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1  Some concepts in Molecular Modeling

Molecular graphics (MG) is the discipline and

philosophy of studying molecules and their
properties through graphical representation. [IUPAC
the

"graphical display device".

limits definition to representations on a

Computer graphics has had a dramatic impact upon

molecular modelling.

It is the interaction between molecular graphics and
the that has

enhanced the accessibility of molecular modelling

underlying theoretical methods
methods and assisted the analysis and interpretation

of such calculations.

Over the years, two different types of molecular
graphics display have been used in molecular
modelling. First to be developed were vector
devices, which construct pictures using an electron
gun to draw lines (or dots) on the screen, in a
manner similar to an oscilloscope. Vector devices
were the mainstay of molecular modelling for almost
two decades but have now been largely superseded
by raster devices. These divide the screen into a large
number of small "dots", called pixels. Each pixel can
be set to any of a large number of colors, and so by
setting each pixel to the appropriate color it is

possible to generate the desired image.

Molecules are most commonly represented on a
computer graphics using stick' or 'space filling'
representations. Sophisticated variations on these
two basic types have been developed, such as the
ability to color molecules by atomic number and the
inclusion of shading and lighting effects, which give

'solid' models a more realistic appearance.

do

advantages when compared with their mechanical

Computer-generated models have some

counterparts. Of particular importance is the fact

2
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that a computer model can be very easily
interrogated to provide quantitative information,
from simple geometrical measures such as the
distance between two atoms to more complex
quantities such as the energy or surface area.
Quantitative information such as this can be very
difficult if not impossible to obtain from a
mechanical model. Nevertheless, mechanical models
may still be preferred in certain types of situation
due to the ease with which they can be manipulated

and viewed in three dimensions.
A computer screen is inherently two-dimensional,
whereas molecules are three-dimensional objects.
the

dimensional nature of an object can be represented

Nevertheless, some impression of three-
on a computer screen using techniques such as depth
cueing (in which those parts of the object that are
further away from the viewer are made less bright)
and through the use of perspective. Specialized
hardware enables more realistic three-dimensional
stereo images to be viewed. In the future ‘virtual
reality’ systems may enable a scientist to interact
with a computer-generated molecular model in
much the same way that a mechanical model can be

manipulated.

Even the most basic computer graphics program
the

manipulation of models, including the ability to

provides some standard facilities for
translate, rotate and ‘zoom’ the model towards and
away from the viewer. More sophisticated packages
can provide the scientist with quantitative feedback
on the effect of altering the structure. For example, as
a bond is rotated then the energy of each structure

could be calculated and displayed interactively.

For large molecular systems it may not always be

desirable to include every single atom in the
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computer image; the sheer number of atoms can
result in a very confusing and cluttered picture. A
clearer picture may be achieved by omitting certain
atoms (e.g. hydrogen atoms) or by representing
groups of atoms as single ‘pseudo-atoms’. The
techniques that have been developed for displaying
protein structures nicely illustrate the range of
computer graphics representation possible. Proteins
are polymers constructed from amino acids, and
even a small protein may contain several thousand
atoms. One way to produce a clearer picture is to
dispense with the explicit representation of any
atoms and to represent the protein using a ‘ribbon’.
Proteins are also commonly represented using the

cartoon drawings developed by J Richardson.
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1.1 Surfaces/abu/ &b luwo

Many of the problems that are
studied  using  molecular
modelling involve the non-
covalent interaction between
two or more molecules. The
study of such interaction is
often facilitated by examining
the van der waals, molecular
or accessible surfaces of the
molecule. The van der waals
surface is simply constructed
from the overlapping van der
waals spheres of the atoms,
Fig 8. It corresponds to a CPK
or space-filling model. Let us
now consider the approach of
a small ‘probe’ molecule,
represented as a single van der
waals sphere, up to the van
der waals surface of a larger

molecule.

The finite size of the probe
sphere means that there will
be regions of ‘dead space’,
crevices that are not accessible
to the probe as it rolls about on

the larger molecule.

accessible surface

- —
o™ ~~ .f
L4 A

A L
-~ --

vah der Waals surface

Fig 8: The van der Waals surface is
shown in red. The accessible surface is
drawn with dashed lines and is created
by tracing the center of the probe sphere
(in blue) as it rolls along the van der
Waals surface.(Source:
http://en.wikipedia.org/wiki/ Accessible s

urface)
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access all of the crevices. The molecule surface
contains two different types of surface element.
The contact surface corresponds to those regions
where the probe is actually in contact with the
van der waals surface of the ‘target’. The re-
entrant surface regions occur where there are
crevices that are too narrow for the probe
molecule to penetrate. The molecular surface is
usually defined using a water molecule as the

probe, represented as a sphere of radius 1.4 A°.

The accessible surface is also widely used. As
originally defined by Lee and Richards this is the
surface that is traced by the center of the probe
molecule as it rolls on the van der waals surface
of the molecule (Fig.1.4). The center of the probe
molecule can thus be placed at any point on the
accessible surface and not penetrate the van der

waals spheres of the atoms in the molecule.
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1.2 Computer Hardware and Software/ sl Cilbiag uig 5jga/

The workstations that are commonplace in many
laboratories now offer a real alternative to
centrally maintained 'supercomputers' for
molecular modelling calculations, especially as a
workstation or even a personal computer can be
dedicated to a the

supercomputer has to be shared with many other

single task, whereas
users. Nevertheless, in the immediate future there
will always be some calculations that require the
power that only a supercomputer can offer. The

speed of any computer system is ultimately
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constrained by the speed at which electrical
signals can be transmitted. This means that there
will come a time when no further enhancements
can be made using machines with ‘traditional’
single-processor serial architectures, and parallel

computers will play an ever more important role.

To perform molecular modelling calculations one
also requires appropriate programs (the software).
The software used by molecular modelers ranges
from simple programs that perform just a single
task to highly complex packages that integrate
many different methods. There is three items of
software have been so widely used: the Gaussian
series of programs for performing ab intio
the MOPAC/AMPAC

programs for semi-empirical quantum mechanics

quantum  mechanics,

and the MM2 program for molecular mechanics.
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1.3 Units of Length and Energy/ 48lally Jshl cilia g

Z-matrix is defined using the angstrom as the
unit of length (1 A°= 10 ° m=100pm). The
angstrom is a non-SI (International System of
units) unit but is a very convenient one to use,

as most bond lengths are of the order of 1-2 A°.

Jsbll 3u>5S" popudl plisunl Zematrix s ok
& et (S 100 =

M edle ey ¢ gl Lol el del 48 susy

10 ~ %= ppil)

U Ab initio quantum chemistry methods are computational chemistry methods based on quantum chemistry/
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One other very commonly non-SI unit found in 5 02 -1 o Lty Jlgbl OIF 5 gl W

molecular modelling literature is the kilocalorie

(1 kcal=4.1840 k]). Other systems of units are  _agcigd derdod) 87 (3 psans A1 sy Sl Of LS

employed in other types of calculation, such as

the atomic units used in quantum mechanics.

kilocalorie Z\aj\}z’-\ PR B C)U;-j,u ‘}).U\ fUa,.U FESIVIYS

T bl Lol Sty L(JsrskS 401840 = i) > 52w 1)
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1.4 Mathematical Concepts/ 4usl J asdlial/

A full appreciation of all the techniques of
molecular  modelling  would require a
mathematical treatment. However, a proper
understanding does benefit from some knowledge
of mathematical concepts such as vectors,
matrices,  differential  equations, = complex
numbers, series expansions and lagrangian

multipliers and some very elementary statistical

concepts.
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2 Computational Quantum Mechanics /('Q‘ \-S-y\g.y 3\.;3\.9}\.0.«

2.1 Introduction / is.és

There are number of quantum theories for treating
molecular systems. The one which has been widely
used is molecular orbital theory. However, alternative
approaches have been developed, some of which we
shall also describe, albeit briefly. We will be primarily
concerned with the ab initio and semi-empirical
approaches to quantum mechanics but will also
mention techniques such as Huckel theory, valence

bond theory and Density functional.

PESTIRESE R NN E T GV EH PSR I e
mos £ LS Sl SV gl ¢ bt gl
Yy ab initio)l malie Vol ST A Y gl 2my
e Ll ST LS SO G semi-empirical
ol 85 3k ¢ Huckel &l o ool
Density &byl @S 4 k5 4 valence bond

.functional

The starting point for any discussion of quantum 3§ Uy il o Schrodinger xse,5 Asles )

mechanics is the Schrédinger equation. The full ,

time-dependent form of this equation is:

eq.2,1

2m \ 9z* " 9y ' Oz

ailad) Wslaed) LIS 350 REUNLRHUSPE I T

ol

Re PP 9
( ( ) + 7 + g) e 1") ‘-I-F(I'_. f) = Ih-m‘-lf(r! f‘)

Eq. (2,1) refers to a single particle (e.g. an electron) Dozt m ik (09 SN Jee) A Eq 1) st

of mass m which is moving through space (given

by a position vector <3sll (r = xi + yj + zk <z iy J:*-4) sladl ye

r=xi+yj+zk ) and time (f) under the

influence of an external field V (which might be

LS B 0 B ) Vo B ek 8E L ()

the electrostatic potential due to the nuclei of a d\_c dogunis 4l Planck ded s J -(96)—4-\ S ibg V)

molecule). & is Planck’s constant divided by 2m

10
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and i is the square root of -1. W is the PAUIEWEAT il P 13 ) AL s i 271
wavefunction which characterizes the particle’s )

motion; it is from the wavefunction that we can PSS L_éj‘ 2\;2'}—&‘ aldl e L}w\a B L,Svu‘ lagd Z‘-f?' R
derive various properties of the particle. When the

S 065 badis L Slaenl) adlil) ailadl ol o

external potential V is independent of time then
the wavefunction can be written as the product of i S™ L5l @l Z‘{ufﬂ (o3l dbge p Voder )
a spatial part and time part: ¥(r,t) = Y(r) T(t).

e

We shall only consider situations where the SENIN <% W)=Y TE) 3l L}&"’ s

potential is independent of time, which enables

L ccdgdl dbie o AT 065 btie lasY) s N
the time-dependent Schrodinger equation to be el et 28 5N ETE R

written in the more familiar, time-independent |ia sz“‘ ’~§ 5 QL, cd»éjjb &wfu JESTTY Jslel —

form:
CJ}JLJ Ja.JJ.» ﬁ.&.“ )aﬂ\

2

2 Bi(r) = —5-V(r) + V()
Y 5 VY P(r).

E is the energy of the particle and we have used 2 ey s Jleszal RN L Bl . E

(“del squared’ L)

the abbreviation V (pronounced “del squared”):

eq.2,3 , P 2 H”
Vis—S+-—=5+
dr® Oyt 97

It is usual to abbreviate the left-hand side of eq. (1,1) ¢y Al (1’1) ) ANRUNUPIN EVL BETERN

to A W, where H is the Hamiltonian operator: o,
Hamiltonian operator: » HJ O ot

eq.24 . hi
H=-——V*+V
2m

This reduces the Schrédinger equation to Y = 1,11 oia A AP = EY ) ased dslas e
E¥Y. To solve the Schrédinger equation it is

necessary to find values of E and functions W. 3% J=ls jaing i Wsles C‘U" b Y Ny E U ded slg) 2
The Schrodinger equation falls into the category

11
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of equations known as partial differential Wl aedl oYl u’J"’L\ Joldl a5y el Vsl
eigenvalue equations in which an operator acts

on a function (the eigenfunction) and returns the a2 s(eigenfunction) aibs e AL sasl PR S
function multiplied by a scalar (the eigenvalue). Cdles e Loy Jle (35001 3egd)) scalar o fppas

A simple example of an eigenvalue equation is:

LSRRV OO

Eq.2,5

d()—
) =Ty

The operator here isd/dx. One eigenfunction of P Al olb Bigen ) aibs . d/dx s» Ls JRal
this equation is y=e ™ with the eigenvalue r

being equal to a. Eq.1,5 is a first-order differential 1,5 @l o A gyld (30 2adll) 1)y y=e ™

equation. The Schrodinger equation is a second- ) ungs Uoles sy . sty\ ol L )
order differential equation as it involves the i i

second derivative of W. A simple example of an s sl laeey Jlie S L}L’zﬂ gl fessg c@tﬂ\ L;.\pu.d\
equation of this type is

:@45\ i

Eq.2,6
d?y

Friaktd

The solutions of eq2,6 have the formy= . _ | y = Acos kx + B sinkx Jgg} 6 aslell e ds
Acoskx + B sin kx, where A, B and k are constants.

In the Schrodinger equation W is the eigenfunction ~Eigen I aiby o W o isgs dblee (3.0538 ABK O

and E the eigenvalue.

Lgzed  » Elly

2.1.1 Operators / Ogkasd)

The most commonly used operator is that for the e ijw S kel s Bl Oglala Jaie Of

energy, which is the Hamiltonian operator itself,

H. The energy can be determined by calculating

12
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the following integral: ZJ"@‘ s ol IS e Bl Ol
Eq.2,7
[F°w « Awdr )
E=fcfoo—d=> f‘z"*H‘l’dT:f‘P*E‘{’dT
W wdr
(W¥) : the wavefunction may be a complex number. uff sde O )§5 25 sl A (%)

E: scalar and so can be taken outside the integral.
Al Bl A SIS L WS e 2 of S5 E

If the wavefunction is normalized then the

denominator in eq.2,7 will equal 1.

