Ol Loy L [4] b e
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MacCormack’s Method

partial derivatives in Eq. (7.1)
are found by finite-differencing
the spatial derivatives in the
governing flow equations with
central differences, is called the
Lax-Wendroff method. Note
that the method is of second-
order accuracy, from Eq. (7.1).
This method was employed
with much success in the late
1960s until a more straight-
forward version of the same
idea was introduced by
MacCormack in 1969. This is
the subject of the next section.
For more details about the Lax-
Wendroff method as applied to
the nozzle problem, see Refs. [5,
6].

ol I e e el o (7.1) Ldsla
SE G Vsl (3 U ozl @ g
sledial o (BySe OUYal sey ae 3
o g b)) ods O La>YLax- Wendroff. kol
O .(7.1) bl e @A) e W s,
A8z e 2K Ol e s
5 SN s (3 ok ST asens et 5> 1960
1969 »ls 3 MacCormack dleysSte |3 e
Jsm Sleglall oa il QW el £ 05n g0 1
e e 3y LS Lax-Wendroff o shol

[56] A5 kil cang

7.3 MacCormack’s Method

MacCormack’s method, first . 3 5 ((MacCormack’s method) 2leysSTle 23 b

introduced in 1969 (see Ref.

[7]), has been the most 0\5‘([7] C?-J—U ) 1969 el & L;fﬁ\ 3,00

popular  explicit finite-

difference method for

il dams S AL Bagas Ggp dib

solving fluid flows. It is Lax- agb iy Wls) Ly . Ped) olbw

closely related to the Lax-

Wendroff method, but is {5 Lyes . Gebdd Jgul 5o Q-Qj «Wendroff

easier to apply. Let us use

the same nozzle problem

peosd 7.2 il (3 223Ul aagd) Al
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discussed in Sect. 7.2 to i, 2 MacCormack’s method 2lysSle i

illustrate MacCormack’s

method in the present Lax- ‘W;l’ B ‘_;L° ‘5%}5 Le “4)9 REEW]

section. MacCormack’s
method, like the Lax-

Taylor's skl dedas s gl) e Az <Wendroff

Wendroff method, is based (3 JUbI 48 LS (5,51 5,05 .cawslid) 350l (3 series

on a Taylor's series
expansion in time. Once
again, as in Sect. 7.2, let us
consider the density at grid

point i.

J[t+f_\.t ,':t_i_((? ) At

ot

Equation (7.9) is a truncated
Taylor’s series that looks first-
order accurate; however,
(0p/0t)ave is an average time
derivative taken between time t
and t +At. This derivative is
evaluated in such a fashion that
the calculation of git**from  Eq.
(79) becomes second-order
accurate. The average time
derivative in Eq. (7.9) is
evaluated from a predictor-
corrector philosophy as follows
Predictor step. We repeat the
continuity equation, Eq. (7.5),

below:
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4 daid) we LS Bl Lees (7.2 L ausil)

(7.9)

Taylor’s) skt alede gl » (7.9) U5l
r9 38 Jo¥l am,al e gy s ls o(series
@ 3 bawgie 3iie sa (J0/O)ave (23
Gradl s B 0 AL 9t ) Gn 4Bty
o Sy gt Oles e W ods e 3
REICES RIL I ESNU RNy SN (/R° YR ANA
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7.5) il iy oY) dolee ; .SL.:.:.U
2ol

dp I 0A  dp  ou

== pU— — U — P
o AP oy T "ox TFox

In Eq. (7.5), calculate the vr“‘ o LU ol Olas 4(75) Al
spatial derivatives from the

known flow field values at ! <Y pldsal t(j‘“j’“ & 3l s g Al

time t using forward

(7.5 repeated)

D) skl sy L aleY)
differences. That is, from Eq. ‘(7 5) Sl pp R IRy L

(7.5),

dp T__l K I(M ]_ t 3“:.;.]7_:‘)} g M
(m)l_ Alﬁjiﬁ Ax ) u; Ax P Ax (7.10)

1

Obtain a predicted value of . oy ch“At_ S w}:‘u o) 6& Joatl
density, “oi***t, from the first
two terms of a Taylor’s s «Taylor’s series jshld Al 0 V1 oa)

series, as follows L g

9 t
prHdt = pt +(f) At (7.11)

In Eq. (7.11), ot is known, and 55 (00/dt)is cBgme Of ‘(711) sl 2
(0p/ot)ti is a known number from

Eq. (7.10); (7.10) .aslall o C2gall sual

Hence, ot is readily obtained. " N Joadl L
- - AL 2 X
In a similar fashion, from the sk PR L;; ™ ‘L} K

momentum and eNergy i.3 by Wy o) oVsles 3 abile
equations, predicted values of
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the other flow variables such as u

At e At etc, are obtained.

Corrector step Here, we first
obtain a predicted value of the
time derivative, (0g/ot) i, by
substituting the predicted values
of u it ot etc. into Eq. 7.5,

using rearward differences.

— t+At

dp _ l —.t+At—t+At(Ai —Ain
(E?r)] Toaf

Ax

Now calculate the average time
derivative as the arithmetic mean
between Egs. (7.10) and (7.12), i.e.

o oyt
(7).~
ot ) e 2|\01)

Where numbers for the two terms
on the right-hand side of Eq. (7.13)
come from Egs (7.10) and (7.12)
respectively. Finally, we obtain

the corrected value of @ it from

| a
ave

Eq. (7.9), repeated below:

dp
ot

ALt
pi —pj +(
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et é\ ¢ eitht ( uittt Jie G 35 ol il

Lgle
il Lo Lad Yol 2 (La doeseas sshs
aub o5 (00t (il wlial dxdgl
G5 ) Loy ¢ urtan, gt J dadard) o 2l Jldan)

35l UL alasral el3e (7.5 bl 2

StHAL _ StHAL
Y R
! Ax

(7.12)

StHAL _ St+HAL ]

PR =i
)ﬁ{”‘[ i i-1

Ax

v gl Sl gie bt el OV

£

! «Egs. (7.10) and (7.12)

dp
ot

(7.13)

o Y i e bl W6 G
Egs (7.10) and (7.12) ¢ 3B (7.13) 4Ll
ed e Jpam WL el U e
1001 )55 ((7.9) sl e gt J et

(7.9 repeated)



MacCormack’s Method

The

approach is carried out for all grid

above predictor—corrector
points throughout the nozzle, and
is applied simultaneously to the
momentum and energy equations
in order to generate u it and
eit*2tIn this fashion, the flow field
through the entire nozzle at time t
+At is calculated. This is repeated
for a large number of time steps
until the steady state is achieved,
just as in the case of the Lax
Wendroff method described in
Sect. 7.2.

MacCormack’s ~ technique as
described above, because a two-
step predictor—corrector sequence
is used with forward differences
on the predictor and rearward
differences on the corrector, is a
second-order accurate method.
has the

Lax-Wendroff
7.2.

MacCormack

Therefore, it same
accuracy as the
method described in Sect.
the

method is much easier to apply,

However,
because there is no need to
the
derivatives as was the case for the
Lax-Wendroff method. To see this

evaluate second time

more clearly, recall Egs. (7.7) and

ot Bl el emadly 3l 4 S o
C3ll & iy cdagdl (T o (3 10 bl
Mg Jrl e By o) oVoles e anis
o @ e (Jlel lds (3 et g gt
Asloa) 0 tHAE el 3 oS dngs DI
wgll whsles e 1S aud Bl s S
JE sa LSTLUE s Al 302 0 3>
¢ liws Lax Wendroff ikl 2.y

7.2 b))

LeS"MacCormack’s technique e sSle a5
skt e pdiieg &Y el ST g
L S 39y o ey 3l ks
1o e e S U g e
PRUPHERICUR TSI R ST ¥ DRV
Lioy 3 Lax-Wendroff oS BU i
MaysSle bl (U3 way 7.2 sl 3
e J.g.»j 2 MacCormack method
olizad) vodd arl- Sl e &Y (ool

Lax- &bl dedl JUH 087 LSTagll 34l
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(7.8), which are required for the
Lax-Wendroff method. These
equations represent a large
number of additional calculations.
Moreover, for a more complex
the

differentiation of the continuity,

fluid dynamic problem,
momentum and energy equations
to obtain the second derivatives,
first with respect to time, and then
the mixed derivatives with respect
to time and space, can be very
tedious, and provides an extra
source  for  human  error.
MacCormack’s method does not
require such second derivatives,
and hence does not deal with
equations such as Egs. (7.7) and
(7.8).

A few comments are made with
regard to the specific application
to the quasi one dimensional
nozzle flow shown in Fig. 7.1. At
the inflow boundary (the first grid
point at the left), the values of p, T
and o are fixed, independent of
and are assumed to be
The

velocity, which is a very small

time,

reservoir values. inflow

214

Eqs. S50 dosog ST 10s 35 .Wendroff
s aglles 29 ¢ (77) and (7.8)
1S sds oYslall ods xéy .Lax- Wendroff
el (els e sdley Lo llus o
o Gl dais ST e 1St
gl Yalalh lally 05y iyl ezn]
darg 3l shan Lod Yl sl olial) s
Oy 0Ll ey Lo dlalee lanie EU3
WL hobas s 5 calall Al 0555 0F S
oSl a b by ¥V Lsad sl
oda |t ¢ MacCormack’s technique
SVslas we ol ¥ ULy sl olizal)

.Egs. (7.7) and (7.8)
e Gaby Gl L ol ae s
K 3 e 52 B 35 g ey 4 e
¢ oY i) aai) @) seu> e 7.1
Al sy Sl om0 T op b (Ul

& O il 0S Of oy (el e
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subsonic value, is calculated from
linear extrapolation using the
adjacent internal points, or it can
be evaluated from the momentum
equation applied at the first grid
point using one-sided differences.
At the outflow boundary (the last
grid point at the right in Fig. 7.1),
all the dependent variables are
obtained from linear extrapolation
from the adjacent internal points,
or by applying the governing
equations at this point, using one-

sided differences.

Finally, we note that results
obtained from the Lax-Wendroff
method the

MacCormack method are virtually

and from
identical. For example, these two
methods are compared for a
high

non-equilibrium

vibrationally  relaxing,
temperature,
nozzle flow in Ref. [8]; there is no
difference between the two sets of

results.

I Spkeo dad o8 (s ly (3 A Ol
Bl LUl plisaal pe (gaall A5 09
Lokl @5 dolas 0 Lgaal oS 51 el
o UMY plasanl LY i) abs de
Szl i) Bl seds Lo dxly Lol
Jyadl axs (7.1 K20 3 64 (3 2ol
oo Rk sl e il Shad) ma e
Gabs JMs e ol Byaldl adsll b
sy = ods @ SISVl

Aly ol e LY plisanl
o ke Jsad) @ 2 el OF LS5 ol
IaySle skl 29 Lax-Wendroff i b
T

s iy ball ils @5)lie o (JU fs

Ly, dallezs MacCormack method
G Ol pey Byl B> 3 6L (gilaY)

e sad) o Bt VL [8] el (3 ansdl

ch:J\ o
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7.4 Stability Criterion, 8,4/ /[ éiw X/

Examine Eq. (7.1), which is vital
to the Lax-Wendroff method.
Note that it the
specification of a time increment,
At. Examine Egs. (7.9) and (7.11),
which the
MacCormack method. They too

requires

are vital to

require the specification of a time
At.

methods, the value of At cannot

increment, For explicit
be arbitrary; rather it must be
less than some maximum value
allowable for stability. The time-
dependent

described in Sects. 7.2 and 7.3 are

applications

dealing with governing flow
equations which are hyperbolic
with respect to time. Recall our
discussion in Sect. 5.4 dealing
with the stability criteria for such
equations. There, it was stated
that At must obey the Courant—
Friedrichs-Lewy criterion—the
so-called CFL criterion. This is
embodied in Eq. (5.47), which
was derived from the simple
model equation given by Egq.

(5.42). This is the linear wave
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Lax— ai,k) o ol 92 (7.1) .aslall aual)s
5305 livlys by & L>Y  Wendroff
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bl Ly g dy ¢ (79) and (7.11)
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equation, where c is the wave
propagation speed. If the wave
were propagating through a gas
which already has a velocity u,
then the wave will travel at the
velocity (u + c) relative to the
For

stationary surroundings.

such a case, Eq. (5.47) becomes

Ax

,AI:C( ): <l
u+c

Where C is the Courant number,
and c is the speed of sound, c =
(Op/og)s. Eq. (7.14) is the
appropriate CFL criterion for the
dimensional,

one explicit

solutions of nozzle flows
discussed in Sects. 7.2 And 7.3.
The CFL criterion given by Eq.
(7.14) says physically that the
explicit time step must be no
greater than the time required
for a sound wave to propagate
from one grid point to the next.
This author’s experience has
been that C should be as close to

unity as possible, but depending

Lz 3 iy 7358 Wales o batns ilS”
G il dosll Aslas oda (5.42) skl
IV o gl 131 bl il de e A c
B ¢ s, Jaily Lol g W)
i) U ) ded (u+ ) A 3 dsl

25 (5.47) skl ikl oda il sl

(7.14)

9 ¢ Courant number <il,sS sds o2 C o
$2Eq. (7.14) .(0p/dQ)s= ¢ «pall Aoy A C
it o b Al Jdod) el CFL Lald
skl @ Lgradle & g SlBA aag
ALl ads Ul CFL s 7.3 5 7.2
it 1o s sshas O L Jsi (7.14)
Osaal) domsh ) gl e ST 0SS Y O
ad F By s ) By dled e 30 2
3l 3 0585 of g € 0L £ 3 1
il ¢ Jadl) guladl e dslezel Sy i)
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upon the actual application, the
maximum allowable value of C
for stability in explicit time
difference

dependent finite

calculations can vary from
approximately 0.5-1.0. Keep in
mind that the stability criteria
exemplified by Eqs. (5.47) and
(7.14) are based on analysis of
linear equations. On the other
hand, the governing equations
for a general fluid flow are
highly non-linear. Therefore, we
CFL

criteria to apply exactly to such

would not expect the

cases; instead, it provides a
reasonable estimate of At for a
given non-linear problem, and as
a result the value of the Courant
number in Eq. (7.14) can be
viewed as an adjustable
parameter to compensate for
such non-linearities. Return for a
moment to the nozzle flow
application discussed in Sects.
7.2 and 7.3. Here, at any given
time t, Eq. (7.14) is evaluated at
each grid point throughout the
flow. Because u and c vary with

x, then the local value of At

218
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associated with each grid point
will be different from one point
to the next. The value of At
actually employed in Egs. (7.1)
and (7.9) to advance the flow
field through the next step in
time should be the minimum At
calculated over all the grid

points.

[Some CFD applications have
employed the ‘local time step
method’, the
values of At are used at each grid
point in Egs. (7.1) and (7.9). In

this case, the transient variations

wherein local

calculated over many time steps
do not hold physically; a type of
field is

developed, where all the new

‘time-warped’ flow
flow variables calculated for a
subsequent time step actually
pertain to different total values
of time. This ‘local time step
method’ frequently results in a
faster convergence to the steady
state, that is, fewer total time
steps are required to obtain the
steady state. On the other hand,
the calculated transients have no

physical meaning, and some

& b Oshens At o 5T () Al e il
Eqs. (7.1) and (7.9) (7.9) 5 (7.1) .,&
AUl sl D e s Jl2 3 Lo @MU
Atd 33 4 0 Of gt el e 3
A b o e Lt
b " codsael B CFD olinkdl o]
s ) pldsial o S g”&\ gl gslas
5 (7.0) oK @ Al s IS8 At e
oL @ oda (3 . Egs. (7.1) and (7.9)(7.9)
the transient variations &ula)l LYY
052 Y 3l Slshs e el e g
Bl optal G U a gy pglas ¢ LSL3
Bolad Ggustl S Badl Ol ST
o M) By il S w3l sles dis
S s | ) 3l Bskas aa b "
(on Mg iz A I L) gl )l
Jpaml) 3l lghs goaz 5 J drl> Sl

Clua! (5T Al e Sdtes Al Je

OJ\-Q 'gJ'"J.‘S‘
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CFD experts wonder openly c;,))lﬂ.&\ s b abslad) 1 e e Jelus

about the overall accuracy of

such a method, even for the final [““5 Led) & axd) alld = bl el >

steady state results.] i i i i
Ishzal sbal 85 o ol giad O oS (T

Finally, we note that for a two or

three-dimensional flow, an Dsh (714) Ladslell o

extension of Eq. (7.14) is:

At =Min(Aty, Aty) (7.15a)
where Ax
Ar = C25 (7.15b)
u+c
and A
Aty =C2L (7.15¢)
) N

Explicit Time-) a0 go il wle dsaigall Slidi 4o §,l50 wliuki 7.5
(Dependent Technique
The purpose of this section is to AN et JEJNN r*ﬁ‘ e e ol

illustrate some applications of the
explicit, time dependent technique i)l sl ol daadl edd linkd)
described in the previous sections s Jeadll Vs e 2L fLMé‘Y\ e N
of this chapter. These applications i
contain many of the CFD features k*;J\ CFD @l oo el Lo (s92f Slapked)
that have been  discussed

throughout these notes. ol ol Jlgb coidys
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7.5.1

References [5,6,8] represent the first
application of the time-dependent
technique to vibrational and chemical
A
purely steady flow analysis of such
which

marching from the reservoir to the

non-equilibrium nozzle flows.

flows, involves forward
exit of the nozzle, encounters a
saddle-point singularity at the nozzle
throat. This

complicates steady-state numerical

singularity  greatly

solutions of the flow. On the other
hand, as first demonstrated in Refs.
[5,6], the time-dependent numerical
solution circumvents such problems
in the throat region, and therefore
constitutes a relatively

straightforward numerical solution

of such flows. The analysis of

vibrational non-equilibrium nozzle
flows requires the inclusion of a

vibrational rate equation, such as

(jf-’\-'ib
ot

]
= —[(€yib)eq — €vib| —
(€ beq — €vib] — it

Non-equilibrium Nozzle Flows

apid) 0db goles Il J£ [5¢68] gl M
ingd AflaSy LA el e sazall
gl sz B2 ol e ol
Lt (ssboy (sdlly colisadl odn (3 ezl
axly cdagdl o ol O e Bps
A 1 aags gl (3 Ak o 54
Jolll sl Al 58" d> () ddwy
o Jol 3T Al e 3l dpsaall
Lezall (ol by ([5eB] AL
e 3 JSLal o oo s ol s
b Uy Lats S 2l Sty (3l
i Ol 3 LA ol o Jlouil
Aslee e o) Gl Ojlell e ol

Je L Jias

(jf’\-'ib

7.16
ax ( }
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Where e_vib is the local non-
equilibrium value of molecular
vibrational energy per unit mass
of gas, (evib)eq is the local
equilibrium value, and T is the
vibrational relaxation time which
is a function of local p and T. The
analysis of chemical non
equilibrium nozzle flows requires
the inclusion of species continuity
equations— one for each chemical
species present in the gas —which
are of the form
o on;

— =W —U—
ot

dx

Where niis the mole-mass ratio

(moles of species i per unit mass
of mixture), and wiis the rate of

formation extinction of

i)

chemical reactions. The form of

(or
species due to finite-rate
chemical rate
the

concentrations of the chemical

wi involves

constants and local

species. For an introductory
development of Egs. (7.16) and
(7.17), see Chaps. 13 and 14 of
Ref. [3]. Note that, in the same

vein as Egs. (7.2), (7.3) and (7.4),
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Bla) Wjlse 8 Wl2 ed or e vib
(evib)eg ¢l agl 2l suy (3 Ll
sfal by on ty (J2 Giled) dad)l
Jdl Ty ads) p asby » & oLLA
bz Bl e dagdl Slisud LS
S sty = gyl SYslad gl )]
ot Fly g Bl 8STl gl
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(7.17)

mole-mass Joladl At as B Ni e
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LS el e (i gl 2B )
Ssky wi K& finite-rate <22l 5394
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oWl e Glgedl ekt 25l S
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Egs. (7.16) and (7.17) are written
in the form of a time derivative
on the left-hand side, and spatial
derivatives on the right-hand
side. In turn, the nonequilibrium
variables evib and mi are
calculated in steps of time in the
same fashion as @, u and e from
Egs. (7.2), (7.3) and (7.4). Indeed,
for the time-dependent solution
of non-equilibrium nozzle flows,
Eqs (7.2), (7.3) (7.4), (7.16) and
(717) are coupled, and are
solved in the same coupled
fashion at each time step as
described in Sects. 7.2 and 7.3.
However, there is one additional
stability  restriction  brought
about by the non-equilibrium
phenomena. For explicit
solutions of non equilibrium
flows, in addition to the CFL
criterion discussed in Sect. 7.4,
the value of At must also be less
than the characteristic time for
the fastest finite rate taking place

in the system. That is

) et ey el a3l 3] LM e
Egs .S (7.4) 5(7.3) (7.2) .ol
gl grie s 34556 (7.17) 5(7.16)
S e S lizalls G Cold e
Blsl) p Sl Ol o Ul 38V
0 Jlse 8 3 39l o SlslaR i evib
5 (7.3) (7.2) .e¥sll s uand e
) e sl ) T e el 3 (7.4)
(7.2) Egs. - ansdl olisad Ojlall é
o (M (7.17) 5(7.16) (7.4) (7.3)
o WS 3l Gl ] gskes ST a4, k)
Bl (s m0y 7.3 7.2 . uilshl (3 g
7 Al e e Wl LA o) a4
Al pf SLiA e a2l Joli L0l
Al & ctdy & CFL Jbee ] BL2YL
3l e B Ll At 2e8 055 Of et (7.4
Pl 3 g s Jaee gl aasd
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At < BI'

Where I' = 1 for vibrational non- _ @wi/m)! O3sdl o LT =1 cu
equilibrium, and I' = (Owi/0n;)™

which is an effective chemical Jb"\)) Jledd) @L“’-*Q‘ sl o3y en

relaxation time. (See Refs. [5, 6] Sl oid (J«”w‘ i [6 ‘5] (&’L‘

for more details.) For this

problem, no grid transformation = ;4 5ty (g9 pE J,J A Jsf
is necessary; the physical and
computational planes are one-in- end J51> 3 By & @ L

the-same.

Fig. 74 Transient and final )
& —

steady-state evib distributions _gs0 %\\
= N
for the non-equilibrium % \_\J=B,ﬂﬂﬂﬂsleudy state)
S055 , T
expansion of N2 obtained & \ 20041
5 050 v ASS
from the present time- J 150 \ 100A1 K
= =L ~
. 5 = i \"‘"--.
dependent analysis E | a4 same as Fig7 VA .
£ 045 e
L =0228m t=0{Initiol distribution)
Py =9.4 atm
040 =1y =4000 K
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Distance along nozzle /L

FN2J Ol 8 mw sl evib wlay)d s LaN Wy e 74 IS
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Typical results objcamed with the .z o o¢ Lede Jgad! é géj\ Cu\ o3
Lax-Wendroff time-dependent

technique are shown in Figs. 7.4 Jg“'“ ¢ LAX-Wendroff <3l Je Jazes

and 7.5, from Ref. [5]. The case of o s [5] 'C”fu o 7.5 9 7.4

the vibrational non-equilibrium
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expansion of pure N2 is
illustrated in Fig. 7.4. Here, the
time-dependent nature of the
non-equilibrium value of evib as
a function of distance through
the nozzle is shown. The dashed
line represents the assumed
initial distribution at t = 0.
Several intermediate
distributions, after 100 and 250
time steps, are shown, along
with the final steady state after
800 time steps. A different case,
that of the

equilibrium chemically reacting

namely non
expansion of dissociated oxygen,
is illustrated in Fig. 7.5. Here, the
dashed the

initially assumed variation of the

line represents
mass fraction of atomic oxygen
through the nozzle at t = 0.
Several intermediate curves after
100 and 400 time steps are
shown, along with the final,
converged steady state after 2800
time steps. This final steady state
distribution agrees well with an
solution

earlier steady flow

carried out by Hall and Russo

¢ A N2 J obddd Gl ansdl
o e samall dab glay (La 7.4 ISl
o by Lhwos evib J Gl x8 A
e Jos wdaine s L dagdll Vs e BL
day el Sy T =0 @ ol LYl
oo o Al L ey ks 250 5100
oo ssks 800 dn aslgd) lglasl) anls Al
Ojlgdll pde o O 2y cdinie 2akiz Al Zliag
IS @ SV 5 g 3 SleeS))
& 2k Vel i abize bs s 7.5
INs o ) CpmnS VNS e g5 e Bl
100 wm dopey luisis glasy T=0 (3 dnsd
SN e ) e iy e 400
sskos 2800 ax; 8ins W J )5 i)
Ll it §ts Al J agisd Sl s )
dbs s pB il =y 3 She G5 > o
s Uy ([9] Hall and Russo sy

7.5 . JSad g adal g
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[9], which is shown as the solid

circles in Fig. 7.5.

Fig. 7.5 Transient and final

=
=3

steady-state  atom  mass =0 inifial distibution)
. C 0.95 P N |
fraction distributions for the = R\ 100 At
S X
non-equilibrium expansion of 7S040 R
q p £ Ky, _=5x1[]“cmﬁ/5nnlezs \!
dissociating oxygen obtained § AZAT=1+36 /L) \ L00A
E085—p =9.4atm \.‘-—:.T —5
ime- 5 h =5800 K (O i e v &
from  the present time 200l L =028 7800 A/ (steady staté)
AU a@g =L
dependent method; the steady Hall and Russo; steady state
anglysys; (e=0.9432) |

state distribution is compared %35 397 a1 0 01 02 03 04 05 06
Distance along nozzle x/L

with the steady-flow analysis
of Ref. [9]

U Olsn pde s 855 Vy 5l )00 A g5 Dl ixel W 7.5 . Kl
AU i 1)ULy (AU C3) ot 2 b e Lede Jpad) @ U CnnS)

7.5.2 Flow Field over a Supersonic Blunt Body

We assume inviscid flow; hence the governing flow equations are represented
by Eq. (2.65) with U, F, G, and H given by the inviscid expressions in Sect. 2.9.
For the present case, body forces are negligible and hence ] = 0.The physical
plane is shown at the top of Fig. 7.6; the curve BC is the body and curve AD is
the shock wave. The x-coordinates of the shock and body are given by s and b

respectively. The local shock detachment distance is given by d = s—b. During
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the time-dependent solution, the body is stationary, hence b = b(y). However,
the shock wave will change shape and location with time, hence s = s(y, t).

Therefore,

Al dauly @l (SE P oVl L  JWby o) e 30 s 4y
el odb 2.9 i)l 3 il xE Slpadl ek FVH (G F « Uss (2.65)
IS e skl 5 (3 Sl ladasdl =0 el QWL ST Y SIS ) ol
iadall o X WY slae] o3 Bado Brse 98 AD ey e 2BC 7.6
B =5-blesS &) &l JLai V) ot Bl iy JIsd) e sand b gb o wnly
Brge OB (5 may b =D(y) JWUs ol Al (el e e ) A

U s =5y, t) JWby ccdgll e & O&Aj J{_\; P R

o(v.t) = s(v.t)—b(y) (7.18)

The computational plane (&, n) is shown in Fig. 7.6b, and is obtained from the

transformation
Joml or Lo Jsadt oy 07.6 . SN @ o 58 (1) €E) gold) 4

x—1
&= ‘ ,}; n=v.r=t (7.19)

0

Where 0 is obtained from Eq. (7.18). Note that this transformation is an example
of aboundary-fitted coordinate system as discussed in Sect. 5.5. Typical results,
obtained from Ref. [10], are shown in Figs. 7.7, 7.8 and 7.9.

These results were obtained using the Lax-Wendroff method. In Fig. 7.7, the

time dependent wave motion is illustrated, starting from its initially assumed
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value of t =0, and progressing to its steady state shape and location after 500
time steps. The time variations of the centreline wave velocity and the
stagnation point pressure are shown in Figs. 7.8 and 7.9 respectively. Note in
all three Figs. 7.7, 7.8 and 7.9, that the most rapid changes occur at early times,
and the steady state is approached rather asymptotically at large times.

s Jo Jle ga Jemdl Ma 0F LY (7.18) bbbt e b e Jsadl o e
oo s Jyadl @ ¢ 23sk i B Al 3 135 LS Bl sead) Ll

7.9 7.8 7.7 . JSKeh 3 ey [10] .M
o eary o/ 7 JSE) (3 Lax-Wendroff &b plisanl wildl oda Je Jyadl &
UK e pisg =0 R (3 Aol Lemad e leds (gl ma i gl AT A
ixrse centreline Cinate J w3l oUdas| glaty o3 35bs D00 dny (8 jitns Wl
Ao 7.9 5 7.8 . JKadl 3 stagnation point pressure Jeazll 3550 dai o de |
Gdd Ay ol ST010 7.9 5 7.8 7.7 ad JKaY1 S S s

O Gan 3 oylie You St Ul o 5l (LoY) jguaall (3

Shock

Body
7:/ Bady Shack

Fig. 7.6 Coordinate system for the blunt body problem
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Fig. 7.7 Time-dependent 25 T T
shock wave motion. parabolic on 100 0AF
cylinder. M., =4 - 210 59112 k N )
T - 400 —
| 300A /
15 4
~ 10 // ﬁM—Snmc paint
05 £ .