T gl eq2,7 Wl (3 o0 O

The Hamiltonian operator is composed of two parts
that reflect the contributions of: kinetic and potential

energies to the total energy. The kinetic energy

operator is: Doblew) J&:J Cotiindr o Ogthule Jade ally
Bl Jrse wlal o) Je xogl Bl 5 454 L))
D ep S A
Eq.2,8
_2 Vv
2m

And the operator for the potential energy simply 3 .l 2 A sl oyl > Bl R S
involves multiplication by the appropriate

expression for the potential energy. For an ojme slsr o) B3 & 0oy el Bl S LISY

electron in an isolated atom or molecule the - . ) . . )
‘ ' O %@L:ij.@_ﬁ\ oMo lad) C.pjl\ Bl Jrie  feiy

potential energy operator comprises the

electrostatic interactions between the electron and . (g,#Y1 &b iSIYlg 0953V o ST 5 815ly 047 SIY)

nucleus and the interactions between the electron
and the other electrons. For a single electron and a OB «byignll o 35 o By Blsiy Anly 098I Al

single nucleus with Z protons the potential energy AW g e sn alaxdt mlall i
operator is thus: ’

Eq.2,9

13
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Ze?
4mesr

Operator for linear momentum along the x  Jvy Bl (3 Akl aSTL 3 gjf L) 1| =5 Jas
direction : ) i
X

Eq.2,10
h o
i Ox

The expectation value of this quantity can thus be v I e S oid & A e st ug‘ 3

obtained by evaluating the following integral:

AW A
Eq.2,11
[ ﬁ.ailpdT
px = [ 0x
J¥«wdT
2.1.2 Atomic Units / 8)d! &l
The atomic units of length, mass and energy are AW ) e a wlally ekl SW 2,40 ol

as follow:

e 1 unit of charge equals the absolute charge

on an electron, |e| = 1.60219 x 10~1° C 09 amer) bl 2l (gl By Ams @

le] = 1.60219 x 1071° C

e 1 mass unit equals the mass of the electron,
m, = 9.10593 x 107 31kg
1097 SV Al s glud (5ulg AlsS) S| 3u>y @
m, = 9.10593 x 107 31kg
e 1 unit of length (1Bohr) is given by ay =
hZ
/4172mee2 =5.29177 x 10~ 11m, by (A jf g Csﬁ'é 1) Jsball 5 6}”:‘ °

_ h?
do = /41r2mee2 =5.29177 x 10~ 1m.

14
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It is the radius of the first orbit in Bohr’s
treatment of the hydrogen atom. It also

turns out to be the most probable distance

el B e 2358 3 Y1 S ples w)

of 1s electron from the nucleus in the o 1 o j.fil\ BLL O ng of Ji L@\ Jﬁ"‘-’»j

hydrogen atom.

e 1 unit of energy (1 Hartree) is given by E, =
e?/4meyay, = 435981 x 10718

It corresponds to the interaction between
two electronic charges separated by the
Bohr radius. The total energy of the 1s
electron in the hydrogen atom equals -0.5

Hartree.

bl 53 3 3 e 0558 I

iouly (e 1) Bl say Joxd o
E, = e?/4mey ay = 4.35981 x 10718/

Logbad; (oS s (ST o 3l w] LS

55 @ 09 Is) Bl goaz ol . 2y glas

2.2 One-electron Atoms

In an atom that contains a single electron, the
potential energy depends upon the distance between
the electron and the nucleus as given by the

Coulomb equation.

It is more convenient to transform the Schrodinger
equation to polar coordinates 7, O and ¢,

(wavefunction) where:
r: the distance from the nucleus
0: the angle to the z axis

¢: the angle from the x axis in the xy plane

Eq.2,12

Bl Bl S5 ey 095} e s B 50
doadsS Alslas st Bladly 0iSY1 Cp BLA s
Sl W Ao s dhles fisd it Sy
Do (Brse U3) @ O6r Ackad)

Bl oo WLl 1 7

z sl Bl 1 0

xy 87l 3 x e n gl ¢

Yoim = Ru(r)Yim (6, ¢)

Y(0,9) : angular function called a spherical harmonic

S35 Gl oo Lyl 3ads 1Y(0,¢)

15
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R(r) : radial function dslad Ly TR(T)
n: principal quantum number: 0, 1, 2,...

I: azimuthal quantum number : 0, 1,..., (n-1) 21,0 tﬁ‘”“jf“ ("Q‘ >4€ .n
m: magnetic quantum number : -1, -(I-1), ...0...(I-1),1

(n-1),...,1,0 1 el (SN s 2]

LA-1)...0..(1-1),-1 & pbliad) (S ste im

Eq.2,13

— -1 M2
Rn(r) = — [(;—;)3 M] exp (—Q) p L2 (p)

p = 2Zr/na,, where na, is the Bohr radius. Ay 8&“ &S Mg e Gp = 27r /nag

L2l (p) is a special type of function called a

Laguerre Polynomial Laguerre  comd 5bgll o 32 &% L3 (0)
Polynomial
Eq.2,14
Yim(6, $) = 01;,(0) P (@)
With:
_ 1 .
() = Lexp (img)
Q@L+1) - mD"?
Om(6) = 2 0+ [mD! B (cos 0)
®,,(¢): The solutions to the Schrodinger equation for L 4y s adslal s 1, ()
. 9 g *Fm

a particle on a ring.

Pllml(cos 0): Series of function called the associated the associated ) SN by Al Pl'""(cos 0)

Legendre polynomials.
( Legendre polynomials.

16
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3dyy 3dy,

The common graphical representations of s, p and d orbitals/

s,p,d Juk dred s e

Src: http://butane.chem.uiuc.edu/vshapley/GenChem2/Intro/orbit.qif

The energy of each solution is a function of the JWby claie sl ("Q‘ sl didy o > S o)

principal quantum number only; thus orbitals with
the same value of n but different 1 and m are -4k Qfg‘*’ Lm ded Ll n ded s b olldl 0]

d te. The orbital ft ted & .
egener.ae. e orbitals are o‘en represene. as 51 5 13 e 9n LS ol e L Ly

shown in fig 2.1. These graphical representations

are not necessarily the same as the solutions given 3,,Sall Joldl & U 3,920 ] 45l I sda

above. For example, the ‘correct’ solutions for the

2p bl dseal Jdb ¢ JUl e Je o]

2p orbitals comprise one real and two complex

functions:

Do i i Alg s Ojg.ﬂ

2p(+1) = /3/4m R(r)sinf e'®
ZP(O) =4/ 3/4'7'[ R(T) cos @
2p(—1) = /3/4m R(r) sinfe ¢

17
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R(r): The radial part of wavefunction

v/ 3/4m: A normalization factor for the angular part.

2p (0): function corresponds to the 2p: orbital that is

pictured in Fig 2.1.

sl A e sleddl A R()
S el ol s ils 1\/3/4m

Fig 2.1 @3 jsall 2p, s ms 33155 d2boy 12p (0)

The linear combinations below are the 2px and 2py sl 2py ey 2px L ssa obsl alod sl

orbitals shown in Fig 2.1.

Fig2.1 2

2py = 1/2[2p(+1) + 2p(—1)] = /3/4m R(r) sin b cos ¢
2p, = —1/2[2p(+1) — 2p(—1)] = /3/4m R(r) sin B sin ¢

These linear combinations still have the same ;. 51\ D sl i el J‘J Le "‘I:'H CJLE-”\}?J\ oda

energy as the original complex wavefunctions.

Wfﬂ\ l:gl\

2.3 Polyelectronic Atoms and Molecules,/ <l 3-19 Sl suaze U9 7SJ)

Solving the Schrodinger equation for atoms with
more than one electron is complicated by a number
of factors. The first complication is that the
Schrodinger equation for such systems cannot be
solved (solutions  can

exactly only Dbe

approximations to the real true solutions).

A second complication with multi-electron species

is that we must account for electron spin.

Spin is characterized by the quantum number s,
which for an electron can only take the value Y.
The spin angular momentum is quantized such
that its projection on the z axis is either +h or -h.
These two states are characterized by the quantum
number ms, which can have values of +1/2 or -1/2,

and are often referred to as ‘“up spin” and ‘down

18

038 oo ST s @l fag s sl Jo ddes )
el e sde ey By Baes Bdes g
Argps il g - oslg] (S sl o LY el
ool Lot iy 5 Jol> 512l S&) aalasV) ods ik
53zl C\jﬂ\ o B ASal () 2aad

B3SN J ol ale ot il g 05
O 0giSIW Sa 08 WS s e 5l S e

1/2 sl i sl
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spin” respectively. The spin part defines the
electron spin and is labeled a or (. These spin
functions have value of 0 or 1 depending on the
quantum number ms of the electron. Each spatial
orbital can accommodate two electrons, with
paired spins. In order to predict the electronic
structure of a Polyelectronic atom or a molecule,
the Aufbau principle is employed, in which electrons
are assigned to the orbitals, two electrons per
orbital. For most of the situations that we shall be
interested in the number of electrons, N, will be an
even number that occupy the N/2 lowest-energy

orbitals.

Electrons are indistinguishable. If we exchange any
pair of electrons, then the distribution of electron
density remains the same. According to the Born
interpretation, the electron density is equal to the
square of the wavefunction. It therefore follows
that the

unchanged when two electrons are exchanged, or

wavefunction must either remain
else it must change sign. In fact, for electrons the
wavefunction is required to change sign: this is the

antisymmetry principle.

Eq.2,15

Il Of S @ ame oS saw QWU 0B s —h,
Slis m" b Ll L b Wley 172 5 4172 3ed
s Gl g sug el Ojlae WS T Maslld)
St Bl O oy () S 09580 (L
oS ade et Aol o e Aed eda el il
SO
2) W o S e O S e S
s ol 5 2SIV 2l Wy Il e (/8
G ol ) 5asl Ll e Les 2 (b iSOV sl
ool Ay Lol ] Sy SIY e e S5

J}M «N cobjﬁgjw Sy Wy e r;é QS*.S\ SN

.IMs

saec N2 @Y wll

s
Nallat) @l bt Led I3Laplae 2 Ly SOY) o)
o) Wby aeks g BUSY g8 OB (7Y
el A CaSs (ald 0 aSIYI BLSTO) (0
ok o Lais Lol s ¥ 0T (g sl 1101 0] U
Gl @A s g 6l )y (bSO e o)
ol e Sl rSIW addl agllas 2ol dlll Of

JlaL:M s (48 g.}jsé L U\th i RS
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2.3.1 The Bom-Oppenheimer Approximation/ ,\gsi—C)s &lis

The electronic wavefunction depends only on the s s ilse e Lz i, SOV sl Al oz
positions of the nuclei and not on their momenta.

Under the Born-Oppenheimer approximation the W 2,8 S gl —Oyp B gty Lene e

total wavefunction for the molecule can be written 4 e sl ! gl
in the following form: g ‘-J =

Eq.2,16

Y.t (nuclei, electrons) = W(electrons)¥ (nuclei)

The total energy equals to the sum of the nuclear g g 7SIV 3Ly Ay asil) d5Ual) § ot el JLa] (Ssluns
energy and the electronic energy. The electronic

energy comprises the kinetic and potential energy ~* st Blllly 254 Bl ‘Z‘QJJ&N\ L)) o
of the electrons moving in the electrostatic field of U b sl < Ji 3 el oty S
the nuclei, together with electron-electron - .

repulsion: 09 iSIYI =097 SIY) dels &

Eq.2,17

Eiot = E(electrons) + E(nuclei)

2.3.2 General Polyelectronic Systems and Slater Determinants / S <isds g bt saadl 09 3SIY dalsf

A determinant is the most convenient way to write ; ; | N I ST s J{fy‘ iy bl oa ISP (Y
down the permitted functional forms of a
Polyelectronic wavefunction that satisfies the @ M 35 3 g aSIY) Saad) gl WA Ll

. hciple. 1 h

antisymmetry principle. In general, if we have N Sl 3 s N L 0l 13 oals s bl
. . . 5] 3 by ) L ole K

electrons in spin orbitals X3, Xs,...,Xn then an

acceptable form of the wavefunction is: SO WNEICIEURY U 06 ¢ X, X, X A5l

20
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Eq.2,18
X1(1) X2(1) .. XN(1)
p— o [X1(2) X2(2) .. XN(2)
RCH : :
X1(N) X2(N) .. XN(N)

X1(1): indicates a function that depends on the space Al oliasly cladl e 2iby e Ju IX1(1)
and spin coordinates of the electron labeled ‘1" o ' )
.nln djﬁ.Q}U

1. .. .
—- ensures that the wavefunction is normalized.

VN!