Fig. 7.8 Time variation of 0.16

wave velocity: parabolic

cylinder. M, =4 ’
5 008
= 0 —
: ,__./'f..'-‘
E-008 Nr -

-0.16

0 1 2 k] 4 ] 6 i
Non-dimensianal time 1/ Y p.. fgu)

Fig. 7.9 Time variation of 3115

stagnation point pressure:
10 /"\’ - —

parabolic cylinder, M., =4

0 1 2 K| [ 5 i
Non-dimensional time

7.5.3 Internal Combustion Engine Flows

Consider the flow inside an Sy 0 Bl B2 sl sadl 3 )

internal combustion engine as
modelled by the pistoncylinder piston :‘5\5‘1"-“% u‘“g"’ Badin e e
geometry shown in Fig. 7.10. The
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piston moves up and down
inside the cylinder, and the flow
enters through the intake valve
and exits through the exhaust
valve. The flow field in this
problem is truly unsteady, and
the objective is to calculate this
unsteady flow by means of the
time-dependent technique. Here,
no asymptotic steady state is
ever obtained,; rather, a
repeatable cyclic flow field is

calculated over the complete

four-stroke cycle of intake,
compression, power and
exhaust. We will consider

inviscid flow, and hence the
governing
(2.65) and the U, F, G, and H

column vectors from Sect. 2.9 for

equations are Eq.

an inviscid flow. A boundary-
fitted coordinate system is used,

where the transformation is
E=x/H(t); Ny, 1=t

Fig. 7.10 Geometry of two-
dimensional cylinder-piston I.C.
engine model showing grid
arrangement.(a) Piston

positioned at TDC, 10 x 17

230

Doty wSU . 7.10 . JS2 3 o) eylinder
oo ek gadly Bl s s 1ogan
OLl alas JNs s DBy Comdl pless Y5
oo Al sda 3 33ud) Jl2 exhaust valve
@A) s Oles 23 e Cudly (> (s
e senl) 2 ads SV e all e
Sl g2 3y ol e dsadt o0 YV s )
S5 (595 3305 Sl o il alie Ul
oo BalS Dlesl )l B 390 e Je JUB
o5 @0 ki el @l el
Al SYalat (S22 WL cinviscid
sl e 3sendl &ML H <G F U 5 (2.65)
P o s Olpd Bief) 9ad pisniyy 29
s G ol

E=x/H(t);n-y, t=t

S S Blslan! IC dwis 710 . (Sl
oS (1) td) s gy Smne 356 5l

suslae 32l LLE10 x 17« TDC e ans



(Explicit Time-Dependent o (o) e ddazal) Slady o 5yl iyl

Technique)

uniformly spaced grid points; (b)
Piston positioned at TDC, 10 x 17
variably spaced grid points (only
in y-direction); (c) Piston
positioned at BDC, 10x17

uniformly spaced grid points

Intake Exhaust

10 ¢ TDC mSH e ansg () tdmge [y

@ bs) aile o saelas 320 blix 17

10 x 17 ¢ BDC SN 2 (z) «(-Y)old)

e &w saslas 12 bl

80mm

{: - . :f
——1: : : b7

90mm

AN

b x c

and where H(t) is the time-varying
distance between the top of the
cylinder and the top of the piston.

Note in Fig. 7.10 that the x
coordinate is along the vertical
axis of the cylinder, and the y-
coordinate is in the radial
direction across the
cylinder.Results for this flow are
shown in Figs. 7.11, 7.12, 7.13 and
7.14, taken from Ref. [11]. The

solution is carried out using

xV

Fig.7.10

s O ol A Bl (2 () H oy
S e ) sy Bl N) e (g5l
x St o gy 7,10 . el 3 >
Sy @lslae W (gogeall ) Jobo e
G 1Ib Bl e elad o EV) (3 A Y

714 4713 712 741 el

f‘bﬁ.«u\g J.zL\ V':U [11] 8}‘ o SSPL
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MacCormack’s  technique  as pfacCormack’s techni que MoysSle 4
described in Sect. 7.3. Figures 7.11,

7.12,7.13 and 7.14 shows the flow </ <11 (51 .7.3 ¢4l & ool sl e

field associated with bottom dead

sl i bly 714 713 742

centre of the intake stroke, three

locations of the piston during the C’bﬁ W 3, Jg»,u S Platsl Sk Ls M
compression stroke, near bottom

dead centre of the power stroke, S o AL cbro J\JQ I N

and an intermediate location of el £ o L) & My il
the exhaust stroke, respectively.

Note that a circulatory flow is Jsls el 53l 5,95 sLii) o of Ly LIl
created during the intake stroke, i .
and that this circulatory flow el Gl s 82 Oly el poban
persists  throughout the four 393 Jlsb

stroke cycle.

7.5.4 Supersonic Viscous Flow over a Rearward-Facing Step With Hydrogen
Injection

Consider the two-dimensional ., sl o &My\ NN S CJ'S B3 ki
supersonic viscous flow over a ) )

rearward facing step, where H2 (2> ¢ S st axly g 8 2sl s e

is injected into the flow o D Lo
a3 ey skt OF Cual) 385 3 H2

downstream of the step as i i

sketched in Fig. 7.15. Unlike the = Jylw (oMol 5Tl alzeY) S L= 715
examples mentioned above, this '
case deals with the solution of U"f g madls <Yl J" < Aadll ods

the complete Navier-Stokes Abbl s g allS Navier-Stokes
Equations, given by Eq. (2.65) )
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with the U, F and G column
vectors given in essence in Sect.
2.9 for viscous flow. This system
is slightly modified for the
presence of mass diffusion,
which adds a diffusion term in
the energy equation, and adds
another equation, namely, the
species continuity equation with
diffusion terms. (See Refs. [12,
13] details.) The
numerical technique used here is

method
7.3. The

present calculations were made

for more
MacCormack’s
discussed in Sect.

on a uniform grid throughout
the

combination

physical ~ space. In
with the
rectangular geometry already
existing in the physical plane (as
can be seen by examining Fig.
7.15), this means that no grid

transformation is needed.

Typical results obtained from
Refs. [12, 13] are given in Figs.
7.16, 7.17, 7.18 and 7.19. In Fig.
7.16, a velocity vector diagram is
shown for the case with no H2
injection. The external Mach

number is 2.19, and the Reynolds

& 33l sseall YL Gy F (U o (2.65)
plladi s fiw o o 330 209 Lo 41 aee
cees Cizr gl Jaladl a5 s SIS
LRy ¢ (55 asles Cinayg cilall Wslas (3 Ls i
A i) L) sl we dylena ) Wslas
il ods (Jeoldd oo b [13(12]
s

Lasl)) a3 423Ul MacCormack’s method

g L sl pdsus
so-gh) 3l e 35920l aJU wLLA.7.3
edis pe A5 (3L SUpd) p T a8
L) Sl 1 3 Jadl Baml ot
lag ((7.15 JSadianlys I e s 0 S

A fgd 1l Y 0T s
A2] S e e gl ¢ byt il
718 717 716 . JSad g osss [13
ok vy gl 716 . K2 g 5719
FLosds H2 i e Jb- 3 asnll U

3Wsn, sdey (2,19 % Mach number
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number based on step height is
70,000. These calculations also
include a turbulence model
patterned after that of Baldwin
[14]. Note the

recirculating separated flow just

and Lomax

downstream of the step. Figure
7.17 is a velocity vector diagram

with H2 injection.

Recirculating separated flows
are now seen between the step
and the H2 jet, as well as
downstream of the jet. Figure
7.18 shows a Mach number
contour plot of the flow (lines of
constant Mach number). Figure
7.19 illustrates the contours of
constant H2 mass fraction; this
figure serves to define the extent

and shape of the jet flow.
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Fig. 7.11 Velocity pattern on the

intake stroke.

Xxp =8.78,CA =161°,t =8.95msec

= 3080At,22x30mesh

Fig. 7.12 Velocity
distributions on compression
stroke for the
manifold-valve-engine
model, 12 12mesh.

(a) X = 3.63, CA=261",
t = 14.5msec = 3970 Ar;
(h) X3 = 3.56, CA =291°,
1= 16.2msec = 4250 Ar;
() Xj = 1.0, CA = 359°,
1= 19.9msec = 6300 A¢
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Fig. 7.13 Velocity pattern T

near end of power stroke; e — .\
X =899, CA = 539°, /"'f"'h:“ -

t=29.9msec = 9950 At Y
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Fig. 7.14 Velocity
distribution on exhaust stroke;
X* =6.99, CA = 600°,

p : :
t=333msec = 11560 At, N
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Fig. 7.15 Rearward facing 5
step geometry
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A
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Fig. 7.17 Velocity vectors with H; injection
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Fig. 7.18 Lines of constant Mach number with H: injection

Fig. 7.19 Lines of constant H, mass fraction

7.5.5 Supersonic Viscous Flow over a Base

In a somewhat related fashion, gl 355 (3 adly (o d> ) i 13 43y by
consider the supersonic viscous

flow over a base, as illustrated S T2 32 LS Busl e i Y @
in Fig. 7.20. Here, the same

S SVolas b plaseal oz s 720
viscous flow equations are

used as discussed in Sect. 7.5.4 s|J3 & sl 7.5.4 A G s LS
above. However, for this

el gl e a3 pdseiey Ol 14

-‘}sw\t‘?'“. LSy 6.4 . ) 3 |eeadl
6.4, and as shown in Fig. 6.4. 2t SR @""S 2 J“““J

Again, MacCormack’s  MacCormack’s Sls)sSb auii 5,515, .6.4
technique is used. Some sample

calculation a stretched grid is

used, as given in detail in Sect.
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results from Refs. [15, 16] are
given in Figs. 7.21 and 7.22,
which deal with no secondary
mass injection at the base.
Figure 7.21 shows the velocity
vector diagram for the case
with an external Mach number
of 2.25 and a Reynolds number
of 477 000 based on the height
of the base. Note the
recirculating separated flow
downstream of the base. Figure
7.22 illustrates the contours of
constant pressure in the flow;
the expansion wave around the
corner and the recompression
shock downstream of the base
are clearly seen. Figures 7.23
and 7.24 shows the same type
of results, except now for the
case of air injection from the
centre of the base. Note that
injection greatly changes the
flow field, as can be seen in
comparison with Figs. 7.21 and
7.22.
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Supersonic
inflow

I

Full developed Hz injected
boundary layer at M=1.10 T

Supersonic
Fig. 7.20 Base flow with inflow
mass injection

Fig. 7.21 Velocity vectors : i
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Fig. 7.23 Velocity vectors
with injection from the center
of the base
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Fig. 7.24 Lines of constant pressure with injection from the center of the base

In recent years, some modern texts on CFD have been published (Refs.
[19-23]); these texts are recommended for advanced studies of the
subject. In particular, Fletcher’s two volumes (Refs. [19, 20]) Contain a

nice theoretical discussion of the subject. Of special note are the two

volumes by Hirsch (Refs. [21, 22;([these volumes represent an

authoritative presentation of the mathematical and numerical
fundamentals of CFD, the modern techniques used in CFD, and how

these techniques are used in various practical applications. Reference

[23], by Hoffmann, is a crisp presentation of CFD for use by engineers.

All of these books are recommended for more advanced study of
computational fluid dynamics. Also, for an extended presentation of the
elementary, introductory ideas contained in the present book, as well as
a lengthy discussion of the overall philosophy of CFD and its role in
modern engineering, see the book by the present author (Ref. [24]); this
is written for a senior-level undergraduate course in CFD, and assumes
absolutely no prior knowledge of the subject. This author wishes you
happy reading, and happy computing in your further expeditions into

the world of computational fluid dynamics.
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Finite Volume Methods are based ‘J”“’ N J&:fy\ o B &L_o 942 0o d}o el
on a discretization of the integral

forms of the conservation 1kl Yl e
equations:

Al ogdv+ [ pp@iydd = [ quida + Y[ s,av

dr v Jos ' Jes @ i Jop @

Advecd 1 fhay Cih s (diffus

tive | : ther tr s (di t ) : y

ectve (comvectove) floxes & fransparts (i lom, atc) 5 eouToes and

sinks terms (Teactions, etc)

In our examples, we will work with:

d - . o Al g
E-[‘“"iﬂ' ppdV + Lm pp(v.i)dd = —Ismgﬁ_n dd + L’“js{, dv

Where V(t) is any discrete control

volume. We will assume for now Wb .alaite &sall Gemn 3 Sl (6F (1) V e
that they don’t vary in time: V(t)=V i Lo
V= (1) Vicdd ae Gl Y 61OV pps
To integrate discrete CV equation:

d o —— . aise CV dolal) sl
8 pPdV + L o@ (V.i)dd = —JS q 7 dAd+ JF 5, dV &

A “time-marching method” needs
to be used to integrate G‘”U PR | CL;;: ";\MJ\ eyl a_zijb”

= pgdv .
v to the next time . D = J oodV
;)Ma;-' | o)) desldll 59.&;-' ol [
step(s) ( 5l) & dl
l [ ppdv 12

d dd dt v dt
—[ pgdv =——

dt °7v dt

Total flux estimate ~ ¥ required at
the boundary of each CV
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aale 5

CV IS 390> (3 sllall Fﬁﬁ gl olpuw e

Faridd= (v.i)d4d + [ ¢ 7idd4
Total source term '[5' -[S po ) .l:-: 9y

must be integratec e.g. F = advection + diffusion fluxes
S :j s dV g302) el gl e IS aliSas 055 of g
o JpTe
Hence cons. egn. becomes: Sqai- = L- S av
Ccv 5 e (sl
dd —
—+ | Fendd=S5 _
dt L’ : Eﬂ' Foridd=s,
dr = e 5 Slbe LWL

These needs lead to basic elements gy Lpstz WY olal 1) o5 bl ol
of a FV scheme, but we need to

relate ¢ and @. Dy 0 Ly ) axls £ Sy

“Time-marching method” for CV " "
v aslel sl a4 b

equation:
d® - _ dd =
?—[F!&.def—sﬂ E—"‘SF,;.R_?’EE?L‘I:S&

The average of @ over a CV cell
— CV ids 3¢ g owsie
dad , -
V—+ | Feridd=35, -
dr s d® =
V—+ | Feridd=35,
dt s

Total/Net flux through CV
boundary is sum of integrals: 52 59l gl Bl IV e 35 Ble [ Ul

| Fosidd= ; J; fod4 Ayt
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To compute surface integral, o is
needed everywhere on surface,

but P only known at nodal (CV

center) values

[ Fosida= [ f,d4
. s,

e O 573 o b Sl ¢ oS mladl Ot
3 (CV 5) gaiadl & Y i ¥ D Sy o

HJ{-.'

Fii

& ol oM HE &
e w nw N ne ]
o o a— of =M -DE_,'_._ nEE
= |5 5B ]
a nE‘w ag }E L
— Ay —
X, X, x,
%
-
=~ -
1 n
P l fﬁ
-~ I t -
-~ 1
ail | el Az
T -
"1;' ] L]
- a8 I!:" : :ﬁ; F—— aE--{.-
_____ P (S
s -
S |
R -
as o | b f
. | i
o X -~ _.-""-’
A
BB o
Ay

1D surfaces (2D CV)
¢ Goal: estimate

ﬁ=L&M

¢ Simplest approximation:

midpoint rule (2nd order)
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aale 5

— Fe is approximated as a (},,i db) ol b suel
product of the integrand at cell-

face center (itself approximation aorg ) She (3 bl 3.8 oo S Fe kg —

of mean VaIU“ Y e

l f'iﬂ' dd = "fﬂ's'é = -fese + O(A-i_j = .fgse

the cell-face ¢__¢_ ﬁ? $o Aod 8 “M‘“)

Gb oo ke Jsadl o LY 6 3t p fo due —

9\.5?2MY\
— Since fe is not available, it has )
to be obtained by interpolation Cmin 4k (S 12 i ol 5]
nd
Another 2 order

S G T

approximation: Trapezoid rule
— F is approximated as:
e

W A of Uy @ ol e aleds @ -

— [ f.p dA = 5‘? (.f;m;f:’r) +O(ﬂ}'2} %AY‘ é"»)‘b o L@Q.LC— Jj,,a;‘-\ él

locations2 oy ST bz — Ml a5 Lhal)
— In this case, it is the fluxes at

the corners f and f_that need to ) il A1) Osanne v§> -
be obtained by interpolation

Higher-order

approximation of surface

integrals require more than
Slge 3 & 2 ol

2locations

— Simpson’s rule (4th order el JU o Je i ¥ legr 885 ke blad) —
approximation):

F, :Jqs._f*"" dA = S

3 A CaSe 39t :
(ﬂﬁ‘ilgﬂ +ﬁ‘}+{)(,=:g1r4) o i) S 35l goiane

Nw N NE
Values needed at 3 locatj , : H
Yo w s se 249
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— To keep accuracy of integral:
e.g. use cubic polynomials to
estimate these values from
Dp's nearby

szdgdq

e

3DCVJ N b
(A nd2) Crazl) abis sasB JI5 Y 1o bowsl ©

F, = js £, d4
Goal: estimate ’
for 3D CV. . . ) '
¢ Simplest approximation: still 3D J i laa ST Sy S8 B JU plsdl
the midpoint rule (2nd order) cv

— Fe is approximated as: <
Y e 13 e | o
F,=[ fydd=5S.f, +0(&y A7) - d

AUUW!decG»J&wJQOﬁJTZD

¢ Higher-order approximation guce £ opld sdaze cliza Yl
possible but more complicated

to implement for 3D CV

¢ Integration easy if variation of

fe over 2D surface is assumed to

have specific easy shape to

integrate, e.g. 2D polynomial

interpolation, then integration

'Uﬁ\.
=]
Il
|
;——.
e
X
=




aule 3 k2

(P sdian)l Se (3 el o i) ALK 2.8

L
e Goal: estimate
5'¢:jf.5@ dv Sp=[ s,dV =5V =5,V
-1 ddV
B VL,F‘ CV 1> ikl jf <l sa S gills i3] e
e Simplest approximation: product
of CV volume with the mean value s Y e il Cgpll

of the integrand (approximated by . .
the value at the center of the node FaA e C’W ot AT (Gl @
P)

— §,approximated as:

P oo S5 pdlse 8 ,"‘&)vﬁﬁa—
Sp=| s, dV=5V~s,7 oA e e

* Exactif S is constant or linear plsal o il et Gyl gl e L e -

within CV JjA;L-\ 53 e / }ﬁ.& J:Uaj
¢ 2nd order accurate otherwise

* Higher order approximation : C el L
bty pelaw o Dty Y o) 2D A2l 3 ki o

require more locations than just ( d ) )
the center ISCadh casls 9 plasanl
¢ Higher order approximations:

B e i T ) on ISa)l aiby dag ) S -
— Requires values at other
locations than P (eMeles 9)

— Obtained either by interpolating
nodal values or by using shape
functions/ polynomials
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» Consider 2D case (volume il s(xy) Aawls Legks J “fgi‘ ales 9 —
integral is a surface integral) using i

shape functions (o sl Lty ¢ 500) 3ude 3150 9 )
— Bi-quadratic shape function leads : o= 1das ¢ Cartesian grid a5, Sl aSadd -

th
toa4 order approximation (9
coefficients)

F

s(x,y)=a,+ax+a,y+ax +a,y +axy+ax’y+axy’ +ax’y’ wl s

—9 coefficients obtained by fitting 9 &.ia V"‘;’“ e ez
s(x,y) to 9 node locations (center, i )

corners, middles)

— For Cartesian grid, this gives:

a , 2 ay, . d 2 .2
Se=| s, dV=AxAy|a,+ ZAx" + 2 Ay" + L Ax* ﬁl-":‘
r=l,5 ' [ ° 12 1277 144 '
Only four coefficients (linear
dependences cancel), but they
still depend on the 9 nodal ‘ - ] :M '
values S e i !

6 A JU J 2D @
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Jat J>lg (3u>gs Cartesian grid RS CORU I CORA U

* 2D case example: 19 2,424 il o 3y \hoy oz ¥ 2D g
— For a uniform Cartesian grid,

one obtains the 2D integral as a

function of the 9 nodal values:

5= (5, dv -2

F ¢

[155} +4s +4s +4s +4s +5 +5 +S5, +S

) S I 9O%-1| B EO

el @lge 3 o8 e Jsadl (i
g5 slaaal T e BV e 4 0 ol 2

)
Since only value at node P is
available, one must
interpolate to obtain values
at surface locations

Has to be at least 4" order LSl i T b lans
accurate interpolation to
retain order of integral :3D al>-
approximation
* 3D case: 2wl i) T e ST 02D AU aslie oLk -
— Techniques are similar to 2D AW
case: above 4" order approx
directly extended Jl cllall -
— For Higher Order
d Integral approximation i ST &P N gl ®
formulas are more
complex ROe:PY} J.:ft ¥ 8zl V"EJ\ S HERANIR
. Interpolation of node

values are more complex
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w Approx. of Surface/Volume Integrals:
Rty Classic symbolic formulas

» Surface Integrals  F,= L £, dA

- 2D problems (1D surface integrals)
» Midpoint rule (2" order): %= L{ f,d4=15,= 1,5, +0(") ~ £,
+ Trapezoid rule (2 order): 7 =|  Jodds S,M+ o)

(fu +45,4 1)
6

+ Simpson'’s rule (4 order): £, = f,d4=5, +0(M)

- 3D problems (2D surface integrals)
+ Midpoint rule (2 order): F,:J's fodAx5,f, +0(4y'.A)
+ Higher order more complicated to implement in 3D

1

*Volume Integrals: S,=|,s . == psav

—2D/3D problems, Midpoint rule (2 order): S, =.|‘rs°. dV=5,Vrs V

. . . Ax Ay
- 2D, bi-quadratic (4™ order, Cartesian): 5 =—; [0, +45, +45, +4s, +45,+5, 45, +5,+5,]
279 Numencal Fluid Mechanics PFJL Lecture 18, 19

13

255






:5gall Holiell 9

(Finite elements)) oo/ oliel W) S50 9.7
We have to discrete equation to sl oliall 4k b gl dlade skl OF Lle

apply the finite element method.

Discretize the solid

=

A quarter of Mr. Potato

Formulate a set of
linear equations with
displacements at each
node as unknowns

Solve linear
equations

We know equation but we can't
solve it.

Governing L _ 0 FEM
Equation: (¢) + f -

Boundary B(gﬁ) 1t o=0 ]
Conditions: g = Approximate!

~

With:

Vaat — Element

"'.',n ,’
I
.f

Node

Mesh of tihe 3D solid

l

Using a simple function to
approximate the displacements
in each element

Ll LSe Y Sy alsladl O 4

A set of simultaneous
algebraic equations

[ K] {uj = {Fj}



: 8;5.\53\ olall

|
/7

Klwj={k = uj= (KT {F}

Property \ Action
Behavior
Unknown
Property [K] Behavior {u} Action {F}
Elastic stiffness displacement force
Thermal conductivity temperature heat source
Fluid viscosity velocity body force
Electrostatic dialectn permittivity \ electric potential/ charge
We should obtain these form: [, -
U, U, Us
oA ———e——————A———e———
F 1 k 2 ) 3 Fy

1

Writing the equations for each

spring in matrix form:

ki
—k,

258

ko
—ks

— ki
ki

— ks
ko

A8 ghma JS5 b ) JS ¥ alaal) 2L

F

r

Lo 2 E

/

f‘

(D))
1

(D

(2) ]
2

(2)
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To  begin  assembling  the )
equilibrium equations describing <* pladl ol aad I Ojlsll Vol ppest s
the behavior of the system of two s 51y il sl by 20 2, ‘@L@:-S‘ e nd
springs, the displacement i

compatibility conditions, which QU el e pllad) mo5 ) e o5l
relate element displacements to

system displacements, are written

as:
1) I 2 2
“{1 = U, u(; = U, ”{1) = U, “(2) = U;
And therefore:
(1)
— ki ki U»> - (i)
(2)
—Kk»> k- Uz | llg)

Here, we use the notation f (/); to
represent the force exerted on
elementj at node /.

Expand each equation in matrix e Al 5 @l Jdad Ul (&) s 5 aaiilad iy clia

form: Asdie A5 pail
1) PAREAY] -
k, —k, O U, S ) A B s
[_kl kl 0} { U2 } == f(é) 259
O 0] 0] O ' o

ro O o a0y [ o)



: SJJJSL-\ olall

Summing member by member:

ko =k 0 (U -
“k kitk —k [{U =19 1Y
0 -k kU

Next, we refer to the free-body
diagrams of each of the three

nodes:
yy el S e s sl i) ) s el ses
nH (1) 2 _ 2) _ Ny
| = F [+ f5=F 3 = F;3 A3k
Final form:

Kk -k, 0 (U F,
—ki kit+k -k |yU (=) el JSa
0 -k kJdlus Fs

Where the stiffness matrix:

ki —k 0
Kl=| -k ki+k -k ASla 48 shae Cua
0 —ky ky

Truss Element Example Solution:
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:dall Qe jeaiall ) sllaall

u%” u[}I] ul]?] R;EJ
[ [T
fli D " \'\;'llﬂ' 2 frz 1) jg.h i -%*EE%_ 5 Jr_SZI
@ ()
AR & . .
! 4P 2 R s Fy
Two element © (d) (©
W'Ith assoclated noaal i)l 53 e L/ 2 dsb Lsbie yealic e cpl
displacements. For element emial L iyl
1, A1=7A0/8 so: ‘is A1=7A0/8 <1
r AE TAWE TAWE
’l e} —_— ) —_
While for elerr L, 8(L/2) 4L
il 0 peatall Fuailly Ll
5A¢ A E SAyE SAWE
Al = — dnd k3 = —_

Since r

L, 8(L/2) 4L

center of the bar, the equilibrium
equations for the system of two

elements is: Y alaa 5 ¢Opalaall 2485 K je (A Jreatll ade Guadat 2 M
(R Gimaie (e allaill o5 il
_kl kl +k7 —kz U:_r. — 0
0 —k> ko Us P
Ap. . _

U1l =0 results in:
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ky, +k; —k;

—k> k>

b A UT = 0 2l by gl
U, 0
Us P

QulusJl gilsall OlSiolis 9 (FEM) Ggiial] soliel &5 ,b o S50 9.2

The finite element method (FEM)
is a numerical technique for
solving partial differential
equations (PDE’s).

Its first essential characteristic is
that the continuum field, or
domain, is subdivided into cells,
called elements, which form a
grid.

The elements (in 2D) have a
triangular of a quadrilateral form
and can be rectilinear or curved.
The grid itself need not be
structured. With unstructured

grids and curved cells, complex

"0(CFD)
(Finite element gull olall 44
ol W L)l Lds sl simethod)
Joldl sl ooe L2 agb o aend)
BLLYL 454 adolad) oY sleal) 4y 4)
sa] e el ) ey L alalSI 5l )
VW 3) B asd alolidl oYalll
i adolidl SVl Co i of (STl
o 08 @y el 2ol o¥sles )

B ,kS” Bb sde sl s Sl

0http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8 A %D9%82%D8%A9 %D8

% A7%D9%84%D8%B%D9%86%D8%A7%D8%B5%D8%B1 %D8%A7%D9%84

%D9%85%D9%86%D8%AA%D9%87%D9%8A %D8%A%%.D8.AA.D8.B7.D8.A8.D
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and [Wendt 2009], Ch. 10.
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http://ar.wikipedia.org/wiki/%D8%B7%D8%B1%D9%8A%D9%82%D8%A9_%D8%A7%D9%84%D8%B9%D9%86%D8%A7%D8%B5%D8%B1_%D8%A7%D9%84%D9%85%D9%86%D8%AA%D9%87%D9%8A%D8%A9#.D8.AA.D8.B7.D8.A8.D9.8A.D9.82.D8.A7.D8.AA

(CFD) &uld! ailshl olSalys (3 (FEM) Agit) poliall 22 b 1) 5 ote

geometries can be handled with Runge-) bsS'— s, o (Euler) b of
ease. )

(Kutta

The second essential characteristic of the FEM is that the solution of the
discrete problem is assumed a priori to have a prescribed form. The
solution has to belong to a function space, which is built by varying
function values in a given way, for instance linearly or quadratically

between values in nodal points.

The nodal points, or nodes, are typical points of the elements such as
vertices, mid-side points, mid-element points, etc. Due to this choice, the
representation of the solution is strongly linked to the geometric

representation of the domain.

The third essential characteristic is that a FEM does not look for the
solution of the PDE itself, but looks for a solution of an integral form of the
PDE. The most general integral form is obtained from a weighted residual
formulation. By this formulation the method acquires the ability to
naturally incorporate differential type boundary conditions and allows

easily the construction of higher order accurate methods.

The ease in obtaining higher order accuracy and the ease of
implementation of boundary conditions form a second important
advantage of the FEM.

A final essential characteristic of the FEM is the modular way in which the
discretization is obtained. The discrete equations are constructed from

contributions on the element level which afterwards are assembled.
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Sl e Us e Sy gl oliall b i gy e psid g
oo L5alh Lagins 056 O (o)l e g (W) plad) &3 L) adg )l odsen)
b St

) Sedl e slaes o) dsl-f Wl Pl

Ju” = fin (0,1),
L {u([]) =u(l) =0,

Mbu@w@w\w\}ﬁu”)chya«UJ}@;cb}Au)wbufc«o-
X Jgezall
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Ras Nhache/Batroun - Tripoli, 11" Jan 2015

TEMO-IPP Incineration Demonstration Plant Ras Nhache/Batroun, Lebanon

/ /8S A Upscaled
vaporizer train
element (TEMO-
IPP has to be
upscaled in such
a way) (picture
is from Dr.-Ing.
M. Franz,
“Dampferzeuger

", WWW.axpo-
holz.ch/Dampfer
zeuger.pdf)

Vaporizer of TEMO-IPP incineration demonstration plant at Ras
Nhache/Batroun

CFD Analysis step 1: Upscaling CAD Model of
vaporizer (to be done by student working on Master
Thesis Mechanical Analysis of an upscaled version of
the Vaporizer (pressure vessel and circulation tubes)
of the incineration pilot power plant TEMO-IPP)

CFD Analysis step 2: Grid
generation

CFD Analysis
step 3: Calculated water/steam flow

Master Thesis

Computational Fluid Dynamics (CFD) Analysis for Water/Steam flow in an
upscaled version of the vaporizer of incineration power plant TEMO-IPP

To be able to upscale the TEMO-IPP incineration plant to a commercial incineration plant (about 40 MW) in Tripoli or
otherwhere in North Lebanon critical components shall be verified by Computational Fluid Dynamics with the tool
Abaqus. The main critical component is the pressure vessel with about 100 bar pressure difference. Working packages:

1. CAD Modeling 2. Mesh Generation 3. Solver 4.Visualization | 5.Documen-
tation

Upscaling CAD Model | A mesh generation C++ code shall | A finite difference and a finite volume | Shall be done

with ProE (to be done | be taken from the open source C++ code shall be taken from the open | with the tool
by other student —see | code OpenFoam and migrated to source code OpenFoam and migrated Paraview
above) TEMO_IPP-CFD tool. to TEMO_IPP-CFD tool.
4 weeks 6 weeks 4 weeks 3 weeks

Keywords: Alternative Energy, Steam Generation in power plant, Computational Fluid Dynamics (CFD), OpenFoam, C++