This functional form of the wavefunction is called a BT u“*”“*"ﬁ“ LURURS) e

1
VN!
Slater Determinant and is the simplest form of an s

) 4 & ;o,Ja 54 M’“ {1
orbital wavefunction that satisfies the antisymmetric 7 o 2 S ‘w_}L Al 5" 5j e

principle. o SRS U I RSN U VNV R S JCad

(If any two rows of determinant is identical, then the b
. bl

When the Slater determinant is expanded, a total of JU el ST ey e ke O FRUSRTIIN OK\S\)
N! terms results. This is because N! different )

permutations of N electrons. (34 clazs)

determinant vanishes)

For example, for the three-electron system the

.Cmeleiwréch\s.,\;c’ﬂ)}&cccﬁ
O 1l 095) N I Caliz Lds NUI ey S5

determinant is

Z}h C)Ujj&gjl Eipll 35 fUQ.J J.\;g,L\

X1(1) X2(1) X3(1)
w=_L|x1(2) X2(2) X3(2)
1x13) x2(3) X3(3)

Expansion of the determinant gives the following (W A ) 3Ll (o) sl s =
expression:

X1(1)X2(2)X3(3) — X1(1)X3(2)X2(3) + X2(1)X3(2)X1(3)
—X2(1)X1(2)X3(3) + X3(1X1(2)X2(3) — X3(1)X2(2)X1(3)
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This expansion contains six terms (= 3!). The six
possible permutations of three electrons are:
123,132,213,231,312,321. these

permutations

Some of

involve single exchanges of
electrons; others involve the exchange of two
electrons. For example, the permutation 132 can be
the

exchanging electrons 2 and 3 (If we do so we will

generated from initial permutation by
obtain the wavefunction with a changed sign —
W).By contrast, the permutation 312 requires that
electrons 1 and 3 are exchanged and then electrons
1 and 2 are exchanged. (This gives rise to an

unchanged wavefunction).

In general an odd permutation involves an odd
number of electron exchanges and leads to a
wavefunction with a changed sign; an even
permutation involves an even number of electron

exchanges and returns the wavefunction

aadl Josldl Of (=31 29 A e (gexf sl s
ST
ol eds am (6505.123,132,213,231,312,321: 2
oard) sk G 3 (Db RSIY e Bjke Yol e
Lot Of Ko e Lot mSIY) o ol Jols Je =)
O8I s e ade¥ alad) o 0 132 aid) s
Aol Al Lo Lamin (G4 a3 13))3 07850y 2
Jeds 312 alad (o ¢Sy (-0 Al ks e

B FROAL

(Bpane p# Amge WIS (g
o ke ade Dols e a3l Al ks le Sy
sk ¢ JRagll W Al s 1) (on by SUY)
Lingy SLgASIY) o g3z dde Dol Je dgall Wl

i 095 Aol W)

The Slater determinant can be reduced to a
shorthand notation. In one system of the various
notation systems, the terms along the diagonal of

the matrix are written as a single-row determinant

Gb d] e W dsseg ) W sa2 ads Sg
s b e s3pmsl ssadl RS 5 ¢ adsll Sl

YIRS MQM\

Eq.2,19

X1(1) X2(1) X3(1)
X12) X22) x3)l=1x1 x2 x3|
X1(3) X2(3) X3(3)

The normalization factor is assumed. It is often

convenient to indicate the spin of each electron in

the determinant; this is done by writing a bar

crlin 05 L U 0,0 @Y1 canidl Lole O

LS 3b o S5 a3 09 IS5 ) 3L
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when the spin part is B (spin down); a function
without a bar indicates an spin (spin up). Thus,
the following are all commonly used ways to
write the Slater determinantal wave function for
the Be (which has the

configuration 1s? 2s?)

atom electronic

B Js) B o 0 e ikl G a5l by
O (oY1 ) J3#) O L i) 05 s Ll (i)
Sl i bl L (B ks O 055 i)
(PP W S AU SN U YRV RN E- AEU R PR

(15925° 4 3580y

Eq.2,20

$15(1)

_ 1 (pls(z)
¥ =T 400 (3)

$15(4)

é15(1) ¢2$ (1)
015(2)  ¢a5(2)
¢15(3) ¢25 (3)
B15(4) $2s(4)

B,5(1)
B,5(2)
B,5(3)
B,5(4)

= |¢1s¢15¢2$é25|

= |1s71s 2s 2s]|

An important property of determinants is that a
multiple of any column can be added to another
column without altering the value of the
determinant. This means that the spin orbitals are
not unique; other linear combinations give the

same energy.

% 3ale (s SH o o ol Lagll wliall i)
OF am 1 5doell ded s 0oy 2T sgale U 3L O
OF Y1 akd) gilall Shy b p cond ol Ji6

215 Bl s

2.4 Molecular Orbital Calculations / &7 jlubt Oblus

2.4.1 The Energy of a General Polyelectronic System/ sl suaai ¢33y ala:ld 230all

For N n-electron system, the Hamiltonian takes the

following general form:

ISl s Ostaldl dss ¢ 09580n Nplss ol e
Z(L’J\
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A, B, C, etc: indicates the nuclei. .6&“ gsl"’ J t\ ..AB,C

1,2, 3, ...: indicates the electrons.

The Slater determinant for a system of N electrons O e e n1,2,3

in N spin orbitals can be written:

L& e Ny 09U N e pllad 55l sadl 4l S

IL}L':.S\ M\ o

X1(1) Xx2(1) .. XN(D)
X1(2) X2(2) .. XN(2)
X1(N) X2(N) .. XN:(N)

Each term in the determinant can thus be written (1)Xj(2)Xk(3)... Xu(N- < s & e J; LS u-<‘~
Xi(1)Xj(2)Xk(3)...Xu(N-1)Xv(N) where i,jk,...,uv is
a series of N integers. JS NS sl o2 Bk 0 o= 1X0(N)

As usual, the energy can be calculated from

tope Bl Oluas| - S& asllS

[ Ay
_fl.w,v

E
f YAy = j ...JdTlde ...dTN{[Xi(l)X]-(Z)XkG)...]

1 2
x (—52 Vi = /r) = (/ng) ot (1) + () + ) X [ (DX, (X3 .|

flw = f ...delde A {[ X (DX (DX 3) ... [ [X: (DX (2)X, (3) ... ]}

If the spin orbitals form an orthonormal set then | 5 1. g bkalaze dogag Lo aidll wliull wdd) J- &
only products of identical terms from the

determinant will be non-zero when integrated

over all the space.
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(If the spin orbitals are normalized, integral will

equal 1)

(If the term involves different electrons, it will
equal zero, due to the orthogonality of spin
orbitals).

The numerator in the energy expression can be
broken down into a series of one-electron and
two-electron integrals. Each of these individual

integrals has the general form:

(aly oS gl balsT atis 28l ol col8713))

o (Solay 6B @il Ly S e I sl S 3)

AJ:) ol deles s
( J -

Ml e ke ) B Bl 3 Ll s S
LSS S L 0g SN e Y eOISSy Al 09 SIY)
bl Sl s Js B oMl oda e 5

ff drqdr, ... [term1]operator|term2]

[term1] and [term2] each represent one of the N!
terms in the Slater determinant. To simplify this
integral, we first recognize that all spin orbitals
involving an electron that does not appear in the
operator can be taken outside the integral. For
example, if the operator is 1/ria, than all spin
orbitals other than those that depend on the
coordinates of electron 1 can be separated from
the integral. The orthogonality of the spin orbitals
means that the integral will be zero unless all
indices involving these other electrons are the

same in [term1] and [term2].

For integrals that involve two-electron operators
(i.e. 1/ri), only those terms that do not involve the
coordinates of the two electrons can be taken

outside the integral.

Jof e ol saz e s S [term2] s [term1] ) i
i o IS0l YT s of Cg (el Vs s
N NG ECU I R NI S R e
A0l Jrell g /a0 JU e e LSS
09IV Slilas] Je Odazy Gl e Lo J3al) ol
O g adal) Sl dpales Of. oS e ghad S 1
oda ez Lagll ST ST Y] he (ol LKA
[term2] s [term1] (3 L & 551 g SIY)

SLa S o ol Jrte e Gl NS Al
s ¥ @ (terms) bl eds Lai o(1fr) Jls
o A O il bSOy e oYl oLl
JalS)

25



Molecular Modeling Basics

It is more convenient to write the energy
expression in a concise form that recognizes the
three types of interaction that contribute to the

total electronic energy of the system.

First, there is the kinetic and potential energy of
each electron moving in the field of the nuclei. The
energy associated with the contribution for the
molecular orbital Xi is often written Hico and M
nuclei. For N electrons in N molecular orbitals this
contribution to the total energy is (the actual

electron may not be ‘electron 1'):

sl oty rse Sty 2t Bl 5le 2l Lasl) e

el 5o 7SIV Bl (L] & e ) 8O ST

0378 ST gl wllally a1 Bl Hla day
e plenls alag b wlall S L Wl 51 8oy
N 3 058N Il 0 .55 M g Hicore 108 Xii ss5+!
095 SHY1) a Bl Jla] e plewl s osim ol

1(“electron 1 3)5,20l e Jxdll

core
Etotal -

i=1

i f dr,X; (1) (—; Vi - i f—) X;(1) = Z HETe

The second contribution to the energy arises from
the of
electrons. This interaction depends on the electron-
(Ji). The  total

contribution to the electronic energy of the system is

electrostatic repulsion between pairs

electron  distance Coulomb
obtained as a double summation over all electrons,

taking care to count each interaction just once:

o éguwmgj\ Aol e Bl gl aleuy) Lews
oo Bl Lo el s ey bSO e C\jj
P R R (SIS ERTTAN
JS e o mi ol aggiSY) pllad) Bl CaglsS”

Ay e S8 ST e o o b e (g SOl

elew)

pouiomt — ZdndeX(l)X @)= X @KXW

J#EL

Z drsdr XX XX

J#EL

The third contribution to the energy is the exchange

‘interaction’.

If two electrons occupied the same region of space
and had parallel spins then they could be considered
to have the same set of quantum number. Electrons

with the same spin thus tend to 'avoid' each other,

R Dl s Bl EJW aleny)

Oy sliadll (3 ikl s DLy xSIY) o Gl - 13)
JWINCUINU R PVE S SO G PRt

lens "2 ) aladl (Jja)) cpmnd) 13 ol iSTYI
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and they experience a lower Coulombic repulsion,

giving a lower energy. The total exchange energy is

calculated by the following equation:

L”sb""i © cd;y\ Lﬁ"ﬁ'sﬁg'“ deldl dles dgiiy (e

I sl M e Bl ) et ol B

Efprar % = i i ﬂ- dridrs Xi(DX; (2)< ! )X (2)X;(1) =i i Ki

i=1j'=i+1

j=1j"=i+1

K;j: Energy due to the exchange.

The prime on the counter j'indicates that the
summation is only over electrons with the same

spin as electron i.

J:L,Jb ialeie Bl K

e bbb e aadt OF e Jus 7 S0 B a0

i 0a SV o dilas (J58) Crme 3 g iSIYI

2.4.2 Calculating the Energy from the Wavefunction: The Hydrogen Molecule / :izslt diW1 e Bla) Ol

Tyl sl

In the most popular kind of quantum mechanical
calculations performed on molecules each
molecular spin orbital is expressed as a linear
combination of atomic orbitals (the LCAO
approach)?. Thus each molecular orbital can be

written as a summation of the following form:

S S SO b Slhesll e ns s s 3
G G s e Ui S AL ot e o2
oy 4l ohld) LA Sl aa k) a5 ol
oS S e S SC 0 S sy (Rt

AW e

Eq.2,21

2 LCAO is a guantum superposition of atomic orbitals and a technique for calculating molecular orbitals in quantum
chemistrg.(Ref:Wikipedia)/rQ\ lasS™ (3 At Sl Oled aaisy 4,0 el - (,Qw ST »» LCAO
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where 1); is a molecular orbital represented as the

sum of k atomic orbitals ¢, each multiplied by a

corresponding coefficient c,;, and x represents
which atomic orbital is combined in the term.
There are two electrons with opposite spins in the
lowest energy spatial orbital (labeled 1og), which
is formed from a linear combination of two

hydrogen-atom 1s orbitals:

SO ek gsenS W b W s e
pJE oy Rl et cgnae 2l S )
o Oy e gl 3 @ I e ekl
a3y sl 3 e gloslias Sl & Sl SIYN
o iy e 055a Ul (o5l ) ISl

FUESTEWIRJAURY QRCHFRURRUY

Eq.2,22

10'g = A(lSA + 153)

To calculate the energy of the ground state of the
hydrogen molecule for a fixed internuclear
distance we first write the wavefunction as a 2 x 2

determinant:

Blocal) Cpmg) bl st 2ol W Bl Ol i o
sdoeaS gl A Vol oSG 0 Lde g5l ) ads 1)

2 X2

Eq.2,23

CX1(1)  X2(1)

v= X1(2) X2(2)

= X1(DX2(2) — X1(2)X2(1)

(See paragraph 2.1.1 operators) In atomic units the

Hamiltonian is thus:

t 2 Al wlasgl (3 Ogleldl (Jaadl 2,11 adll )

Eq.2,24a

Eq.2,24b

3 Ref: http://en.wikipedia.org/wiki/Linear combination of atomic orbitals molecular orbital method : 12l
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1 and 2: indicate the electrons. & jJ‘ Q“ Ju A B

A and B: indicate the nuclei.
Lol S Je Jus 1,2

Za and Zs:nuclear charges =1.