Contact: Samir Mourad, Email: samir.mourad@aecenar.com
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Working with the combination of FreeCAD, Elmer and Gmsh for an

incineration power plant design.
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fchhemes—) eU:'..'d\ ULEN ‘(p'U) ujjw e j"‘})‘m ei‘t’ O™
ABLRSSY auual) alaa 2 polyMesh (s oSy ¢(fvSolutions- controlDict
LS G_d\ unreaded gﬁlm <) freeCcAD u)\-}b\-} 33.-.’3.3” U—*\-ﬂ\h}”
.OpenFOAM

(o S Lovie Lgue o) s el 138 o it S0t ey Liaas
freeCAD (5| OpenFOAM (3 J&

Y el (Kl 5 3ila OpenFAOM Ol freeCAD J& J glad (s

i
281



Aol itk OS> Olos (3 iz U 2ed Y sl pltscad

22 ) Y el pall 5 (vikp (foamToVTKP.J 3 & Al geali sl ale Wl ga
5 8

S s ++ Visual C pl2330b freeCAD 4 Bl 8 LiSay S Giani (g
freeCAD )34 g8 (Say ¥ 4y padl ++ C

.OpenFOAM () Be) jall ol L3S Calal ey (ast.) padied o

& Goall Ailhall daas Cilflaa) (i el FreeCAD (o 5 Sk )3l
by 3¢l 8 (Sar Y (S5 OpenFAOM

:¥3S Gmsh in OpenFOAM plaaiuly

d Gmsh i Wld Ul OpenFOAM = gands Gmsh O s
:Gmsh S

sdal Yl A )

oSl U] (el Y1 Sl aladiinl) dase i ]

README.text il ) soa 2

BERCE NPT

.l MKDIR bl Jala L&) o

el Ja gl (ol el Jiall (pasa (10 J33dS cmake

.. cmake

.J CMake 43a s )l aadiisall dgal 5 aladinls Gmsh ¢l 4

Lé- ¢Ja —--- CMake *

.("CMake_PREFIX_PATH "PATH) J 3l 43l o
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el JLial (e M oS3t e
LAl ary juai B pe JS (8 "0 S Jadisale Y Wial e
_"4‘«1.:;)..1!" °

_JM\ e.AJ:LA e\m\-} Gmsh ;1_.\11 L]

OpenFOAM a5 Gmsh alasiul dluall J>J 45553 11.1.3.1

Chain of tools 1 used in TEMO-IPP_CFD

Mesh
FreeCAD generation

CAD design
Y
Paraview OpenFOAM
l ” OpenNFOAM
Solver
Visualization

(gmsh-2.6.1-source.tgz) 222 Gmsh 43si Jraady a 583
283




L] 315k Ol alys Oldes (3 Ao,y U g Y gl plas)
.gmsh o

zxvof gmsh-2.6.1-source.tgz= (! kil

rans Gl gadg ) yaall Jaadia elill Jala 86 gl o &5

¢lll 9 MKDIR gmsh

sl 5 gmsh &3kl & 53 jaisa
;&0 GMSH (1S53
ccmake -i ../gmsh-2.6.1-source
el Cials 1Al ' sl oAl 5t Sl 7
Leie s Al e daial il
e gl s GMSH A i oy o

make

sudo make install
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[Errors occurred during the last pass

We found some problem that
interrupts us to install gmsh on
RedHat Linux wich does not
contain "configure" and we have to
install cmake which doesn't
matching with our RedHat version.
We do download the gmsh-2.9.3-
Linux, in the Ubuntu version,
then we found two files (bin and
share) enter the bin file we found
( *) we type (./gmsh) and the
gmsh installed.

Wl adady il JSLG) (jany Lias g
Cudilomeh (Sl Clay ) Jle
S g 8 0
Cufi o Lle semake ¥ ()
Silay ) Uit ge 48thae

Jaend Jadi (Al somshe2.9.3-
L 5 o g 5o 5] A5 8 ¢ uSi)
(n cale JAa) (agms ) Cnile
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) Las ggmsh iSI o (*
/. )gmshj (gmsh. iy

-ru-rw-r-- 1 iap {ap 108585 May 6 09:56 Re_E1_Haoun_04052015.pdf
~rH-rw-r-- 1 lap lap ® Mar 27 2014 touch6517
Lap@lap-HP-G62-Notebook-PC:~/DownloadsS c¢d CMakeFlles/
tap@iap-HP-G62-Notebook-PC:~/Downloads /CHakeFilesS 1L

total 12

draxrwxr-x 2 iap iap 4696 May 25 11:06 ./

druxr-xr-x 6 iap lap 4096 May 25 11:09 /

<rW-rw-r-- 1 lap Lap 85 May 25 11:09 cnake.check_cache
Lap@lap-HP-G62-Notebook - PC:~/Downloads /CHakeFiles$ cd ..
iap@iap-HP-G62-Notebook-PC: - /Downloads$ crake -i gmsh
gnsh_2.8,5+dfsg-1.1ubuntul.dsc gnsh-2.9.3-Linux64,tgz
gnsh_2.8,5+dfsg.orig.tar.xz gnsh-build/

gnsh-2.9.3-Linux/

Lap@lap-HP-G62-Notebook -PC:~/Downloadss cmake -1 gmsh
gnsh_2.8.5+dfsg-1.1ubuntul.dsc gnsh-2.9.3-Linux64.tgz
gnsh_2.8,5+dfsg.orig.tar.xz gnsh-build/

gnsh-2.9,3-Linux/

1ap@tap-HP-G62-Notebook-PC:~/Downloads$ cmake -1 gmsh-
gnsh-2.9.3-Linux/ gmsh-2.9.3-Linuxé4.tgz gmsh-bulld/
Lap@tap-HP-G62-Notebook-PC:~/Downloadss cnake -1 gmsh-2.9.3-Linux
Would you like to see advanced options? [Noj: h’
Please wait while cnake processes C(Makelists.txt files....

CMake Error: The source directory “/hone/iap/Downloads/gnsh-2.9.3-Linux" does no
t appear to contaln CMakeLlists.txt.
Specify --help for usage, or press the help button on the CMake CUI.

1ap@lap-HP-G62-Notebook-PC:~/DownloadsS cd gmsh-2.9.3-Linux/
Lap@lap-HP-G62-Notebook-PC:~/Downloads /gnsh-2.9.3-Linuxs 11
total 16

druxr-xr-x 6 ia
draxrwxr-x 2 1ap
druxrwxr-x 4 iap

i

iap 4096 May 25 12:42  /
1ap 4696 May 25 10:39 binf
1ap 4096 May 25 10:39 haref

-

Lap@lap-HP-G62-Notebook - PC:~/Downloads/gnsh-2.9.3-LinuxS cd bin/
Lap@tap-HP-G62-Notebook-PC:~/Downloads /gnsh-2.9.3-Linux/bins 11
total 66488

drixrwxr-x 2 iap iap 4896 May 25 10:39 ./

draxrwxr-x 4 tap tap 4896 May 25 11:08 . ./

~rwxr-xr-x 1 lap lap 67972688 Apr 18 10:45 hod

srM-re-r-- 1 lap Lap 19059 Mar 17 18:03 onelab.py
iap.hp-l’-az-Notebook-x:-/ounloads[gvsh-z.ﬁ.S-Llnul[btns . fgmsh
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File Tools Window Help
"IN L3 Modues

“M 5 Geometry
linﬁ 7 Mesh

apl 3 solver
total

drwx

drwer|
-
tapgi
tapgii
gnsh, |
gnshj’
gnsh-|
tapii
gnsh, |
gnsq
gnsh-|
tappii
gnsh-
apgi
Hould
Plea:

Chake
t apf
Spec

1apgti
1apgii

™~

o [
:: S0xYZQ11s (110 Gmsh293
1apfiap-HP-G62-Notebook-PC:~/Donnloads /gmsh-2.9.3-Linux$ cd bin/
1apftiap-HP-G62-Notebook-PC:~/Downloads /gmsh-2.9.3-Linux/bin§ 11
total 66468

drwxrwxr-x 2 1ap lap 4896 May 25 10:39 ./

drwxrwxr-x 4 1ap iap 4696 May 25 11:68 ../

-ruxr-xr-x 1 iap iap 67972668 Apr 18 16:45 *

-rW-r--r-- 1 iap iap 19659 Mar 17 18:63 onelab.py
‘upl‘:ﬁr-ﬂ’-Gsz-lmebouk-?(:-/mnloads/g\\sh-z.9.3-linul[h‘ln5 +[gmsh
Al
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We

A.

obtain msh using

Gmsh:

Now we are trying to
transport mesh to
OpenFOAM:
gmshToFoam: not
responding.

Cp—r
SFOAM_TUTORIALS/i
ncompressible/icoFoa
m/cavity/*
J{files.msh name}:
not responding.

To read gmsh .msh
file by OpenFOAM we
follow the
commands:

Gmsh main.geo -3 0
file.msh
gmshToFoam file.msh
—case vaporisor

e JranIMSH al233%uL Gmsh:

AJ A J8 Jslas oY) .OpenFOAM:
.1gmshToFoam.‘.—‘.—.‘.ﬁ-‘-M-‘”.. Y

- kil 2r 3
FOAM_TUTORIALS {8 e/

[ LlacaiicoFoam sl * [/ i sai /
M .files.msh. aian Y o{

B 39\)35 .gmsh. ala msh LG—\:\S L;-m

OpenFOAM. JA‘ J;Y\ &

SO~

.1Gmsh main.geo -3 0 file.msh

.2gmshToFoam file.msh de ganall
M\Aj\vaporisor
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3. blockMesh
4. icoFoam
5. paraFoam

But it doesn't affect.

C. We change file.msh
to file.STL to solve it
using snappyMesh
but it doesn't affect.

D. We follow another
way:

1. make new folder into
icoFoam

2. copy the initial
conditions into this
folder from another
exist tutorial

3. copy the file.msh into

this folder

4. tape
fluentMeshToFoam
file.msh

5. icoFoam

6. paraFoam
But we see that we have to

make the  boundary
conditions  of  design
(boundary, points,
faces...).

.3blockMesh
.4ic0Foam

.5paraFoam

s Y asly
C s (adg  filemsh 4_4\ file.STL
6‘353“‘1—.‘ LejéjsnappyMesh Vo4l
i
Dig A Ak ailh el

PCIRERES Ass J2a , TicoFoam
alaall 13 8 A V) o plall s D
el el dga 5 HAT (a

é—“—" .3file.mshﬂ.3‘d‘ KV @

-iﬂ{)—‘-'m AfluentMeshToFoam file.msh

.DicoFoam

.6paraFoam
aall o g il Jead Lal of (5 53 LSl
( 66 g Jads GJJJA) e:\.uaﬂ\
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ant polyMesh

Places o

nt polyMesh g O Recent N
A Home boundary

[k I Deskto
@ Recent 1 [ P
& Home blockMeshDict boundarn
[ Desktop ¥ Downloads faceZones

| = dd Music
[ Documents i s W
B Pictures

¥ Downloads cellLevel cellzones

dd Music /o © iap@iap-55000VSA: ~/OpenFOAM/iap-2.4.0/runfvaporisor/vaporisor

| = e
[ Pictures oy 1 4739

: /home/iap/OpenFOAM/1iap-2.4.8/run/vaperisor/vaporisor

E\ndeos faceZones 24
i@ Trash igFpe : Enabling floating point exception trapping (FOAM_SIGFPE).
Ik | fileModificationchecking : Monitoring run-time modified files using timeStampMas|
RN ter
[ 476 GB Volume allowSystemOperations : Allowing user-supplied system call operations

|

Computer
Network Y
pointZones refinementHistory

Places

D Documents

Devices

[/ * % % % x %k kA K x K KK K KX KKK E X K KKK KKK E K AKX x K Jf

Create time

22 Browse Network
B connect to Server
--> FOAM FATAL ERROR:

cannot open mesh description file
" /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/vaporisor/system/blockMeshDict"”

From function blockMesh
in file blockMeshApp.C at line 149.

FOAM exiting

1ap@iap-55008VSA: ~/OpenFOAM/iap-2.4.8/run/vaporisor/vaporisors i

We try to found these boundaries | s2a e ) diall Jolad (i

from file.geo design making by M\ tua file.geo (4 2 gaall

gmsh or file.msh the meshing of | _, o L, )l\j flexmsh ;i gmsh

design making by g¢msh too. .
& EOY8 Jaa gmsh e.-.m-é-d\

We try now a new version of

e B ddd Y Jglad o
gmsh (gmsh 2.3) and we begin R o= O Jstas s

with a pipe as an example: ol ga I (gmsh (gmsh 23
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i

)

ra

By

We follow the gmshToFoam | LailomshToFoam ax! ala (3
test.mesh @L’& gslc oo

Lyl gean Al )
Cile ol () azy avanaill 430 Y1

from the file the name test.mesh
we obtain the file constant that
include the initial conditions of

design after we create the file 0

and system that include some

conditions too we obtain 5

gan peali Al Lkl
5 e Jeani L kgl

processors after running the | . (33l Juaii ax cilalladl)
s c S
system:
] constant processor (] processor 1 processor. 2 processor. 3 processor: 4
a_y L
Paint | = 1 |
i Baint I | |
Paint LY N
system Allcle: Allrun ylindre.g log.blockmesh log.decomposePar log tructP
: s . smech
= = | = 268
|\ I a s
“ i shode
log.refinek h log log.topoSet test.msh
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We apply gmshToFoam for (aahal U~gmshToFoam

testmsh and we obtain this | Jiogmeh el e Janiy
result: “dail

@ Allclean Allrun system test.msh test.stp
1ap@iap-S5000VSA:~/0OpenFOAM/iap-2.4.0/run/vaporisor/cylindre$ gmshToFoam test.ms
h

penFOAM: The Open Source CFD Toolbox
peration ersion: 2.4.0
nd H www.0penFOAM.org

2.4.0-f0842
gmshToFoam test.msh
Jul 13 2015
12:38:51
"iap-S5000VSA"
3535
/home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/cylindre

nProcs : 1

sigFpe Enabling floating point exception trapping (FOAM_SIGFPE).

fileModificationChecking : Monitoring run-time modified files using timeStampMas

ter

allowSystemoperations : Allowing user-supplied system call operations

[] % % K R R K kK Kk K Kk Kk R Kk kK Kk kK Kk K KKK K KKK KK E [f
Create time

Starting to read mesh format at line 2
Read format version 2 ascii @

Starting to read points at line 5
Vertices to be read:122
Vertices read:122

Starting to read cells at line 130
Cells to be read:631

Unhandled 15 at line 132
Unhandled 15 at line 133
Unhandled 15 at line 134
Unhandled 15 at line 135
Unhandled 1 at line 136

Unhandled
Unhandled
unhandled
Unhandled
Unhandled line 160
Unhandled line 161

1 line 156

1

1

i

1

1
unhandled i line 162

i

1

1

i

i

line 157
line 158
line 159

Unhandled line 163
Unhandled line 164
Unhandled line 165
Unhandled line 166
Unhandled elemen line 167
Mapping region @ to Foam patch @
Mapping region © to Foam cellZone ©
Cells:
total:365

CellZones:
Zone Size
(<] 365

skipping tag at line 764
Patch © gets name patche

--> FOAM Warning :
From function polyMesh::polyMesh(... construct from sha
in file meshes/polyMesh/polyMeshFromShapeMesh.C at line 627
Found 230 undefined faces in mesh; adding to default patch.
Finding faces of patch @

FaceZones:
Zone Size

Writing zone @ to cellZone cellZone_0 and cellSet
End

iap@iap-S5000VSA:~/0penFOAM/iap-2.4.0/run/vaporisor/cylindre$ icoFoam
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But we don't obtain the | Gzl o Jpasll Y LK)

informations during time when é_,j:_, Laaie < ol JMcoFoam:
we apply icoFoam:

|
F ield | OpenFOAM: The Open Source CFD Toolbox
0 peration | version: 2.4.0
A nd | Web: www.OpenFOAM.org
M anipulation

: 2.4.0-fe842aea0e77
icoFoam
: Jul 08 2015
1 2:34
1ap-5S5000VSA"
: 4476
: /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/test
g4
: Enabling floating point exception trapping (FOAM_SIGFPE).
fileModificationChecking : Monitoring run-time modified files using timeStampMaster
allowSystemOperations : Allowing user-supplied system call operations

[ ¥Rk ok kR ok Kk ok x Kk ok X K Kk k K K Kk K X K K k£ K K ok k K * k% []
Create time

Create mesh for time = @
Reading transportProperties

Reading field p

--> FOAM FATAL IO ERROR:
Cannot find patchField entry for patche

file: /home/iap/OpenFOAM/iap-2.4.0/run/vaporisor/test/0/p.boundaryField from line 11 to line 39.
From function GeometricField<Type, PatchField, GeoMesh>::GeometricBoundaryField::readField(const DimensionedField<Type, GeoMesh>&, const dic

tionary&)
in file /home/openfoam/OpenFOAM/OpenFOAM-2.4.08/src/OpenFOAM/1lnInclude/GeometricBoundaryField.C at line 209.

4
FOAM exiting

iap@iap-S5000VSA:~/0OpenFOAM/iap-2.4.08/run/vaporisor/tests I

(R T, L P R .OpenFAOM

gse.l;ﬁugd\_\iﬁ\:\skmu@\dh Qﬁj&SMOpenFOAMM\‘
i Y A e Aagledl) sl )
O el A glae WY dalaie AT & Al (oY) am eV Jany Vo
Coany e i Vg aY) Gadail il
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Al egmsh A andin WY laa  dhidl (e 138 (SVg Jaxy Y

(Ll Jie S arancad 8 Jamy Y 43Y
Elmer @oli s alasiiul 11.1.3.2
Chain of tools 2 used in TEMO-IPP_CFD
Mesh
> generation

FreeCAD amsh

e A~

CAD design
Solver
A 4
Paraview
Visualization
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Here we try another tools which
Elmer's tools that can read the
design of pipe with introduction

of:

Q\)Ji}” LS,)SS Q\jdi d}\éﬁ L

Mﬁ;\ﬁuﬂm&\ ).43;\ ‘;\S\
132 Y) ae V)

e Design of pipe with meshing
on gmsh and saving like
file.msh format

e Initials conditions

e Choose the Navier-Stokes
equation

e Specify the material use
(water (room temperature)
for the interne face, and steel
(stainless) for the extern face)

e Ll as i) et e
file.msh JS& Jia 58 6 g gmsh
S oA g yhe

S gl il Aslae Lial o
elall) 3l gall aladin) paad e
Agal gal (4821 3)) s da o)
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Define the boundaries in the
design before introduction the
condition of each boundary
Select run start solver

Than select start EImerPost or
ElmerVTK.

Before we move to the results, we
should now how we obtain the

initial conditions:

We needed a turbine generate
30.2 Mwatts, so we search to
the same turbine.

This turbine need a pressure
that equal 210 bar,
temperature equal 520 °C,

and mass flow equal 210
t/h=58.33 kg/s.
We use water, so density
equal 1000
kg/m3=mass/volume;
mass/s
so———; we can deduct
volume/s
that the volume flow Q equal
0.058 m3/s.
volume

time
section*displacement

time
section*velocity; with
section=Tr*radius?=0.003 m?.
So velocity equal 19.44 m/s.

(Ji) el G AR
(... B 4l

J8 araaill 82 gaal) paate
Jgaall JS Al Jiay)

YA Joedd 2as el o

) ElmerPost 43la 2as i o

.ElmerVTK

OV of ke e 4) Jazs OF J8
gVl byl e ot S
30.2 s oy J)axl> ¢ 4
ot s o2 S (Mwatts
ool )

Laz)l ) il 3 Olyysd) oda
A 23y Qb 210 gl U
AlS” 3305 ddte im)> D20 (55l
58.33 = zcln [ b 210 9l
N L

Sl LS EUU W) pisns £

(o) [ a3 = M3 [ 2571000
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We obtain the velocity values (start

solver) and

(ElmerPost) of steam:

visualization

(65 | ) [ (& [ 350 5~
o B e O i OF LS
56/ M3 0.058 sl
i) = e e = Q
e A el = a2l [ ()
.10 * radius2 = 0.003 M2 = pud

&/ ¢ 19.44 Soluws Ao w2~

(ElmerPost) )}"‘mj (déjj
o

The velocity is change following

this form:

2isall cuem RS g e

P 1|
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It is maximum in the middle than
it decreases going towards the
limits of the pipe and that
because of friction of pipe in the
fluid which

following figure:

illustrated in the

Coaiia 3 adY) 2all g i)
a0 s i Ll e JIgy
o DS sy 43l Yl
zaase sa sl Jilad) 8 sy

P | I N | g
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the

incineration power plant design

Now we introduce
to Elmer software but it is
impossible to accept the Full
format so we introduce the water
path only that illustrate in the

design in the following figure:

iaaa HA.».A:I eﬁ.’a SN Qy\
CSTy el gealid (3 yall A6l
JalS g5 Jai o)) dastial) (1
héd clddl jlue a288 (ady JSa
O b sl B 5
:L”gll;'d\
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We have to know some notes: oY o OB ) of Lde
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Our study is difficult in a
personal computer; so we do the
studies in a quadriquard server
attach in the personal computer.

So we make study in the server

and move result (files and
figures) to the  personal
computer.

The

personal computer are:

screens shown in the

To view the Elmer files that we
had save in the Local Disk (C):

drump.stp

Administra..,  d

pipemsh  wa

FanaS Jlea (b dama Lal
Sl Y s AN el
°J€A‘ L_é Bla quadriquard eﬂ—«
oai Gl dpaddll i)
3 shadll g 2aAd) & du) jall Jas
ey (ALY i) dag

Al i)

il g olikin 8 Ll el ile (ymal
(C) G

@uv\; b Computer » Local Disk (C)

Organize *  Sharewith =

Mame

477 Favorites
Bl Desktop
& Downloads

= Recent Places

415 Libraries
9 Documents
& Music
=) Pictures

B videos

4% Computer
£ Local Disk (C)
a MEGEL (D)
s Local Disk (£
18P (F)
s Local Disk (63
DD R Drrive (H

7 itermns

302

+ [ 43 |[ Search Locat Disk (€

Mew folder

Bum

Date modified Type

cfd File folder
File folder
File folder
File folder
File folder
File folder
File folder

8/14/2015 11:26 A
8/18/2015 2:16 PM
7/14/2009 :20 2R
771472009 10:46 A
871472015 9:22 AW
8/13/2015 5:47 P
871472015 9:22 AW

Elmer

Perflags

Program Files
Program Files {<86)
Users

Windows
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We have to enter to the Local
Disk (C) then to the Elmer folder
then chose the name of file that

we need.

Or for the Gmsh and Elmer place
are in the MEGBI (D):

Sl Ga Al ) Jsaall G
) a1 25 el sl ) 5 (c)
Ad) zlias 53 Gl

&t alls Gmsh OSal
:(MEGBI (D

@v-v‘u V Computer » MEGEI(D) »

Organize *

{ Favorites
B Desktop
& Downloads
=l Recent Places

3 Libraries
5 Documents
& Music

=] Pictures

B videos

1% Computer
&, Local Disk ()
a MEGBI (D)
 Local Disk (E)
o 18P (R
o Local Disk (69
DWD RV Drive (H

3 iterns

Include in library +
MNarne

grmsh-sun-Windows§4-dynamic
(59 elmerfern-8.0_Windows-AMD64

1) grash-sun-WindowsB4-dynarmic

[ 43 |[ Search megei 10y

Share with v Burn New folder

Date modified Type Size

8/14/2015 9:09 Ak

6/16/2015 8:52 Ak
772972015 T:00 PM

File folder
Application
Cornpressed (zipp..

As we see the FreeCAD and
Gmsh file are located in the
Desktop but we can move it to a
special folder that we can name
FreeCAD or Gmsh or we can

create folder to each type of files.

—alall 5 i WS FreeCAD sGmsh 4 a&
oala alase ) alas Ly (S5 iSall o
Lgansi e S5 FreeCAD sl Gmsh sl

Claldll e g 53 JST alaa L) LiCay,

303

102,599 KB
20,616 KB
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It is important to say that we
have to draw the water like a
material, because we make the
conditions in the water (or steam

according to temperature) in

Elmer software; so our design

will be:

an Ll o) Il o agall (0
Jra LY <) gall Jia g lall

Ly Sl f) sld) b gl sY)
oAl i (8 (3 al) da )l
1O 5Sa apanal Ll el

Now we have to discretize the
design using gmsh or Elmer, but
Elmer is unable to discretize a

big design so we use gmsh:

maaill i o Lle oY)
el (815 ¢l ol gmsh plasinly
RS peal pd e 8 e

‘gmsh @i SHAl
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We introduce the water design to
the Elmer software with the initial
conditions, velocity equation, and

boundary conditions that we make

in model-Elmer:

u}ﬂ\@ﬂ‘\@hﬂaw\ﬁ@emwj
G sl Ly oyl e yul) Allee gl
el Zisal 8 ladam
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After we run the program following
the finite element method, we

obtain some files that seen below:

‘éﬂ‘ﬁw‘wé&d}d‘ [SESE) ‘33}3&&“
bl L) ey
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MName

7| case.gp
|7 casesif

|| egproject

|| ELMERSOLVER_STARTINFO
|| mesh.boundary

|_| mesh,elements

|7 mesh.header

|| mesh.nodes

|| netgen,prof

&) water,FC5td

E
|| water.msh

Date modified

18/8/2015 11:46 AM
20/8/201511:51 PM
17/8/201511:02 AM
20/8/201511:51 PM
18/8/2015 11:44 AM
18/8/2015 11:44 AM
18/8/2015 11:44 AM
18/8/201511:44 AM
20/8/2015 11:57 PM
17/8/201511:02 AM
17/8/201511:02 AM
17/8/201511:02 AM

Type Size

EP File 1,564 KB
SIF File 3KB
AMLFile 96 KB
File 1KB
BOUNDARY File 322KB
ELEMENTS File 431 KB
HEADER File 1KB
NODES File 161 KB
PROF File 1KB
FCSTD File 11KB
M3H File 1028 KB
STP File T6 KB

|| waterstp

Case.ep is the file that contains

the velocity and pressure values.

Case.sif is the file that contains

the conditions introduced.

Mesh.boundary is the file that
contains number of boundary
elements, number of elements
belongs to the boundaries, the
elements surround the
boundary, type of codes of the
elements, and the nodes of

elements.

Mesh.elements is the file that

contains identification of the

S Lﬁw alall ga Case.ep
Jarall g de ) ?...\35\ AL
S Lﬁm slall 8 Casesif
e bl e

Lﬁm bl ga Mesh.boundary
paliall e 2 o ggiag

B0

< palie (e de g Ay gaall
:\.L:IAAM ‘).\al_vj\j ‘JJJL“ ‘5.3‘\
chU:J\ s (e &_9.1 43‘5.3;5\
L..S;ﬂ‘ el 94 Mesh.elements
aliall e Coyel e (5 gin
g5 o paiall 1l anall 4l
O 2all 5 A ) Claglail) (4

. paic
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elements, body's material of this

element, type of code, nodes of

element.

Mesh.header is the file that
contains number of nodes,
number of elements, and

number of boundary elements.

the file

contains number of nodes, index

Mesh.node is that

of parallel execution nodes, and

the node coordinates.

Water. FCStd
design file.

is the FreeCAD

Water.stp is the gmsh design file.

And water.msh is the Elmer

meshing file.

The color of variable value of

velocity and pressure illustrate:

Lfm <aldl s Mesh.header
(e e ]l e e (ggiag
J.».a\_'ud\ (o e 4)4\3:1\

. gaal)

S L.SM\ slall 58 Mesh.node
Aall Higa cdiall pe 222 e
B8]l (Gt g s ) sall Jodal)
paai il 58 Water.FCStd
.FreeCAD

.gmsh Al alo sa Water.stp
el i Cala ga water.msh s

de pudl e idl ded (4
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-1.75e+028 -7.39e+027

Velocity_x

2.69e+027 1.28e+028

This figure of velocity values shows
that the blue color identify the
minimum value of velocity; then the

value increases to reach the

maximum in the red color.

e Jude ju ol (e o850 128
aal) dad dasi 3,39 Gl ¢
Ll 33 & Ae ju e A
Ol & BV 2l ) Jead

eaY!
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-6.12e+050 -2.33e+050

Pressure

1.47e+050 5.26e+050

9.06e+050

This figure of pressure values shows
that the pressure is minimum in the
blue color too, and increases until it
reaches a maximum value in the red

color.

So we should interest to the
position of green, yellow, and red
color for velocity and pressure to
now where be study should be

fixed.

For example the velocity illustrate
like:

In the corner:

ole Ja Ll ad G 230 138
O 8 (S aall g Lzl
Qo n uns bl 3,3
sl (B ol Aadll )
oy

G gd dalae o Lo ol
O aal¥ls aally uall
O Cua ¥ Laaally de yul
Al pall 4406 5 5S5 o ey
g Aoy JUd Juw e
‘i

S G

310



sl el Sl Jo fons B dlaz 515 ol 0L

Into the pipe:

REENII
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For the water path:
The first path when water path
from the drum into the pipe then to

pipe that join pipes:

olaall jlisal

oo oladl Jlse 2ie JN1 Ll
AP RERTE T | R
(U k| PP EPRI]

The second path when water path
from the join pipes into the pipe

then to drum:

LVl e ol e Levie Q) led)
tloaall Ol (V) A sl g il
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We can deduct that the velocity is
maximum in the coin, and in the
drum when the water rise, or in the
join pipe when the water go down;
so we have to take care of material
when we will design the power
plant.

Now we move to the pressure
illustrate:

In the corner:

o Aoyl o adail () LiSa
O s cdaa) yAlas b (5 gaail
5 ol e i e i
saall Latie ¥ alaai¥)
Msall dgle ) pal A méa s
dbhae aaraly ol Chgug e
2Ll a5

g i larall ) Ja ()Y)
oSOl B
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Into the pipe: REEN I

For the water path: olaall jlial
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The first path when water path

e ol Jlse 2ie JN1 sl

from the drum into the pipe then to &_;‘ (‘3 g.m\.f‘)_(\ é o)l ol
! = S bzl Ol

pipe that join pipes:

-y e o gy

The second path when water path | pleai¥l e oball Jlue Laxie SEI L)
from the join pipes into the pipe Hosal) Ol (sl) 3 sl (8 )
then to Laa) oi5:
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wds@tgma‘y\mu,suiusuw\uicms:uim
o far ) el Sl 35 A 8 305 Juad Ll Wl psensl
.“.—‘hﬁ\@dﬂ)ﬁDVDgﬁcﬂ-‘j (Ja’..\aj\

g0 11.1.4

e Introduction to Finite Element Analysis (FEA) or Finite Element
Method (FEM)
¢ Finite Element Analysis
(MCEN 4173/5173)
Fall, 2006
Instructor: Dr. H. “Jerry” Qi

(.&-m-3) Aol gilsoll AiSioliss o 38 lo Voo Jidoid gols o eliail 11.2
Writing down the governing equations onto the paper
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developing the appropriate numerical solution of these equations

writing the C++ program (by using already existing libraries as OpenFOAM)

and putting it into the computer

going through all the trials and tribulations of making the program work

properly

.2 A 13 OpenFoam ¢sxall mab ) plusunl S

OpenFOAM alasiwl d9l 5 08 )budl s 11.2.1

We have to insert program in
workbenches list of FreeCAD

using OpenFOAM codes.