The energy of this hydrogen molecule: 1 sls sl Bt Z0570

eyl s Bl

Eq.2,25
[T w « Aydr
N2

The normalization constant for the wavefunction of 3 )&yy i )l\ Dl ol « NI/ il
the two electrons hydrogen molecule is 1/A2 and so the

denominator in Eq.2, 25 is equal to 2. 2 (s9les 2,25 Ahlall Pl 5 T2 58 gl

Substitution of hydrogen molecule wavefunction into

2,25 Aslall (3 g )lidl ol damsl) Al L
Eq.2, 25 - ;

Eq.2,26

E= % f drdr{[X1(1X2(2) = X2(DX1()I[H, + H,  + (1/m)][X1(1DX2(2) — X2(1)X1(2)]}

Eq.2,27
E= f f dT1dT2X1(1)X2(2)(H,)X1(1)X2(2)
— f dT1dT2X1(1)X2(2)(Hy)X2(1)X1(2) + -
+ f dT1dT2X1(1)X2(2)(H,)X1(1)X2(2)
- J f dT1dT2X1(1)X2(2)(H,)X2(1)X1(2) + -
+ f f AT1dT2X1(1)X2(2) (é) X2(1)X1(2)
1

_ f f AT1dT2X1(1)X2(2) (——) X2(DX1(2) + -

712
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Each of these individual terms can be simplified if )59k OF sy 13 i A= &5 dies S«
we recognize that terms dependent upon electrons
other than those in the operator can be separated DL S SOy e Bherne (terms

out. For example, the first term in the expansion, AL clls o b e u-<'° Sy Sl 3 33550l

Eq.2,25,is:
: Eq.2,25 alal) e oY)

Eq.2,28

f f dT1dT2x1(1)X2(2)(H,)X1(1)X2(2)

The operator H is a function of the coordinates of To) s 1 O SOV sy iiby o H 1l ol
electron 1 only, so terms involving electron 2 can be ; ‘

separated as follows: :QL*JKZ 09 ﬁQYb Aalal) Ol e e

Eq.2,29

f f dT1dT2X1(1)X2(2)(A;)X1(1)X2(2) = j dT2X2(2)X2(2) f dT1X1(1) (— > A ri - ri) X1(1)
1A 1B

If the molecular orbitals are normalized, the integral J-‘&‘j‘ 0L Lol deis ¢ G ohle w3
[ dT2x2(2)X2(2) =1. ) )
1 col [dT2X2(2)X2(2)

Eq.2,30

L2 11 T2 11

f dTle(l) (— 3 v 1 _) X1y = f dvlag(l) (‘ 3 v 1~ = _> 1Ug(1) f doja(1)a(1)
"4 TB "a TB

d» indicates integration over spatial coordinates. S oY) JJ\Q Gk Jo do pi
ds indicates integration over the spin coordinates.
The integral over the spin coordinates =1. J“@‘ O LAl oldasy) J"‘& She Ao do gy
Now we can substitute the atomic orbital 1 Ssls BN OLEA=Y) e
combination for 1og:
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it e 10y Jew! OV LS

Eq.2,31
2 1 1
d,1c (1)(—1‘7 ————)10 (1)
f v 2 ! 1A TiB g

1 1 1
y f vy {15, (1) + 155D} (-5 ¥, ’E’E)“S’*“) + 155(1))

The integral in Eq.2,31 can in turn be factorized to | . 2% G iesez Eq.2,3 J»Lid\ 9L§j>”; u-ié
give a sum of integrals, each of which involves a

pair of atomic orbitals: tagyldl LAl e ) Lgae Ay IS
Eq.2,32
1 v? 1 1
[ anisa @ + 15503 (=5 V1 = = = =) sa(1) + 155)
a TiB
fd 1(1)( o 1 1)1 (1)+fd 1(1)(1v2 ! 1)1 €)
= | dv,1s - - —)1s vy 1s —= - ——)1s
e 2 ! 1A TiB 4 e 2 ! 1a TiB 5
+ cee

If we apply the same procedure to the second term | 3,1 a3 S Sl i gk Ll 1)
in E£9.2,27 : )
'Eq.2,27

Eq.2,33
f f dT1dT2x1(1)X2(2)(H,)X2(1)X1(2) = f dT1x1(1)(H)X2(1) f dT2Xx2(2)X1(2)
Eq.2,34

f dT2X2(2)X1(2) = 0

Eq.2,34 equals zero because the molecular orbitals Sdaleze b e 0V Jap Eq.2,34 35l gslus
are orthogonal.
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2.4.3 The energy of a Closed-shell System/ iilal! ddk)l alla B8

In a closed-shell system containing N electrons in
N/2 orbitals, there are two spin orbitals associated
with each spatial orbital yipia and Y. The
electronic energy of such a system can be calculated
in a manner analogous to that for the hydrogen
molecule. First, there is the energy of each electron
moving in the field of the bare nuclei. For an
electron in a molecular orbital Xi, this contributes
energyH;°"®. If there are two electrons in the orbital
then the energy is 2H°"® and for N/2 orbitals. The

total contribution to the energy will be:

Qg e N/2 3 093] N gt adles 22b ol 3
U ety IS g SR hlie e ol s
5710y
a Nl L omgpdedl cgpr Bl Olux=Y Al 23 by
dal e a2l Sl g 3 By 09 ST Bl
ol L

Bl Oluxs) Sepif 9 i S

HEoTe Bl Ojgic Xi s e & O_”“\Qi
Jomgere Bl 05SG () (3 by rSIY) e o) Slia

L Bl alenl L) 05K, jlde N/2

The Coulomb interaction between each pair of
electrons in the same orbital must be included; there
is no exchange interaction because the electrons

have paired spins. The total energy is thus given as:

3 oS o gy IS om S W sl 2
OV B sl ey Y oSy lasV) ol
Bl QL) 056 ampai () Sl Lepd g S0Y)

:751

Jii = Ky
N/2 N/2N/2
E=2 Z 2HE™ + Z Z(zhj - Kij)
i=1 i=1 ]=1

2.5 The Hartree-Fock Equations/ &¢—csgyla &Y¥slas
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In most electronic structure calculations we are
usually trying to calculate the molecular orbitals.
But for many-body problems there is no ‘correct’
solution; so the variation theorem provides us with
a mechanism to decide whether one proposed
wavefunction is ‘better’ than another. (The best
wavefunction is the one with the lowest energy).
The Hartree-Fock equations are obtained by
imposing this condition on the expression for the

energy.

The Fock operator (f;) takes the form:

lesmt Sale Syl caga iSOl andl bl (aee 3
Vol Y Pl o dpiald 2y Sy Legid) ol
AT e Bl W el 14 ccm.p J ol s oy
o il dadl) Al il L s e sl
S A s L aal A Of) L ) e il
—GHB oVslae e Jsedl SG (Y1 Bl ok

el 4, 5Ll (3 byl s Jls] IV e g

1

|

AU S () B sad asl

N
fiD) = HEre() + ) {1;(1) - K (1)}
=1

The Fock operator for a closed-shell system, has the

following form:

t W) el el arkall pllad () dgb sas sl

N/2

fi1) = HOe(1) + Y {2],(1) — Ky (1)}
=1

The Hartree-Fock equations then take on the

standard eigenvalue form:

gl 21U Rl iy g5l Vsl A5G

fiXi =

& X;

2.5.1 Hartree-Fock calculations for Atoms and Slater's Rules/ ;M usigy SNl &gd—g 5yl Cla

The Hartree-Fock equations are usually solved in
different ways for atoms and molecules. For atoms,
the equations can be solved numerically if it is
assumed that the electron distribution is spherically

symmetrical. However, these numerical solutions

oo Gl ohdl Bl di-sil Vsl 4
FUESY Lad, Vol J oK el b Lol

st edn Sy . blae 59,57 Sy dsjpn by SOY O

33



Molecular Modeling Basics

are not particularly useful. Fortunately, analytical
approximations to these solutions can be used with
considerable success. These approximate analytical

functions thus have the form:

sl S bl ed aagie Wb e 4.3
gl ads b [San S odd bl (o2
R \EI Y A I ER W WO W]

Y =Ry (MYin (6, 9)

Y is a spherical harmonic and R is a radial function.
Slater suggested a simpler analytical form for the

radial functions:

S8 e 281 aelad Aiby AR 5y S Bl5 2 Y

PSR LN VRS WP

Ryu(r) = (zg)n+1/2 [(Zn)!]—l/zrn—le_gr

These functions are universally known as Slater
type orbitals (STOs). The first three Slater functions

are as follows:

(STOs) D s g5 Llle Lslbogll odn 24

Ris(r) = 2c3/Ze—gr

4¢5 1/2
Ry5(r) = Ryp(r) = (T) re”s"

R3s(r) = R3p(r) = R34(r) = (

7\ 1/2

To obtain the whole orbital we must multiply R(r)
by the appropriate angular part. Slater provided a
series of empirical rules for choosing the orbital

exponents ¢, which are given by:

Jead) Il o el ol 4L R(r) oo ot
G ed) Aelsdl e Bl L bral | LK W e

toe ke Jsad) S8 ¢ Y1 LY

Z is the atomic number and o is a shielding
constant. n* is an effective principal quantum

number, which takes the same value as the true

s» n* .ol shielding sde 2 G 5 (53 sds 5o Z

S sds g i B et JW ey o5 sue
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principal quantum number for n=1, 2, 3, but for n=4,
5, 6 has the values 3.7, 4.0, 4.2, respectively. The

shielding constant is obtained as follows:

First, divide the orbitals into the following groups:

il A5l 456mn - & W 1,23=n) el o)l
she Jo Jsadl SE37, 40, 42 mpadl AW

s o <l shielding

A Slegedtt L) Sl s Yyl

(1s); (2s2p); (3s, 3p); (3d); (4s, 4p); (4d); (4f); (5s, 5p); (5d)

For a given orbital, o is obtained by adding

together the following contributions:

Zero from an orbital further from the nucleus
than those in the group;

0.35 from each other electron in the same
group, but if the other orbital is the 1s then the
contribution is 0.3;

1.0 for each electron in a group with the
guantum number 1 fewer than the current
orbital.;

For each electron with a principal quantum
number 1 fewer than the current orbital: 1.0 if
the current orbital is d or f; 0.85 if the current
orbital is s or p.

The shielding constant for the valence electrons of

a)

b)

c)

d)

silicon is obtained using Slater’s rules as follows.

The electronic configuration of Si is :

& s e 0 e st S e dl- 3
U Sl

oot $Vs n sl e A Il e i (3
s sast] (3
3 ele et 5 3 09 S e 035 (b
0.3 plen Y 055 1s AVl 0715 -
T osolos oS 50e 53 aegastl 3 095) U 10 (C
AU e s
oo BT ol ) o5 e 53 09580 I (d
0.85 «f of d JUI Jlal of &l 3 1.0 : JU 1l
posls QU o713
SLeiSIW ol shielding sie e st S&
AU el e U sl st 0pSKhend) 281K
138 51 OsShel) 39SV s

(1s*)(2s*2p®)(3s3p?)

We therefore count 3x0.35 under rule (b), 2.0 under
rule (c) and 8x0.85 under rule (d), giving a total of
9.85. When subtracted from the atomic number
(14) this gives 4.15 for the value of Z-c.

et 2.0 b 3usldl st 34035 w2t S5 e 2l

PP 140»:@“5}-\ M e b= 3 .9.85
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. Z-ol LiS4.15

2.5.2 Linear Combination of Atomic Orbitals (LCAQO) in Hartree-Fock Theory/ &k & &1 iyl Jas-1 39150

gd—s jyla

The most popular strategy, to find solution of the
Hartree-Fock for the molecules, is to write each spin
orbital as a linear combination of single electron

orbitals:

CIE PN A G PN PN S WY S S L YR 0|
ol b 5dleS glhe Ji8 S AL A ol

3,k 09SO

Y = zk: Coidy
v=1

The one-electron orbitals ¢, are commonly called
basis functions and often correspond to the atomic

orbitals.
K: number of basis functions.

At the Hartree-Fock limit the energy of the system
can be reduced no further by the addition of any
more basis functions; however, it may be possible to
lower the energy below the Hartree-Fock limit by
using a functional form of the wavefunction that is

more extensive than the single Slater determinant.

For a given basis set and a given functional form of
the wavefunction (i.e. a Slater determinant) the best
set of coefficients c,; is that for which the energy is

minimum, at which point

Wley a1 sl gl gy, el 09 5SIY1 ol e 3,8
gl obldldl de Jw b

Al (sl gl sas K

s e pllad) Bl (aid S8 Jp- il I ws
Blall 2uid Sl bl e aab, (of WL
Bl Al bl ISCa)l plasaat o Ul I o
Al o 02 e Y ST s

Ko g 50d Bl aegad ¢ Julas dsger Juail o)
055 o o (G 302 () amsl) Wl e i

iboidl odn 3 3V g Wikl

0E

aCy;
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for the coefficientsC,;. The objective is thus to

determine the set of coefficients that gives the

lowest energy for the system.