First; we should know
OpenFOAM codes in Linux. The
principal commands are

established in this table:

Yl Bl 3 zalidl o) Ll
O3y plaA3w FreeCAD (1
.OpenFOAM
BTCS RS RS SR
OpenFOAM (s* Linux <l ¥
i) a8 Aalaall 5 4 )l

Command Description

cd Changes Directory to dirname

cp Copy source file into destination

mkdir Create a new directory dirname

mv Move (Rename) an oldname to newname.

pwd Print current working directory.

rm Remove (Delete) filename

rmdir Delete an existing directory provided it is empty.
vi Opens vi text editor
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We write the program on| Jde =alijll (iSiopenFOAM
OpenFOAM when we run it and C"‘L” L O sS alir iy 292 Ladie

have results:

1's password:
login: Sat Mar 28 13:
] id

bkerdi 40396
r fchaar 4096
fhamed 4096

o

ST T

[T O B T T - I =

e T e B
=

2
2
2
2

F
[Y S T T

(=T
ey

IWEIWEIWE

IWEr-Xr-x 1 me 1= 20456732

.}
]

IWXL-XI-X 5 m ) 4096 J
4096 J

3K
F
[

ITWETWET-X

m
u
m
m
u
m

=
1]
=
1]
i
[
S s

oI

[T T R ]
F

=
m m m
1]
m m m
#2 8
m m m
<R =T}
m m m
-
=
[T

=
[+1]
[=
=

IWHEI-XIr-X

=]
ey
B

ITWETWET-X

m
1]
=
]
=
=

3 e

IWHEIWEI-X

m m m
[+1]
m m m

[51)

[51)
=]
=
-
=

[T~
=]
5 R Ry

m
1]
m
[FLa =R e L
s I

=]
k
I

oI
F
3|

L = R R R

[ I R R S ]
=T
k
[T

3
=
L

vr M
1]
0o

010 Installation Notes




(.C:.f.z) 13L~w44(:;bl\(;uL§;¢»tgz Oldes 3 Lo Wlas Wt i

[fhamed@server meae]s
total 75488
~IWEI-XI-X root
drwxr-xr-x 1
drwAr-xr-x
~IWKI-XI-X

LIWKIWXIWX
—I'WXI-XI-X

drwxr-xr-x
drwWEIrWxr
-I'WHI-XI
-IWHE-XI

drwxr-xr

drwATrWXr

drwATrWXr

drwXrwxr

drwx-

drwATrWEI-X

~IWAT-XI-X

[fhamed@server meas]$ cd OpenFORM/

[fhamed@server OpenFORM]E 11

total 366500
2010 Installation Notes
2010 Installation Notes~

drwirwxr-x 3 m ! 40%6 Jul 14 2010

drwxrwxr-x 11 m ! 4096 Sep 24 2010

-IWKr-Xr-x 1 m ! 241760751 Jun 9§ 2010

drwzrwxr-x 15 m ! 0 § 2010

-IrWAr-3Xr-x 1 m Jun 8 2010

[fhamedfserver cd OpenFOAM-1.6

[fhamedfserver OpenFOLM-1.8]%

total 81260

~IWHT-X-—— ! ! ul 2008

druwxrwxr-x ) ) un 9 2010
drwWxrWir ) ) un 9 2010
-IW-T ) ) May 1 2008 COBYING
drwWErwxr ) ) un 2010

drwXrwxr } } un ULl

drwXrwxr } } un ULl

drwWXIrwxr ) ) Jun 2010




Aoled) Wl LSl

total 366300

druxrwxr-x 3 meae meae 4096
drwxrwxr-x 11 mea 4096
-rWxr-xr-x 1 meae meae 241760751
drwxrwxr-x 15 meae meae
-IWRAI-Xr-x 1

[fhamed@server Op d Cpen
[fhamed@server OpenFOAM-1.6]%
total B12&0

-IWXL-X---

AdrWxrwir-x

AdrWxrwir-x

AdrWxrwir-x
AdrWxrwir-x
AdrWxrwir-x
AdrWxrwir-x
-IWXI-XI-X
-IWXI-XI-X

drWXrwxr
drWXrwxr 5
drWxrwxr-x 6
[fhamed@serve

—-X
—-X

[fhamed@serve
total 132
—FWEE-K———

-rWxr-x--- 1 meae meae
-IWRr-x--- 1
drwxrwxr-x 5
drwxrwxr-x 5
drwxrwxr-x 10
drwxrwxr-x 4
AdrWxrwir-x
AdrWxrwir-x
AdrWxrwir-x
AdrWxrwir-x
drwxrwxr-x 13
drWxrwxr-x 6

201
201
201

ULl

ULl

§ 201

9 20

FORM-1.6

(= IRT-IT R T T - T SR T - R T ]

[Fe]

2009
2010

2010

Jun 3 ULl

tutorials/

Ol (8 &z, I

Installation
Installation

COFYING

Notes
Hotesg~




(zop2) mled) wlll olSales Ol 3 L Alls

4096 T
X 3 meae meae 4096 O
druxrwxr-x € meae meae 4096
ELELS
e 4096
e 4096
ELEL
meas
meae
e meae
e meae

1 meae

- 1 meae
r-x 5 meae
X 5 meae

009 transportProperties

drwxrwxr-x 2 meae meae 4096 Jun
[ fhame:

chown blockMes!
missing operand after ‘blockMest

... --ref
/or group of eac

file only if
hose specified

T
do not treat *
fail to operate
suppress most e

-,

fo ng options modify h
option is also specified. If more than one is specified, onl
takes effect.
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After enter in cavity file we | i gad sl & JAY) drcavity
should run program using ?\ LEGT G‘“U Al deds Wile
Allrun we obtain the values of p Allrun e_@ e Jaans b s
for example in each point Lu\J i JS 8 JEd) Ja

) A daally

already seen in vertices:

Visualization using Paraview:

Second; we have to visualize the | malijll ) guai O lale el

program using paraview. ("\ A3 ‘L.’p araview.
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But our problem is to transport
data from Linux OpenFOAM to
windows paraview; we have to

find format to transport data.

1. We show the VTK format to
transport:

e Slilal) Jail o Wil oSl
SilopenFOAM ¥ ) )
paraview A 2 ) Lile

Leatibad) el

dhpa 5 p TvTkdal
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Then we copy the file and try to
open it using paraview but we

have not seen the cavity.

We try now to run OpenFOAM
on windows to visualize the
from  OpenFOAM

solver on windows to paraview

program

for visualization.

First; we click on blockMesk in
Mesh Utilities to discretize the

cavity program.

aaid]l A s aldl ot N
aladidbparaview i ol LSl
1 sxlcavity.

B BN BS I PE R P

OpenFOAM _sail jag o
(e g=bodllopenFOAM (sle

J 31 llparaview. 5 seail

e Sl i Y sfplockMesk (<8
G

(B sl el

‘\5-.‘-*-'“discretize
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Second; we come back to the
solver and choose our study
conditions (incompressible
the

and phi

—coFoam) to  obtain

pressure, velocity

values:

ol daall () a6l
) Ll )3 a5 k5 incompressible

—>icoFoam LA‘; J sl (
S\ ad s de yudl g akcaphi;

File Edit View Setiings Tools Help

noname x| | controlbict
Name Size
b [3 system
b [ constant
» oS
b [304
b o3
p o2
s oL FoanFile
s @o [
L test version
format ascii;
class dictionary;
object controlDict;
}
R R
application icoFoam;
startFrom atartTime;
startTime
stopAt endTine;
endTine
deltaT  0.005;
writeControl timeStep;
writeInterval  20;
purgelrite
< . I

[PUXBPOIPRR @YX BB [LILIO

Mesh utilities: & X

] atvanced |

— |

= |

7. blockMesh

@ etrudeDMesh
@ etudeMesh
@ snappyHexhlesh

menipuation

v Mesh utites | Postprocessing | Utiies

G \cfd\OpenFOAM-1.5\templates|ponamesystemcontrolict

325



Aol itk OS> Olos (3 iz U 2ed Y sl pltscad

File Edit View Settings Tools Help

l@URXBOPEN 2D

GBlemITITE

noname X
Name Size
b [ system
b [ constant
> faos
>[04
> [@o3
> f3 02
> o1
r Ao {
& test version 2.0;
format ascii;
class dictionary;
ebject controlDict;
b
R T Y
application icoFoam;
startFrom startTime;
startTime 0;
stopAt endTime;
endTime
deltaT 0.005;
writeControl  timeStep;
writeInterval — 20;
purgeWrite 0;
< I b

] »

“

controlDict ‘Solvers 8 x

basic

combustion

conpressble

electromagnetics.

financial

heatTransfer

ncompressible

\
\
\
\
DNS ‘
\
\
\
\

& boundaryFoam

== channelOodles

= icoDyMFoam
ic

== nonNewtanianlcoFoam

= oodles

= simpleFosm

= turbDybFoam

= tubFoam

molecularDynamics |

multiphase |

stressAnalysis \

| sobvers [ esh utites | ost processing | Utites

 CH\fd\OperFOAM-1. SltemplatesinonamelsystemicontrobDict

File Edit View Settings Tools Help

(FROXPOGPEN X B wB [T

Neme N Size
b [ system
i [ constant
v f3os
>[04
[l E]
v f3 o2
«pou version
v [ uniform
W format
@ phi class
P location
Lo cbject
) test 13
dimensions
internalField
400
(
(0.00024921
1 I, 0

nename X | controlDict | U

]

2.0;

ascii;
volVectorField;
"o.1m;

u;

JI W Rk ok kb ok d ke  k h bk bk k% k kb ok ok k% b 4 % /)

[01-10000];

nonuniform List<vector>

0.000245875 0)

110834 0)

000556988 0)

Solvers 8 x
basic

combustion

compressble

electromagnetics.

financial

heatTransfer

\
|
|
|
DNS ‘
|
|
|
|

ncompressible

= boundaryFoam

= channelOodles

= icoDyMFoam

& icoFoam

= nonNewtonianlcoFeam
= oodles

= simpleFoam

= turbDyMFoam

= turbFoam

molecularDynamics |

mitighase |

stressAnalysis ‘

[ solvers [ Meshutities | Postprocessing | Uites |

- C:\cfd\OpenFOAM- 1.5\templates jnoname 0. 1
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File Edit View Settings Tooks Help

lguip X B0 FPEN 2B wE 17O

noname X

Name Size

b [ system
i [ constant
> [@os
- 104
@03
» o2
spo
b [3 uniform {
wu
L phi
@p
e
W test

ascii;

vol8calarField;

« 1 [ |

[mse | 0 5

nonuniform List<scalar>

Solvers

» | basic

H =

compressble

DNS

electromagnetics

financial

heatTransfer

incompressible

% boundaryFoam

% channelOodles

% icoDyMFoam

= icofeam

%= nonNewtonianlcoFoam
£ oodles

= simplefoam

%= turbDyMFoam

E turbFoam

molecularDynamics

multiphase

stressAnalysis

.

‘ Solvers | Meshutiities | Postprocessing | Utiities

C:\cfd\OpenFOAM- 1.5\templates noname 0. Lip
File loaded

And we have to save program

before each step.

Than we should visualize result
using paraview that related on
OpenFOAM by paraFoam.

When  paraFOAM

responding we can visualize the

is not

program in paraview using
foamToVTK -ascii (with
windows paraview and

windows OpenFAOM):

JS amy el baes ) Lle
8 ghs

Al D pal Qi Gy ladey

Ls-“‘— Céw 4“5:‘” paraview 9\353-*-“\-3
.paraFoam LS Lr"d\ OpenFOAM
Cuain Y paraFOAM Ladic
G bl eal LSy
foamToVTK - 6‘353“1-.’ paraview
.Jé‘)-mj paraview 28) 3 QA) ascii

:(OpenFAOM
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FLREXBO FPBN 22X B mE

noname X | controlDict Utiities
Name ’ see | I L g oy » | errorEstimation
g VK @i Administrator: OpenFOAM console : [§ estimateScalarError
system . .
o NN B crosofc Windous [Uersion 6.1.76611 " | ieofrorEstimate
3 constan Copyright (c> 2889 Hiceosoft Compowation. A1l wights vesswusd. i icoMomentrtor
05 g E
‘g 0 c : \c£d\OpenFOAN-1 .5\ tenplates noname Y oanToUTK —ascii. | (£ momentScalarError
moz | . 1
mo2
mo
il
W test
Ve e g
i T 07
miscellneous
parallPracessing
preProcessing
20; surface
" hermophysics
q — b .