Cm ;Pb&

ol L 5 Lo

& el degaz nud g Ty bl O

2.5.3 Closed-shell Systems and the Roothaan-Hall Equations/ Jla— 53y <Yslasy dalall dikll als

We shall initially consider a closed-shell system
with N electrons in N/2 orbitals. The derivation
of the Hartree-Fock equations for such a system
was first proposed by Roothaan [Roothaan 1951]
and (independently) by Hall [Hall 1951].Unlike
the integro-differential form of the Hartree-Fock
and Hall the

equations in matrix form, which can be solved

equations, Roothaan recast
using standard techniques and can be applied to

systems of any geometry.

The standard form for the expression for the

Fock matrix in the Roothaan-Hall equations:

< ¢Uj53ikq & dalal) a2k ﬂﬁﬁ Q}jfbﬁijqc PriY ;}}w
fda J:l ﬂ)é—gsf“)\.i\ OYales C\M:wai C\)ﬁl f’ e N/2
JSs0) s Roothaan [Roothaan 1951] & (el
integro- K& OS%  Hall [Hall 1951] (s
itlao Jlag O, slel (-5 5l Vsl differential
Sl plsanl el S8 et disiaas (S 1) Vsl

Sieser s ol s sl (S dpul]
—fy wValae (3 Jg wsial and 5lall LY IS

HEJY

K K
Fo = HEZO+ ) ) Pag [ (wvla0) = 2udlvo))
A=10=1

2.5.4 Solving the Roothaan-Hall Equations /Js»—0tgy <Y¥slas fo>

The Fock matrix is a KxK square matrix is

symmetric if real basis functions are used.

The Roothaan-Hall equations can be conveniently

written as a matrix equation:

J & blas Bsias mpe KxK g sii0s 05
ETUPTI T V6 L 1o S g

BolaaS” WO o2 e Jea-0By, oVsles a7 S

RUPTIVE

37



Molecular Modeling Basics

FC=SCE

The elements of the KxK matrix C are the

coefficients Cui:

C w4ims KxK sle

Cip Cix
Cy2 Cox
Ck,2 Cxk

E is a diagonal matrix whose elements are the

orbital energies:

DI B s Laolis OF ot Bgiae kb s B

0 0
& 0
0

Ek

A common scheme for solving the Roothaan-

Hall equations is as follows:

1. Calculate the integrals to form the Fock

matrix, F.

Calculate the overlap matrix, S.

Diagonalise S.

Form S*/2,

Guess, or otherwise calculate, an initial

density matrix, P.

6. Form the Fock matrix using the integrals and
the density matrix P.

7. Form F'=SY2FS12,

8. Solve the secular equation |F’-El|=0 to give
the eigenvalue E and the eigenvectors C' by
diagonalising F’.

9. Calculate the molecular orbital coefficients,

C from C=SY2.C.

Calculate a new density matrix, P, from the

matrix C.

Check for convergence. If the calculation has

converged, stop. Otherwise repeat from

step 6 using the new density matrix, P.

This procedure requires an initial guess of the

vk wnN

10.

11.

density matrix, P.

The result of a Hartree-Fock calculation is a set

:L}Lﬂ\f}a JLA—OUJJJ\ SV osles :};L c?L.iJ\ bl

Fedg wogine Ko ) bl Gl

S gl |51 ol

S jasis

SV K

iall B (Ol A1 dide o (e

Py

Byaall BLSy Joledl alisaal s Bsie | Si5 .
P

=S FSY? 1SS .

i) s Jgad) T o |FeEI=0 Wkl > .8

F i pe € agl) olgmll 9 paslddl

& T S O S I

C=S2.C o C o S Il obes Ozt 9
 Cidgaal) o, Pebgiaal) 3yds LS Oluas) . 10
(ol B Oled) OF Jl- (3 .oyl 55 e 3ad)) L 11
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of K molecular orbital, where K is the number of
basis functions in the calculation. The N
electrons are then fed into these orbitals in
accordance with the Aufbau principle, two
electrons per orbital, starting with the lowest
energy orbitals. The remaining orbitals do not
contain any electrons; these are known as the

virtual orbitals.

ssbi) e Elan) Slbdl 1SS g Vg L Cosill
P Bgiaad) s B st 10 6
P aisaall BUSY Lol e ol Y1 s Cllagy
e K e aeses a Jeamgals auledd Blaal) B O)
gl e (3 dll) by sue 0 ket (S
o ol b Ol saeld Wy ol ¢ e 09780 NI 2sis
Bl oled ShIU e Teltnl sl Skl by SO

.L}J‘Y\

Sl 058} ol e g2 Y gl aadl ol Bl

RWIEON
2.5.5 A Simple lllustration of the Roothaan-Hall Approach/ Js2—06yy mgd Lo g
Example: HeH+. HeH-+.: e

Objective: how the Roothaan-Hall method can be
used to derive the wavefunction, for a fixed

internuclear distance of 1 A°.

There are two basis functions, 1sa (centered on

the helium atom) and 1ss (on the hydrogen).

Each wavefunction is expressed as a linear
combination of the two 1s atomic orbitals

centered on the nuclei A and B:

Jyadt Jof e Jla-0by) 2k sl 145 8 e 10l
AT als ol adsls Blul sl il e

(psekedl 33 Jo 5550) Tsa il syl o ol Sl
(Cnmted) Jo) Tsmy

G SN 1s a0l il dlas 501pS darge Ay ST C0a

Yy = c1als4 + c1plsp

Yy = Coalsy + cplsp

Solving the Roothaan-Hall:

-1 and 2- Calculate the integrals (here there is 2

Ol dargy L) elall Olu) =2 1= 1 Ja—00g )1 |
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electron integrals) to form the Fock matrix, F, and

calculate the overlap matrix, S:

The diagonal elements of the overlap matrix, S, are
equal to 1.0 as each basis function is normalised; if
the off-diagonal elements have smaller, but non-
zero, values that are equal to the overlap between
1sa and 1ss for the internuclear distance chosen. The

matrix S is:

Flg Bgize S5 Jol oo (OfS0Y) Jilee oo
S A Ladl Byl Ol

S0 sy ol ¢ S aSladll Bpaall obs s 0]
Sl ol eball O Jl- BT iz alof aiby
9 Isa (o Shlad) olus cutt ol s pé aad G

t 2 S Wil sl s dims DL 15

1.0

5= (0.392

i

The core contributions Hgp"® can be calculated as
the sum of three 2x2 matrices comprising the kinetic
energy (T) and nuclear attraction terms for the two
nuclei A and B (Va and Vs). The elements of these
three matrices are obtained by evaluating the

following integrals:

B paemaS Al Sllewyl e e
Oldbasy (T) aSH Bl a5 (262) bsias
L (Ve s Va) B s A dslsdl e ondY (ol Ol
okl s IV e M Slsiall olie e sad

aJudl

2
T = [ a0 -1V

¢u (1)

Vi = [ 010D (= 74) 8,0

Vo = [ dv:9u(D) (= = 22) 4D

The matrices are:

L KHEPVIEIV

T = (1.412 0.081) v,

(—3.344
0.081 0.760

—-0.758 -1.026

—0.758) Vs

(—0.525

oo —0.308)

—-1.227

H core js the sum of these three:

a;))\_:j\ IRV CA& L;Q H core
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Hcore — (

—2.457
—0.985

)

As far as the two-electron integrals are concerned,
with two basis functions there are a total of 16
possible two-electron integrals. There are however
only six unique two-electron integrals, as the

indices can be permuted as follows:

o o) e Gl s le g i SIY SIS OF
LS Jla) 16 gsot dla Ol Yl
(AW sy Jules dzw Loib Al Sy o0 g SN

AW Kl e ol agl Las Ko LS

(l)(lSA 1SA|15A1$A) = 1056
(11) (1SA15A|15A1$B) =(1SA1$A|1SBISA)=(1SA153|1SA15A) = (1SBl'SA|1$A1'SA) = 0,303

(iii) (1s41sp|1s41sp) = (1sy1sgl1splsy) = (1sglsy|ls,1sg) = (1sglsy|lsgls,) =0.112

(IV) (1SA 1SA | 153 153) :(153 153 | 1SA15A)=0'496

(V) (1SA153|1SBlsB):(1SBlsAllsBlsB) = (1SBlsB|1SA1$B) = ( 1SBISB|15315A):0‘244

(Vl) (153153'153153) = 0.775

To reiterate, these integrals are calculated as

follows:

AW e e oS et sl

1
(uldo) = ff Av:5,0, (D8, (1) 7= 0;2)0(2)

Having calculated the integrals, we are now ready
to start the SCF calculation. To formulate the Fock
matrix it is necessary to have an initial guess of the
density matrix, P. The simplest approach is to use
the null matrix in which all elements are zero. In
this initial step the Fock matrix F is therefore equal
to H core,

The Fock matrix must be transformed to F’ by pre-

and post- multiplying by S5-1/2:

W U KPS R v N R WG IS U Py
oo 4 N weiaes Bl al 0 SCRN Cles
O P abgiall BT LY e Sl 055 0F (59,2
R Gl Eut 1)U Bghall plsnl a mE Lo
F &g dbsian Solud adgY! 39l odn (3 . hw lswlis

. Hcore ¢

1§12y ol day 8 o0 BT 8 wpian d s
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-1/2 _ —1.065 -0.217
S (—0.217 1.065 )
F’ for the first iteration is thus: :)‘J_Q iny E)
, _ (—2.401 —0.249
F= (—0.249 —1.353)

Diagonalisation of F’ gives its eigenvalues and

eigenvectors, which are:

gl amdl) o a5\ el lomy T eid O

p=("2%8 00

0.0

00 Ver- (0775

—0.220)

0.220 0.975

The coefficients C are obtained from C=512 C’ and

are thus:

P C=512C I e C elall e Jadl s

~/0.991
¢= (0.022

Toer)

To formulate P the density matrix P we need to
identify the occupied orbital(s). With a two-electron
system both electrons occupy the orbital with the
lowest energy. At this stage the lowest-energy

orbital is:

e il oflll wasd iz 2 P Ses
Blall aa Sl g SIY) LIS e 09 i)=Y plas

t el @Yl wlal) a1 sda (3 35V

¥ = 0.991 1s, + 0.022 155

The orbital is composed of the s orbital on the
helium nucleus; in the absence of any electron-
electron repulsion the electrons tend to congregate
near the nucleus with the larger charge. The density

matrix corresponding to this initial wavefunction is:

A OlE J & e S e sl sl 3l Gl
o Al gl (] g SV L 0978)-09580Y)
Aol DL ailadd) B0l BUST O s ST e 3153

I@ 2\‘;3):)“

R
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The new Fock matrix is formed using P and

the two-electron integrals together with Heore,

The complete Fock matrix is:

O9iSI—caVY) eSSy P oalisanly sl dg Bgins Lills

. Hcore C‘

t ot A g Biae Of

F

= (Co'sos

“o610)

The energy that corresponds to this Fock matrix is -
3.870 Hartree. In the next iteration, the various

matrices are as follows:

& GHle 3870 U Bshac gl ) Bl ol

AU S e o ae gl Sbgaall (U118

- e )
-G -0
(G - (i 8

Energy =-3

.909 Hartree

The calculation proceeds as illustrated in the table
below, which shows the variation in the coefficients
of the atomic orbitals in the lowest-energy
wavefunction and the energy for the first four SCF
iterations. The energy is converged to six decimal
places after six iterations and the charge density

matrix after nine iterations.

The final wavefunction still contains a large
proportion of the 1s orbital on the helium atom, but
less than was obtained without the two- electron

integrals.

ol Joadt (3 ol Kl cst agled) alaa)) jazas
Al L) el (3 2,00 Sl Jeles ool sl
i Bl ) SCE LSS any)l oY wllally donsll
A dny Bginall BUS dimdy ST A dmy By Sl

gre
o S s o s JIF Y e desl a0
ade Jsadl ¢ @l e BT oSy casdidl 3,08 Ts o e

L0978 — Y J"&S Jols
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Iteration C(1sa) C(1ss) Energy
1 0.991 0.022 -3.870
2 0.931 0.150 -3.909
3 0.915 0.181 -3.911
4 0.912 0.187 -3.911

Table: variation in basis set coefficients and electronic

energy for the HeH+ molecule.

et aigiSIY) @lllly folall o] Gni 3 coglir 2 gl

.HeH+

2.6 Basis Sets / s gl sl

A basis set in chemistry is a set of functions used

to create the molecular orbitals, which are

expanded as a linear combination of such
functions with the weights or coefficients to be
determined. Usually these functions are atomic
orbitals 7ype equation here, in that they are
centered on atoms. Otherwise, the functions are
centered on bonds or lone pairs. Pairs of functions
centered in the two lobes of a p orbital have also

been used.

gl e aepet p bl 3 Al Slosedtl Of
S Jo ol Gt ol szl e Aleandd
2 &) Jaladly OBV ae aslbgll ol ks gidls
Cut (B3 Ol ssle byl sl 0SS L Lede Jpad
S 555 055 sl 0B Vb 8 5K 055
oY e 5SS M Y1 0) gl Y e ol Lasl

Wloszof Laf o ¢ p ohle psab oo
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3  Monte Carlo Simulation Methods:/s),S wiigo Sl wullul

3.1 Introduction:/doxia//

The Monte Carlo simulation method
occupies a special place in the history of
molecular modeling, as it was the
technique wused to perform the first
computer simulation of a molecular
system. A Monte Carlo simulation
generates configurations of a system by
making random changes to the positions
of the species present, together with their
orientations and conformations where
appropriate. Many computer algorithms
are said to use a ‘Monte Carlo” method,
meaning that some kind of random
sampling is employed. In molecular
simulations ‘Monte Carlo” is almost
always used to refer to methods that use a
technique called importance sampling.
Importance sampling methods are able to
generate states of low energy, as this
enables properties to be calculated
accurately. We can calculate the potential
energy of each configuration of the system,
together with the values of other
properties, from the positions of the atoms.
The Monte Carlo method thus samples
from 3N-dimensional space of the
positions of the particles. There is no
momentum contribution in a Monte Carlo
simulation, in contrast to a molecular
dynamics simulation. How then can
Monte Carlo simulation be used to
calculate thermodynamic quantities, given

that phase space is 6N-dimensional?

b @ bols LSS S cose 382 aa b o4
L dedsed) dcadl colsT LS dag A da Al
BT Wy i ol e oY) 2y suldl BISTS
Sl slx] Gb o ple Sl ST el
oo oo Al L @) sl Lsll aglyae
O Jlay lasY we Kadly Blas
bl alasaY e Cguldl Sl s
Sl gy Jon gm0 T
T S phiey R S G adlee
RS - BN [V N E T DU PR W

RUIEANENE W REEW
o Bl g e 556 Bl ol G aal
oAbzl ey My il dzisall YL
Bl Ol L6y, BL Ggw 0SS O
i b gl 5 S o )
S b, DL Gallos e ¢ 2V el
adlsal) Sl 3N cladl 0 ole S
Cise 3812 3 bl o35 dag V. Ol
fo i) Slalys 3512 e 280 deg (IS
Clad G Ese B2 pasans of oS8 s

6N Z.Ja-jl\ il OY \J.EJ) cz.g)\J:L\ QL:&.Q\
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To resolve this difficulty, let identical

particles of mass m can be written:

€3ty

aladl olypd) 4SS See dsmall ods 4
oY Sl moojs:

QNVT N h3N I dp™ ar® exp[

BT

N!

are

The factor Disappears when the

particles no
indistinguishable. H(P",r") Is

Hamiltonian that

longer

the
to the
energy of the system? The value of the
the 3N

positions and 3N momenta of the particles

corresponds
Hamiltonian depends

upon

in the system

sheze 35 T Le N Ll Sty 6@..4
(N) o e
gogwu@@«:&a&cu@&\ﬂ

Pl 3 ol o5 3N e 5 8- 3 N

oLt (P AN 17

The canonical function of an ideal gas:

tet QU Sl S ik

VN
Qnvr = m(

2nkgTm

B
h2

3N/2

This is often written in terms of the de

Broglie thermal wavelength, A:

de )l pllaas Ol a7 (3 S 1S

‘Broglie thermal wavelength

Qnvr =

VN

NI A3N

Where A= /h?/2nkgTm

Any deviations from ideal gas behavior are

[P R Al & 4l
L ) : Sle

292,
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due to interactions within the system as a
consequence of these interactions. So we

have this partition function :

codeladl ol dmnS alad) =1y eileladl

D depedd) Aa b ol ol Ly S

ideal
Qnvr=QnvT

Where ofises =

V_

excess
+ Qnyr

1N [ drNexp [— %:)]

3.2 Calculating Properties by Integration:/ &l lus/ jailas

To calculate the partition function for a
system of N atoms using this simple
Monte Carlo integration method would

involve the following steps:

1. Obtain a configuration of the system
by randomly generating 3N Cartesian
coordinates, which are assigned to the
particles.

2. Calculate the potential energy of the
configuration, V(rV).

3. From the potential energy, calculate
the Boltzmann factor, exp (- V(r")KsT).

4. Add the Boltzmann factor to the
accumulated sum of Boltzmann factors
and the potential energy contribution
to its accumulated sum and return to
stepl.

5. After a number, N trigl of iterations,
the mean value of the potential energy
would be calculating using:

hsaat N old e plbdl ol dlls Lt
Gl pilins LS Sl ool Sl gl

2 L) skl
Gk o pl Y sl e Jadi-1
Sl Sy o0 BN s A5
RO s o &

V() oS! msdl) ahestl willal) Ol ~2

Mo analS wlall -0 Ly fole ol =3
(- V(rN)KsT)
Jelsad ST AL L Oby Jole Bl -4
S e ] 20 Bl adlosy OLds:
Y sk dl 835ally
Lwgie 06 QIS e Wl Nosas ax =5

HASCEMUIP{NENA S INCN [ HIX
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=1

Yiriaty; (rNy exp[—V;(rV) /kgT]

(V) =

Yiriel exp[—V;(rV) /kpT]
Unfortunately, this is not a feasible | | 1 (|l ¢ . J“J s (bl . o]

approach for calculating thermodynamic
properties due to the large number of
configurations that have extremely small
Boltzmann factors caused by high-energy

overlaps between the particles.

S e 3gmy e BylA) ailad
Bl sprall sl e e gl ol Sl
o AW Bl s e 22U Ol

Lo

3.3 Some Theoretical Background to the Metropolis Method: / 4u/5// b0

wila9 5o disb) 4 b0

The Metropolis algorithm generates a
Markov chain of states. A Markov chain

satisfies the following two conditions:

1. The trial
depends only upon the
preceding trial and not upon

outcome of each

any previous trials.
2. Each trial belongs to a finite set
of possible outcomes.

Vel Sl Al dsigie Bjles A
toadl) oo ) S Al (Bsnas

it o B a4 S s dusd ]
Al 14 ol Je Sy el
5 s S

ot B39 Aegez ]

RIREY ij\

Condition (1) provides a clear distinction
between the molecular dynamics and
Monte Carlo methods, for in a molecular
dynamics simulation all of the states are

connected in time.

Suppose the system is in state m. we
denote the probability of moving to state n
as I, the various can be considered to
constitute an NxN matrix [I(the transition

matrix),where N is the number of possible

Sloalel) o w1 SV byl
Slaludd) 3812 3, SIS Sge llaly 2
il gl 3 Lags oYU & Ryt
S e A m Al ookl of ol
ylesl S& o= N A ) dllas) Jlezs)

Byaze NXN ISad sl T mn e
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states. Each row of the transition matrix
sums to 1 (i.e. the sum of the probabilities
II,, for a given m equals 1).The
probability that the system is in a
particular state is represented by a

probability vector p:

P=(p1, P2, -, Pms Py ) P

Thus p; is the probability that the system is
in state 1 and p,, the probability that the
system is in state m. If p(1) represents the
initial (randomly chosen) configuration,
then the probability of the second state is
given by:

P@2)=p(1)II

S o 58 N o ¢ (U1 s8sial) TT
Yl Bghall e o 5 e LoV
II. mn oYueW gz o) 1 @ilw
@ pllad) 05 OF Jlaat (1 (ssbey M Lk

p e Jles) dig dae Wl

P=(p1, D2, - Py Py -+ PN)

G ekl 0% of Jll 2 p 1 JULs
¢ olladl 055 of Jla=l p m 5 1AW
oY oSO asd) e p(1) 150 .m WLk
Sh gl LY T (ke )

AW ey

P2)=p()I1
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The probability of the third state is:

P3)=P2)T=p(l)mm

The equilibrium distribution of the system can
be determinate by considering the result of
applying the transition matrix an infinite
number of times. This limiting distribution of

the Markov chain is given by

Paimit) =limn—>oop(1)7TN

One feature of the limiting distribution is that
it is independent of the initial guess p(1).The
limiting or equilibrium distribution for a
molecular or atomic system is one in which the
probabilities of each state are proportional to
the Boltzmann factor. We can illustrate the use
the

transition matrix by considering a two-level

of the probability distribution and

system in which the energy levels are such

that the ratio of the Boltzmann factors is 2:1.

The expected limiting distribution matrix

enables the limiting distribution to be
achieved:

_(0.5 0.5
H_( 1 0 )
We can illustrate the use of this transition
matrix as follows. Suppose the initial

probability vector is (1,0) and so the system
starts with a 100% probability of being in state
1 and no probability of being in state 2.Then

the second state is given by:

re~a 0% %

The third state is p(3)=(0.75 , 0.75).Successive
applications of the transition matrix give the
limiting distribution (2/3,1/3).

)=(05 05)

When the limiting distribution is reached then
applications of the transition matrix must

return the same distribution back:

gn aW W L)

P3)=P)T=p(l) m T
B O) el a3 Ol myys saE O Sy
9.l e d e Y s s il ks

P(timit) ~liMpse0pym”

o5 S &l gn gad) medl Sls e Bl
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Pl oy LS Ol bile mo dowlizs Wl
D OO NFS D R FIVISINUSPREWIDESS T RPEY
i) Bl Dlgtas i st o pllad) Las!

21 a Obds Jelse
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Plimit=Plimit T

Thus, if an ensemble can be prepared that is at
equilibrium, then one Metropolis Monte Carlo
step should return an ensemble that is still at
equilibrium. A consequence of this is that the
elements of the probability vector for the

limiting distribution must satisfy:

2m Pm Tmn=Pn
This can be seen to hold for our simple two-
level example:

1/2 12

@3 1/3)( e

)=@/3 1/3)
We will henceforth use the symbol (p) to refer
to the limiting distribution.

Closely related to the transition matrix is the
Whose
labeleda;,,. This matrix gives the probability

stochastic matrix, elements are
of choosing the two states m and n between
which the move is to be made. It is often
known as the underlying matrix of the
Markov chain. If the probability of accepting a
trial move from m to n is p,, then the
probability of making a transition from m to
n(m,,,) is given by multiplying the probability
of choosing states m and n(a,,,) by the

probability of accepting the trial move (p;,):

Tmn=%mnPmn
It is often assumed that the stochastic matrix a
is symmetrical (i.e. the probability of choosing
the states m and n is the same whether the
move is made from m to n or from n to m). If
the probability of sate n is greater than that of
state m in the limiting distribution (i.e. if the
Boltzmann factor of n is greater than that of m
because the energy of n is lower than the
energy of m) then in the Metropolis recipe, the
transition matrix element m,,, for progressing
from m to n equals the probability of selecting

the two states in the first place (i.e.my,

P2)=(1 0)(0i5 0(')5)=(0.5 0.5)

k. p (3) = (0,75, 0,75) » adth Wb
3948 o) AJESY) Bgdaadl Wdladl wlikd)
(2/3,1/3)
Blel oty 398wyl e A ] gl e
A B R Bgkal) S i b
Plimit=PlimitT
G F Asgetl pad (S e 0TI ¢ SIS
O e @ LS gisn medsisie slas ¢ 050
5o AUl anmy Oy Wl 3 Ll s aesas A
D&l Of g 3a 2 well JleYl BU Sobie O
2em Pm Tmn=Pn
g o JW o o 203 23l (S
NN

1/2 1

2/3 1/3)( /

62)=(2/3 1/3)
sl w2 P el femtein Taslo 5 OV
FyRe
Beaall Gy bl aJlsyl weiwll Lgjs
oda 0NN i opolie o ¢ Algiall
G N M il jlasl L] o Bsial)
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=Umn (Pn = Pm))- If the Boltzmann weight of
the state n is less than that of state m, then
probability of permitting the transition is
given by multiplying the stochastic matrix
element a,,, by the ratio of the probabilities

of the state n to the previous state m.

This can be written:

T =Cmn Pn/Pm)  Pn < Pm)

These two conditions apply if the initial and
final states m and n are different. If m and n
are the same state, then the transition matrix
element is calculated from the fact that the

rows of the stochastic matrix sum to 1:

Tnn=1-Xmsn Tmn

Let us now try to reconcile the metropolis
algorithm as outlined in section with the more
formal approach that we have just developed.
We recall that in the Metropolis method a new
configuration n is accepted if its energy is

lower than the original state m.

If the energy is higher, however, then we
would like to choose the move with a
probability according to Equation (8.24). This
is achieved by comparing the Boltzmann

factor

exp(-AE (™) [kpT)(AE(™) = [E(r™M)n- £ iml)
To a random number between 0 and 1. If the
Boltzmann factor is greater than the random
number then the new state is accepted. If it is
smaller than the new state (m) then the new
state is rejected. Thus if the energy of the new
state (n) is very close to 1, and so the move is
likely to be accepted. If the energy deference
will be very close to 1, and so the move is
likely to be accepted. If the energy difference is
very large, however, then the Boltzmann

factor will be close to zero and the move is

(2S5 aldes e 2SI
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Tmn=%mnPmn
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unlikely to be accepted.