Solvers | Meshutiities | Postprocessing | Utiities
\cfd\OpenFOAM-1, 5\templates\noname\system'\controlDict

When we run program we | Juasd zal pll Jardis o 58 Ladic
obtain: JPars
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Microsoft Windows [Uersion 6.1.76811
Copyright (c> 2889 Microsoft Corporation. A1l rights reserved.

cfd\OpenFOAK-1.5\tenplates\nonane >foanTolTK -ascii

Utiiies 8x
/ T ield OpenFOAM: The Open Source CFD Toolbox
0 peration Uersion: 1. *\ + | erorEstimation
A nd Yle http://un. OpenFOAM .org |
M anipulation - P estimateScalarErmor
FoanTolTK —ase o e S e I icoErrorEstimate
fpr 21 2015 I 8 icoMomentrror
14:05:46 wiw . OpenFORM. org | P
Mewsncus | [# momentScalarError
1448
::\cfd\OpenFORH—l.5\temp1ate£\nunane ]
3k % X KK % K K X K N K K X E KX KK XK K KK KK K KX K X X KX S/
tine
mesh for tine = @
Deleting old UTK files in c£d\OpenFOAM-1.5\tenplates nonane \UTK" L
--> FOAM Varning :
From function rndir¢const £ileNane>
in file Ci\tmp\OpenFOAM-1.5\src\OSspecif ic\MSWindows\Unix.C at line 978 e ke e e
failed to remove directory 'c:\cfd\OpenFORN-1.5\templatessnoname\UTHNF ixedial
115"
--> FOAM Varning :
From function radir(const £ileNaned)
in file C:\tmp\OpenFOAM-1.5\src\0Sspecific\HStindows\Unix.C at line %
failed to remove directory "Fixedialls” vhile removing directory "cilefd\Ope]
hFoAl-1.5\tenplates\nonane \UTK"
Tine
volScalarFields »
volUectorFields u
Internal : £d\0penFOAN-1 .55t enplates nonane \UTKnonane _1.utk”
Original cells:4BB points:882  Additional cells:B additional points:®
Patch c£d\0OpenFOAM-1.5\templates\nonane\UTH\novingilall\nouingtall
1.utk”
Patch c£d\0penFOAN-1.5\templates\nonane \UTKNF ixedifalle\f ixedialls
i.utk" miscelaneous
Patch :\cfd\OpenFOAH-1.5\templates nonane \UTHNFrontAndBackf rontAndp]
ok 1 vtk paralleProcessing
volscalarFields »
volUectorFields u preProcessing
Internal c£d\OpenFOAM-1.5\templates\nonane\UTK\nonane_2.utk" arface
c£d\0penFOAN-1 .5\templates\nonane \UTK\novingilall\nouingtall
c£d\OpenFOAN-1 .5\t emplates nonane \UTKAE ixedallsnf ixedialls thermephysice
c£d\0penFOA-1 . 5\tenplatessnonane\UTKNE rontAndBacknfrontAnd) SN | EEERTAOEENUEEAE oA Uikis
8.2
volScalarFields P
volUectorFields u
Internal c£d\0penFOAM-1.5\templates\nonane\UTK\nonane_3.utk"
c£d\OpenFOAN-1.5\templates\nonane \UTK\novingilall\nouinglall Utiities 8 X
cfd\OpenFOAM-1 .5\ tenplates\nonane \UTKNF ixedWalls\fixedWalls ey | erorEstimation
¢ :\c£d\OpenFOAN-1.5\templatesnonane \UTKNFrontAndBack\f rontAndB - S ! (& estimateScalarError
o S ! icofrerEstimate
voiScalarFields '] I icoMomentError
volUectorFields u wiw . OpenFORM. org |
& momentScalarError
Internal c£d\0penFOAN-1.5\templates\nonane \UTK\nonane_4.utk" I
c£d\OpenFOAN-1.5\templates\nonane \UTK\novingilall\nouinglall i
: c:\cfd\OpenFOAN-1.5\templates\nonane\UTKNF ixedWalls fixedialls
Patch : c£d\0penFOAM-1.5\templates\nonane\UTK\FrontAndBack\frontAndB
ack_4.utk”
Tine 6.
volScalarFields P
volUectorFields u L
Internal c£d\0penFOAN-1.5\templates\nonane \UTK\nonane_5.utk"
c£d\OpenFOAN-1.5\templates\nonane \UTK\novingilall\nouinglall
Y
: c:\cfd\OpenFOAN-1.5\templates\nonane\UTKNF ixedWalls fixedialls
\efd\OpenFOAN-1.5\templates nonane \UTK\FrontAndBack\frontAndB)
ne 8.
volScalarFields P
volUectorFields u
c£d\0penFOAM-1.5\templates\nonane\UTK\nonane_6.utk"
c£d\OpenFOAN-1.5\templates\nonane \UTK\nov ingilall\nouingllall
c£d\OpenFOAM-1.5\templates\nonane \UTINF ixedWallsfixedialls
\efd\OpenFOAN-1.5\templates nonane \UTK\FrontAndBack\frontAndB)
miscelaneous
c 2\cfd\OpenFOAM-1.5\tenplates\nonane >
parallelProcessing
preProcessing
surface
thermophysical
Solvers | Meshutiies | Postprocessing | Utities
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Now we open the VTK file in | ala pid3 YIVTK s paraview
paraview to obtain this form: JE s e J ganll

For pressure: Lzall

p volume:

p .o
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For velocity: dc yull

v volume: v ana

Vv points: viaalia
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And we can also visualize the | malijll ) gl Ly Wiy

run-program with Linux pSid Loz S0penFOAM s
OpenFOAM  on  windows ) jmparaview alaiuly
paraview using foamToVTK -

foamToVTK -ascii.

ascii:
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OpenFORM-
OpenFOAN

: "/home/meae/Op
fixedWalls/fixedWalls 2

fr

1. 1ds
torFields

"/home /meae/OpenFORM/OpenFORY

K/fixedWalls/fixedWalls 4

"/home/meae/OpenFOAM/OpenFORM-1. 6/

vek"

OpenFORX

OpenFORM-1.

/OpenFORM-1

tutorials/i

tutorials/il

tutorials/i

/tutorials/i

/tutorials,

"/home/meae/0p

fixedWalls/fixedWalls_|

-
U

OpenFORM-1.6

ome/meae/OpenFORM/OpenFORM-1. 6
¥/movingWall/movingWall 20.vCk"
: "/home/meae/Op:
®/fixedWalls/fixedWalls
" /home/meae/OpenFOAM,

AndBack_

OpenFOAM-1.
vtk"

ScalarFields
ds

ome/meas/Cp
40.vek"

OpenFOAM-1.6/

OpenFORM-
vek"

ndBack/ frontAndBack 40.vtk"

TP
U

home /meae/OpenFOAM/OpenFORN-1. 6,
60.vEk"
ome/meae/Op:
: "/home/meae/Op
fixedWalls/fixedWall

OpenFORY

/OpenFORM-1.6
0.vek"

/CpenFORM-1.6
vek"

tutorials/i

compressible/icoFo

incompressible/icoFo

compressible/icoFo

compressible/icoFo

compressible/icoFo
compressible/icoFo
compressible/icoFo

compressible/icoFo

compressible/icoFo

compressible/icoFo

coFo

compressible/icoFo

compressible/i

compressible/i

incompressibl

compressibl.

compressibl

compressibl

compressibl

compressibl

compressibl

compressibl.

compressible/icoFo
compressible/icoFo

ssible/icoFo

@ boalis flod ey slis)




Baledk) Wbl OS> Oldas (3 Basy ) e Y sl plisena

334
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e
Peter Gerlinger, Numerische Verbrennungssimulation - Effiziente
numerische Simulation turbulenter Verbrennung, 2008
Teil I Turbulente Strimung und Verbrennung
1 Eimleitung ... ... ... 3
1.1 Bemerkungen zur Verbrenmungssimulation . ... ... ... ... .. 5
1.1.1 Brutte-Reaktionen und Flame-Sheet-Modell .. ... ... .. G
1.1.2  Eddy-Breakup- und Eddy-Dissipation-Modell ... ... ... G
1.1.3 Chemisches Gleichgewicht . ... ... ... .. .. ... ... ... G
1.1.4 Tabellierungstechniken ... ... 0o o oL T

ol 55la) iy wollas No yiey 12. 1
(Flame Sheet Model) g (brutto reactions) 12.1.1

The flame-sheet model allows a complete decoupling of the modeling of the
formation and destruction of species from the modeling of the flow an

mixing process.



) Numerical Combustion) glwd! 341 = ol

’ Oxidizer

flame
offset

One Dimensional
Strained Laminar

Flame
' Fuel
oxidizer
- produscts
Qﬁie ) g {//Tcmpc:raturc

Flame Structure
Under Strain
Conditions

Fig. 11.1: The flame sheet model. From [Akinyemi 1997]

Aelsyl o (24 (Flame sheet model) ca¥! d=iw b o 34 axdd &

i g (JdYl 4 fen iR 3 o2 O u§£ (chemical reactions) a5 LSl
Ll ades g (flow) Obyed) sl xe B5lie At Db W Cimall sda 0f L

Brutto-Reaktionen
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(Basics of Combustion) o/ oluwlu/ 12.2

From [Strauss], 111-112:

Bei der Verbrennung handelt es sich um die Hochtemperatur-Oxidation eines Brennstoffes,
bei der im wesentlichen Kohlenstoff und Wasserstoff, die in verschiedener Form im
Brennstoff enthalten sind, mit Sauerstoff exotherm reagieren. Eine Verbrennung heif3t
vollstandig oder vollkommen, wenn alle brennbaren Bestandteile in ihre hochste
Oxidationsstufe tberfuhrt werden.

Jede Verbrennung wird durch eine Ziindung eingeleitet. Unter der Ziindtemperatur versteht
man diejenige Temperatur, bei der mehr Warme durch die Reaktion freigesetzt als durch
Strahlung an die Umgebung abgegeben wird, so dal3 sich die Verbrennung von selbst erhalt.
Die Ziindtemperatur ist im strengen Sinn kein Stoffparameter, sie wird aber als
Erfahrungswert bei der Auslegung von Feuerungen und Sicherheitseinrichtungen immer
wieder herangezogen. Die Ziindtemperaturen der verschiedenen Brennstoffe weisen
erhebliche Unterschiede auf und sind darlber hinaus abhangig von der
Brennkammerbeschaffenheit sowie den Reaktionsparametern Druck,
Sauerstoffpartialdruck, der katalytischen Wirksamkeit organischer Bestandteile und der
spezifischen Oberflache des Brennstoffes.

e
Peter Gerlinger, Numerische Verbrennungssimulation - Effiziente
numerische Simulation turbulenter Verbrennung, 2008
2 Grundlagen der Verbrennung ............................. 11
2.1 Bilanzgleichungen reaktiver Stromungen . . .................. 11
2.1.1 Wahl des Gleichungssystems . ....................... 14
2.1.2 Vernachldssigung unbedeutender Terme .............. 16
2.1.3 KompressibilitAt ......... .. ... . o oo 17
2.2 Thermodynamische Beziehung ... ... ... . ... ... ... ... ... 19
2.3 Diffusiver Transport ... . ... ... . e 20
2.4 Stoffwerte . ... .. 23
241 ReineStoffe ... ... ... ... . . ... . ... 24
242 Gasgemische ...... .. ... ... . . i 24
2.5 Chemische Kinetik. . ... ... . ... . .. . . ... . 25
2.5.1 Chemische Umsatzraten ............................ 25
2.5.2 Reaktionsmechanismen............... ... .. ... . ... 30
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From Theroretical and Numerical Combustion (Thierry Poinsot, Denis
Veynante)

1 Conservation equations for reacting Hows
L.l General forms . . 00 0 000000

1.1 Chowe of promative variables . 0 0 0 00 00 000000000000
1.1.2  Conpservation of momentum . . . .. . . 00000000
LA Copservation of mass and species 0 00 00 0 000000000
.14  Diffusion velocities and Fick'slaw . . 0 0 0 0 0000000000000
1.1.5  Global mass conservation and correction velocity

1.1

B Conservation of energy . . 0 0 . 0 0L 0L

20 Usual simphfied forms - 0 0 0 00000000
1.2.1  Conpstant pressure flames . 0 00 00 00 00 0000000000000
1.22  Fgual heat capacities for all species 0 0 0 0 00 0000000000
1.2  Constant heat capacity for the mixture only . . . . 0 0 0 00 .. 0 .0 .

A Summary of conservation equations . . . . . L L L L Lo

A L slts
mass transfer!! e
(Conservation equations for reacting flows) &lelé ¢l yul &y )) paia¥) C¥slas @
Some Important Chemical Mechanisms (e.g. the H2-02 System)!? e
Laminar premixed flames and Laminar Diffusion flames e
Droplet Evaporation and Burning e
Introduction to Turbulent Flows e
Turbulent Premixed and Nonpremixed flames o
Burning of solids e
Free Numerical Combustion Codes (e.g. KIVA) e

11 From [Turns], pp. 83-105
12 From [Turns], 148-152
338



(Basics of Combustion) &2 <l lul
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Fluid Dynamics

1)
2)

[Ganzer 1987] Uwe Ganzer, Gasdynamik, Springer-Verlag 1987

[Wendt 2009] John F. Wendt, Computational Fluid Dynamics — an
Introduction (a von Karman Institute Book), Third Edition, 2009,
Springer Verlag

[ 4SS Aatigh and ) sal) Asvia Dy o Ll Y1) Goreall ails dasa [(a2ea] 3

& gall e ((msiddiq@yahoo.comea shall daals ¢ leall 5 xigll 4,
2006 sl 3 laay)

Computational Fluid Dynamics

D)

2)

3)

5)

[Anderson 1991] Anderson, John D., Jr., Fundamentals of
Aerodynamics, 2" Edition McGraw-Hill, New York, 1991

[Ferziger, Peric] J. Ferziger und M. Peric, Numerische Stromungsmechanik,

2008, Springer Verlag.

[Wessling] Pieter Wesseling, Principles of Computational Fluid Dynamics,
2000, Springer Verlag.

il il ez (4

http://en.wikipedia.org/wiki/Computational fluid dynamics

Numerical Combustion

1)

2)

3)

4)

[Strauss] K. Strauss, Kraftwerkstechnik - zur Nutzung fossiler, nuklearer
und regenerativer Energiequellen, Springer-Verlag, 2006

[Poinsot, Veynante] Thierry Poinsot, Denis Veynante; Theroretical
and Numerical Combustion

[Turns] Stephen R. Turns; Introduction to Combustion — Concepts and
Applications, 2" edition

[Akinyemi 1997] O. Akinyemi, A flame Sheet Model of Combustion an
NO Formation in Diesel Engines, PhD thesis, MIT, June 1997
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88 W\ il awes s> 8
aloladl 6,9.0]1
88 Wsleel) anlall 6,9.0]l 8.1
90 aols UV 8.2
91 | JwSgiw = 8L Vsl J> 8.3
101 &ilosll &S ,> L 8.4
103 o
105 aslell 9
105 Aoldo 9.1
105 a,)laz)l asdall OVsles 9.2
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L0 beall
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132 Jilue
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134 4oldo 10.1
142 =590 Wibsleoe Jljis| 10.2
bl Al puSginw
s> W
146 e silyeMI Ol 10.3
aloda .l
155 twadl (sle g3)JI 10.4
160 Jlwws
162 | el bl ULl 11
163 doldo 11.1
166 aigall wl>gell as,> 11.2
172 S Wl ol i 11.3
192 Jiluwo
194 dinl2iall asiall 11.4
208 Jilwo
209 =S SV Ol ! 11.5
224 Jlwo
225 soaSWI Ol ol 11.6
234 Jluo
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[Ferziger, Peric] oS o  g0n2h 9

239 | wawliall o=l g cloll yols> pilgd | 1 ol
240 | alall ls awol Jl ML)l o | w (e=xloll
241 bW FISiV Joleo | 2 (ool
245 | clopl) wbleai Vl WLl pilgd | >  g=xloll
252 590,
254 g&=>1,0
256 PXR0

[Ferziger, Peric] S 9ad09 74.2
(Numerics :4;5£Y0) @sdadl Jd=dl 1) 5o

(Components of a numerical method :4;;£ L)

( Mathematical model :4;;l£Y\)

( Discretization method 434 YL)

( Coordinate and base vector systems :4; NEAN)

( Numerical mesh :4;£Y\)

( Finite Approximations :& J..lﬁ}lb)

( Solution method :4;l£Y\)

( Convergence criteria : ;1 Y\)
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(Thermodynamics 434 YL) 44 Slalys olulal

(Finite Difference Methods :4;l£Y\)

(Finite Volume Methods : %14 Y\)

(FEM) gzl olall 4y b

(Solving linear equation systems :%; NEAN)

(Solving the Navier-Stokes Equations :4; L)

(Computation Methods for complex flow areas :& ,«lf-}f\»)

(Simulation of turbulence :4;;£ L)

(Compressible Fluids &£ Y\)

(Efficiency and accuracy 44 YL)

( Special Topics :&;k£ L)

( Combustion :4;1£ L)

4blsl gusleo 14.3

( CFD Applications in Energy Engineering :4; JJ&N\J)
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( CFD Applications in Aeronautics :4;l£Y\)

CFD Applications in Space Technology:4;;:\£YL)
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