The metropolis method is derived by
imposing the condition of microscopic
reversibility: at equilibrium the transition
between two states occurs at the same rate.
The rate of transition from a state m to state n
equals the product of the population (p,,) and
the appropriate element of the transition
matrix (m,,,). Thus, at equilibrium we can

write:

TmnPm=TmnPn

The Ratio of the transition matrix elements
thus equals the ratio of the Boltzmann factors

of the two states:

Tnn =@mn (Pn/Pm)  (Pn < Pm)
ALy asY1 AL 13 byl s Gades S
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3.4 Implementation of the Metropolis Monte Carlo Method/ ciskef ki

SIS (Aiga (ot g9 sia

A Monte Carlo Program to simulation an
atomic fluid is quite simple to construct. At
each iteration of the simulation a new
configuration is generated. This is usually
done by making a random change to the
Cartesian coordinates of a single randomly
chosen particle using a random number

generator. If the random number generator
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produces numbers (£) in the range 0 tol,
moves in both positive and negative directions
are possible if the coordinates are changed as

follows:
Xnew=Xold+(2 §— 1)6Tmax

Ynew=Yo1at(2 § — 1)8Tmax

Znew=Zota*t(2§ — 1)0Tmayx

A unique random number is generated for
each of the three directions X, Y and Z. 8§74
is the maximum possible displacement in any
direction. The energy of the new configuration
is then calculated; This need not require a
complete recalculation of the energy of the
entire consequence, the neighbor list used by a
Monte Carlo simulation must contain all the
neighbors of each atom, because it is necessary
to identify all the atoms which interact with
the moving atom (recall that in molecular
dynamics the neighbor list for each atom
contains only neighbors with a higher index).
Proper account should be taken of periodic
boundary conditions and the minimum image
convention when generating new
configurations and calculating is higher in

energy than its predecessor then the

exp(-A§(rV) /kpT),  is
compared to a random number between 0 and

Boltzmann factor,
1. If the Boltzmann factor is greater than the
random number then the new configuration is
accepted; If not then it is rejected and the
initial configuration is retained for the next
move. This acceptance condition can be

written in the following concise fashion:

Rand(0,1) < exp(-A&(rN) /kgT)

The size of the move at each iteration is
governed by the maximum

displacement, 87,4,

L Slsie ob) U plisinl Wiy §lsd) Slopd|
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Ynew=3’old+(2 E - 1)6Tmax
Znew=Zold+(2 E - 1)5rmax
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This is an adjustable parameter whose value is
usually chosen so that approximately 50% of
the trial moves are accepted. If the maximum
displacement is too small then many moves
will be accepted but the states will be very
similar and the phase space will only be
explored very slowly. Too large a value 87,4,
and many trial moves will be rejected because
they lead The

maximum displacement can be adjusted

to unfavorable overlaps.

automatically while the program is running to
achieve the desired acceptance ratio by
keeping a running score of the proportion of
moves that are accepted. Every so often the
maximum displacement is then scaled by a
few percent: if too many moves have been
accepted then the maximum displacement is

increased; too few and 81,4, is reduced.

As an alternative to the random selection of
particles it is possible to move the atoms
sequentially (this requires one fewer call to the
random number generator per iteration).
Alternatively, several atoms can be moved at
once; If an appropriate value for the maximum
displacement is chosen then this may enable

phase space to be covered more efficiently.

As with a molecular dynamics simulation, a
Monte Carlo

equilibration phase followed by a production

simulation comprises an

phase. During equilibration, appropriate
thermodynamic and structural quantities such
as the total energy(and the partitioning of the
energy among the various components), mean
square displacement and order parameters (as
appropriate) are monitored until they achieve
stable values, whereupon the production
phase can commence. In a Monte Carlo
simulation from the canonical ensemble, the
volume will change and should therefore also

be monitored to ensure that a stable system

ity

Rand(0,1) < exp(-a&@)/k,T)
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density is achieved.

ZEY A Ll Ol A SIS cige a8
Joe 1S4l 4yl LS pla Ol Y
(b k. Gy Bl niy) Bl 5 gaz
Skl Jaloall by JasYl -l Gl au
o 35 3 Wil 0 (JW) et o)
12 (3 2 Al T OF S aisy (32
L -V I CVESN U RO
DAl BT 3af Olea) badw, LWL s

(LE,J\

3.4.1 Random Number Generators:/ dul g.zell >lae duls Sl ©ls)gall

The random number generator at the heart of
every Monte Carlo simulation program
accessed a very large number of times, not
only to generate new configuration but also
to decide whether a given move should be
accepted or not. Random number generators
are also used in other modeling applications;
for example, in a molecular dynamics
simulation the initial velocities are normally
assigned using a random number generator.
The number produced by a random number
generator are not, in fact, truly random; the
same sequence of numbers should always be
generated when the program in run with the
same initial conditions (if not, then a serious
error in the hardware or software must be
suspected!). The sequences of numbers are
thus often referred to as ‘pseudo-random’
numbers are they possess the statistical
proprieties of ‘true’ sequences of random

numbers. Most random number generators
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are designed to generate different sequences
of numbers if a different seeds. One simple
strategy is to use the time and/or date as the
seed; this is information that can often be
obtained automatically by the program from
the computer’s operating system.

The numbers produced by a random number
generator should satisfy certain statistical
This

supersedes the need for a computationally

proprieties. requirement  usually
very fast algorithm as other parts of a Monte
Carlo simulation take much more time (such
as calculating the change in energy). One
useful and simple test of random number
generator is to break sequence of random
numbers into blocks of k numbers, which are
taken to be coordinates in a k-dimensional
space. A good random number should give a
random distribution of points. Many of the
common generators do not satisfy this test
because the points lie on a plane or because
they show clear correlations [Sharp and bays
1992].

The linear congruential method is widely used
Each

number in the sequence is generated by

for generating random numbers.
taking the previous number, multiplying by a
constant (the multiplier, a), adding s second
constant (the increment, b), and taking the
remainders when dividing by third constant
(the modulus, m). The first value is the seed,

supplied by the user. Thus
&[1]=seed
E[i]1=MOD{( [i-1]xa+b),m}

The MOD function returns the remainder
when the first argument is divided by the
second (for example, MOD (14.5) equals 4). If

the constants are chosen carefully, the linear
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congruential method generates all possible
integers between 0 and m-1, and the period
(i.e. the number of iterations before the
sequence starts to repeat itself) will be equal

to the modulus.

Fig 8.3:

¢ ol s LY
L";L*ij (.br;:wl, J,:% e Szj}\j

&[1]=seed

(m ¢ JL:.E.S‘ S.X:—j)

E[1]=-MOD{( &[i-1]xa+b),m}
g 0 Lie U MOD aibyi o5
MOD ¢ JWi fe Jo) g e ods J5V)
5 ¢ Rla ol et @13 (4 oley(14.5)
~= linear congruential JI oylf Ay
59ly N — 1 5 0 c &Sl doemall slasy)
(s 1S o) Ty 01 L3 ol S s (6T)

(modulus) Lal sux) &slaws 0S5 Csur

Two random’ distributions obtained by
plotting pairs of values from a linear
congruential random generator. The
distribution (a) was obtained using

Lele J..,A,i Al 13.;'.);"_.,_5\1 ol gl s ol
gilte Jyde Jas A o w2 g5
=M el dle Jaadl & @) )y o3
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m=32769, a=10924, b=11830. The , b- 11830 .10924 -a 32769
distribution (b) was obtained using

m=6075, a=106, b=1283. Data from [Sharp = M M=ol 4de Jpadi ¢ (b) )3
and Bays 1992]. o ot b=1283 , 106 = a 6075
[Sharp and Bays 1992]
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The period cannot of course be greater than
m. The linear congruential method generates
integral values, which can be converted to
real numbers between 0 and 1 by dividing by
m. The modulus as often chosen to be the
largest prime number that can be represented
in a given number of bits (usually chosen to
be the number of bits per word; 23!-1 is thus

a common choice on a 32-bit machine).

Although popular, by virtue of the ease with
which it can be programmed, the linear
congruential method does not satisfy all of
the requirements that are now regarded as
important in a random number generator. For
example, the points obtained from a linear
congruential generator lie on (k-1)-
dimensional planes rather than uniformly
filling up the space. Indeed, if the constants a,
b and m are chosen inappropriately then the

linear congruential method can give truly

oV (e ST sl 0SS OF SR e
Y imo o3 Ay linear congruential
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terrible results, as shown in figure 8.3.0ne
random number generator that is claimed to
perform well in all of the standard tests is that
of G Marsaglia, which is described in
Appendix 8.1.

(linear  congruential

sbe oo Y gl slele (k=1) e 392
Culgdl el @15 (aBlll (3ammge ISty A L)
skl OBl 52 JSsy o m
& s Of Lo linear congruential

generator)

od, b

8.3 5l 3 cpe 92 LS (i A,

3.5

Monte Carlo Simulation of molecules:/ i jal! ol jS <ui g 5LSlaa

The Monte Carlo method is most easily
implemented for atomic systems because it is
only necessary to consider the translational
degrees of freedom. The algorithm is easy to
implement and accurate results can be
obtained from relatively short simulations of a
few tens of thousands of steps. There can be
practical problems in applying the method to
molecular systems, and especially to
molecules which have a significant degree of
conformational flexibility. This is because, in
such systems, it is necessary to permit the
internal degrees of freedom to vary.
Unfortunately, such changes often lead to
the

molecule or between the molecule and its

high-energy overlaps either within

neighbors and thus a high rejection rate.
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3.5.1 Rigid Molecules/dshall ciliy jad)

For rigid, non-spherical molecules, the
orientations of the molecules must be
varied as well as their positions in space.
It is usual to translate and rotate one
molecule during each Monte Carlo step.
There are various ways to generate a new
orientation of a molecule. The simplest
approach is to choose one of the three
Cartesian axes (x, y or z) and to rotate
about the chosen axis by a randomly
chosen angle ¢w, chosen to lie within the
maximum angle variation,éw,,q, [Baker
and Watts 1969]. The rotation is achieved
by applying routine

relationships. For example, if the vector

trigonometric

(xi, yj ,zk) describes the orientation of a
molecule then the new vector (x'i, y’j, z'k)
that corresponds to rotation by éw about

the x axis calculated as follows:
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(Ew)] _max [Baker et Watts .
SUN (lazie s SN e Oljgll) 33y 1969]
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s Sa] MV all el (3 i OF ol
UV Lol s M= e gimny [1969
(X1, y], BW oS3 (JE L e L3y, 2l
(X1, yJ, aad g

X =) s

Jigd o) ey ZK)
W oL Ol ae 3l s ZK)

S LS

()=(o
7' 0

c0506w sin w ) (y)

—sindw cos éw

63



Molecular Modeling Basics

Fig. 8.4: The Euler angles *

A rotation represented by Euler angles
with (,6,{)=(-60°, 30°, 45°) using the 3-
1-3 (Z-X-Z) co-moving axes rotations

*http://en.wikipedia.org/wiki/Euler_angles

.

= 4 :i"-‘l ‘.

The same rotation alternatively
expressed by (¢,0,1)=(45°, 30°, -60°)
using the 3-1-3 (Z-X-Z) fixed axes
rotations

o Al g ke 0150

(b, 8, p) =(-60°,30 ° 45 9
Syl Oy 55 (ZXZ) 3-1-3 plasaats
AL as L

L

oo Y s O 5l
(0,6,w)=(457, 30°, —60°)
Ol sl 52 e (LX) 3-1-3 plaszuls

The Euler angles are often used to describe the
orientations of a molecule. There are three
Euler angles; @,0 and . @ is a rotation about
the Cartesian z axis; this has the effect of
moving the x and y axes. 0 [g 5 rotation about
the new x axis.Finally, 1 is a rotation about the
new z axis (Figure 8.4). If the Euler angles are
randomly changed by small amounts &¢, 6y
and 6 ¥ then a vectorV,;; is moved according

to the following matrix equation:

Al olemg Giogd Ll Ll pisas Lo ULy
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Vaew=AV o4

Where the matrix A is

s, VoldJ_;L;_S\ ghgpes f Y 46 3 &Y ‘6¢5W
D AU dbsdall Aslal
Vnew=AV01d

A agaal) 0S5 s

(

cosd @ cos &P — sin 5@ cos &0 sin 6P
—cos 6 @ sin 8y — sin 6@ cos 66 cos S
sin 6@ cos §6

sind @ cos 6y — cos 5@ cos 60 sin Y
—sind @ sin dyp — cos 6P cos 66 cos S

sin 66 sin 6y
sin 60 cos 5y

—cos 6@ sin 60 cos 66

It is important to note that simply sampling
displacements of the three Euler angles does
not lead to uniform distribution; it is necessary
to sample fromcosf rather than 6 (figure
8.5).

Slee dxb Ledl Jad) 0T ) 3L Gl g
Joc B iy AL csan Y A Ll Ly A
6 o+ Vu cosh e Sl A gl e

(8.5) 5,521

Fig. 8.5:3

: 8.5 5, 52

To achieve a uniform distribution of . .
R °)§-“Ch'*'é-°-bw4-"j*‘@ﬁ5w‘-’d

points over the surface of a sphere it is
necessary to sample from cos& Rather
than? . If the sampling is uniform in ¢
then the number of points per unit area
increases with? , leading to an uneven
distribution over the sphere.

del O 15 LB Y 088 . a5, 000
by 3 bl s b el 3 B ol
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The preferred approach is to sample directly | ) saill e cosf (83 il die o Juiall zgill

in cos@ as follows:

1) newz(b old+2($; - 1)6® max
COS@ neW=COS® old+2(f - 1)6(C059) max
Y new=Y o1a +2(§ — 1)0Y max

The alternative is to sample in @ and to 23l o Jedll ulae oty ) 3 A 9n b))
modify the acceptance or rejection criteria as

follows: : L}L;J\ gl L;l.c

qo= cos%(Z)cos%((Z) +)
qo= sin%@cos%(@ +Y)
qo= sin%(z)sin%((b +y)

qo= cos%@sin%(®+tp)

The Euler angle rotation matrix can then be D s Al ) A siae old AUS Al aay (S

written

qz + qi - qz - q; Z(Cllqz +4,4,) 2(q1q3 —q,49,)
A=\2(q,q9,- 9,9 d-d+d-a 2(a,9,- .9,
2(q1q3 + quZ) 2(q2q3 - qul) qz - qi - q; + q;

To generate a new orientation, it is necessary BU 0 gl e ¢ bl angdl clasy
to rotate the quaternion vector to a new
(random) orientation. As it is a four- | &W B LS (é‘r’«’) O£, L;‘\?JS‘
dimensional vector, the orientation must be

Sl U sladl 3 argd) ox) ot sl

performed in four-dimensional space. This can

be achieved as follows [Vesely 1982]: JW el e ey gl S
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1. Generate pairs of random numbers (&5, &)
between -1and 1 until S;=§2+&2 < 1
2. Do the same for pairs &3 and &, until

51=€32+€Z<1
3. Form the random unit four-dimensional

vector (El,fz, 53\/ (1 - 51/52),
$ay/ (1 = 51/53).

To achieve an appropriate acceptance rate the
angle between the two vectors that describe
the new and old orientations should be less
than some value; this corresponds to
sampling randomly and uniformly from a

region on the surface of a sphere.

The introduction of an orientation component
as well as translational moves is made. Trial
and error is often the most effective way to

find best combination of parameters.

[Vesely1982]
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3.5.2 Monte Carlo Simulations of Flexible Molecules: /4 sall il jall sl S i ga 3lSlas

Monte Carlo Simulations of flexible molecules
are often difficult to perform successfully
unless the system is small, or some of the
internal degrees of freedom are frozen out, or
special models or methods are employed. The
simplest way to generate a new configuration
of a flexible molecule is to perform random

changes to the Cartesian coordinates of
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individual atoms, in addition to translations
the

Unfortunately, it is often found that very

and rotations of entire molecule.
small atomic displacements are required to
achieve an acceptable acceptance ratio, which
means that the phase space is covered very
slowly. For example, even small movements
away from an equilibrium bond length will
cause a large increase in the energy. One
obvious tactic is to freeze out some of the
internal degrees of freedom, usually the
‘hard” degrees of freedom such as the bond
lengths and the bond angles. Such algorithms
have been extensively used to investigate
small molecules such as butane. HOW-ever,
for large molecules, even relatively small
bond rotations may cause large movements of
atoms down the chain. This invariably leads
to high-energy configurations as illustrated in
figure 8.6. The rigid bond and rigid angle
approximation must be used with care, for
freezing out some of the internal degrees of
freedom can affect the distributions of other

internal degrees of freedom.
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Figure 8.6

A Bond rotation in the middle of a
molecule may lead to a large movement

at the end.

8.6 S
55 A G 3 L) N1 053 505 O S
Ol L& 3508 3 >~

3.6 Models Used in Monte Carlo Simulation of Polymers/ ststas 4 dotiicalf ziLail

/ Saddadl G LIS Siga

A polymer is a macromolecule that is
constructed by chemically linking together
a sequence of molecular fragments. In
simple synthetic polymers such as
polyethylene or polystyrene all of the
molecular fragments comprise the same
basic unit (or monomer). Other polymers
contain mixtures of monomers- Proteins,
for example, are polypeptide chains in
which each unit one of the twenty amino
acids. Cross-linking between different
chains gives rise to yet further variations in
the constitution and structure of polymer.
All of these features may affect the overall
proprieties of the molecule, sometimes in a
dramatic way. Moreover, one may be
interested in the proprieties of the polymer
under different conditions, such as in

solution, in a polymer melt or in the
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crystalline state. Molecular modeling can
help to develop theories for understanding
the proprieties of polymers and can also be

used to predict their properties.

A wide range of time and length scales are
needed to completely describe a polymer’s
behavior. The timescale ranges from
approximately 107'* S (i.e. the period of a
bond vibration) through to seconds, hours

or even longer for collective phenomena.

The size scale ranges from the 124 of
chemical bonds to the diameter of a coiled
polymer, which can be several hundreds of
angstroms. Many kinds of model have
been used to represent and simulate
polymeric systems and predict their
proprieties. Some of these models are
based upon very simple ideas about the
nature of the intra-and intermolecular
interactions within the system but have
nevertheless proved to be extremely
useful. One famous example in Flory’s
rotational isomeric state model [Flory
1969]. Increasing computer performance
now makes it possible to use techniques
such as molecular dynamics and Monte
Carlo

systems.

simulations to

study polymer

Most simulations

performed using empirical energy models

on polymers are
(through with faster computers and new
methods it is becoming possible to apply
quantum mechanics to larger and larger
system). Moreover, there are various ways
the

conformational degrees of freedom may be

in which configurationally and

restricced so as to produce a

computationally more efficient model. The
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simplest ~models use a lattice
representation in which the polymer is
constructed from connected interaction
centers, which are required to occupy the
vertices of a lattice. AT the next level of
complexity are the bead models, where the
polymer is composed of a sequence of
connected ‘beads’. Each bead represents an
‘effective monomer” and interacts with the
other beads to which it is bonded and also
with other nearby beads. The ultimate
level of detail is achieved with the
atomistic models, in which each non-
hydrogen atom is explicitly represented
(and sometimes all of the hydrogen as
well). Our aim here to is give a flavor of
the way in which Monte Carlo methods
can be used to investigate polymeric
systems. We divide the discussion into
lattice and continuum models but
recognize that is a spectrum of models

from the simplest to the most complex.
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3.6.1 Lattice Models of Polymers\,,lod gl d4Suis 2 5l05

Lattice Models have provided many
insights into the behavior of polymers
despite the obvious approximations
involved. The simplicity of a lattice model
means that many states can be generated
and examined very rapidly. Both two-

dimensional and three-dimensional lattices
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are used. The simplest models use cubic or
tetrahedral lattices in models are usually
very simple, in part to reflect the simplicity
of the representation but also to permit the

rapid calculation of the energy.

More complex models have been
developed in  which the lattice
representation in closer to the ‘true’

geometry of the molecule. For example, in
figure 8.8 we show the bond fluctuation
model of polyethylene, in which the “bond’

between successive moments on the lattice
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Figure 8.7

8.7 S

Cubic and tetrahedral (diamond) lattices,

which are commonly used for lattice

simulations of polymers

Figure 8.8

The bond fluctuation model. In this
example three bonds in the polymer
are incorporated into a single
‘effective bond' between ‘effective
monomers'. (Figure adapted
Baschnagel J, K Binder, and W paul,
M Laso, U suter, I Batoulis, W jilge
and t burger 1991. On the
construction  of  coarse-Grained
models for linear Flexible Polymer-
Chains-Distribution-Functions of
Groups of consecutive Monomers.
Journal of chemical Physics 95:6014-
6025.)

8.8 s
Ly, BV e o U 1 3 L dad a5
SBs D a g Gl Tl LT L e
(Figure adapted Baschnagel J, K
Binder, and W paul, M Laso, U

suter, | Batoulis, W jilge and t
burger 1991.

J B kb 23l 580 ol sl Gy
Sl sast E2iF Sl ad
BleSd sl Uz Ll e o el

(6025-95:6014

&5 sV () sl £y ¢ S
S ad sl LS SIS Bsle P

73



Molecular Modeling Basics




Molecular Modeling Basics

Figure 8.9
In a random walk on a square lattice
the chain can cross itself.

kel om0 o s e Syl ol 3
s 8 pag O U§J

Represent three bonds in the actual
molecule [Baschnagel et al. 1991]. In this
model each monomer is positioned at the
center within the lattice and five different
distances are possible for the monomer-

monomer bond lengths.

Lattices can be used to study a wide
variety of polymeric systems, from single
polymer chains to dense mixtures. The
simplest type of simulation in a ‘random
walk’, in which to chain is randomly
grown in the lattice until it contains the
desired number of bonds (Figure 8.9), In
this model the chain is free to cross itself
(i.e. excluded volume effects are ignored).
Various proprieties can be calculated from
such simulations, by averaging the results

over a large number of trials. For example

Aedl adl 3 Ly, w2
s 3 . [Baschnagel et al. 1991]
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measure of the size of a polymer in the
mean square end-to-end distance, (RZ) is
related to the number of bonds (n) and the
length of each bond (1) by:
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(Ryz)=nl?

The

commonly calculated property; this is the

radius of gyration is another
root mean square distance of each atom (or
monomer) from the center of mass. For the
random walk model the radius of gyration

(s?) is given in the asymptotic limit by:
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N E

(s*)= (RR)/6

The ability of the chain to cross itself in the
random walk may seem to be a serious
limitation, but it is found to be valid under
When
volume effects are not important (also
‘theta’

some circumstances. excluded

known as conditions) then a

s

subscribe ‘0" is often added to proprieties
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such as the mean square end-to-end
distance, ((R2)o).Excluded volume effects
can be taken into account by generating a
‘self-avoiding walk’ of the chain in the
lattice (Figure 8.10). In this model only one
monomer can occupy each lattice site. Self-
avoiding walks have been used to
exhaustively —enumerate all possible
conformations for a chain of a given length
one the lattice. If all states are known then
the partition function can be determined
and thermodynamic quantities calculated.
The ‘energy’ of each state may be
calculated using an appropriate interaction
model. For example, the energy may be
proportional to the number of adjacent
pairs of occupied lattice sites. S variation

on this is to use polymers
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Figure 8.10 Ol 8% Jais drly agpge s I pud
Self-avoiding  walk: only  one )
monomer can occupy each lattice site u'{‘“"' By JS i

Consisting of two types of monomer i 3 oy (BiA Y agll e re s e 05T
(A and B), which have up to three ) T
different energy values: A-A, B-B and A- ,A-A, B-B wll uke b O L
A-B. Agamn, the energy is determined s.e Ol 5 b e ldl Lud o &~ 8,08,
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y counting the number of occupie S Sty ¢ 5y b e 3 e S

adjacent lattice sites. The relationship

between the mean square end-to-end §] <5 LIl o oy o0 3 Bladl o Bl )
distance and the length of the chain (n) =~ =~ r i ]
has been investigated intensively; with ol s ey | e
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walk, with (&Z) being proportional to
7% in the asymptotic limit.

Having grown a polymer onto the
lattice, we now have to consider the
generation of alternative
configurations. Motion of the entire
polymer chain or  large-scale
conformational changes is often
difficult, especially for densely packed
polymers. In variants of the verdier-
Stockmayer algorithm [Verdier and
Stockmayer 1962] new configurations
are generated using combinations of
‘crankshaft’; ‘kink jump’ and ‘end
rotation’ moves (figure 8.11). Another
Widely used algorithm in Monte Carlo
simulation of polymers (not just in
lattice models) is the ‘slithering snake”
model. Motion of the entire polymer
chain is very difficult, especially for
densely packed polymers, and one
way in which the polymer can move is
by wriggling around obstacles, a
process known as reputation. To
implement a  slithering  snake
algorithm, one end of the polymer
chain is randomly chosen as the “head’
and an attempt is made to grow a new
bead at one of the available adjacent
lattice positions. Each of the remaining
beads is then advanced to that of its
predecessor in the chain illustrated in
figure 8.12. The procedure is then
repeated. Even if it is impossible to
move the chosen ‘head’” the
configuration must still be included
when  ensemble  averages  are
calculated.

Figure 8.11
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The 'crankshaft’, 'kink jump' and 'end
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rotation' moves used in Monte Carlo . o 82 (3 szl OISl "

e gl 3,15

simulations of polymers

Figure 8.12
The 'slithering snake' algorithm

n -
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3.6.2 ‘Continuous’ Polymer Models/

The simplest of the continuous
polymer models consists of a string
of connected beads (Figure 8.13).
The beads are freely jointed and
interact with the other beads via a
spherically symmetric potential
such as the Lennard-Jones
potential. The beads should not be

thought of as being identical to the
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monomers in the polymer; though
they are often referred to as such
(‘effective monomers’ is a more
appropriate term). Similarly, the
links between the beads should not
be thought of as bonds. The links
may be modeled as rods of a fixed
and invariant length or may be
permitted to vary using a harmonic

potential function.

In Monte Carlo studies with this
freely jointed chain model the
beads can sample from a
continuum of positions. The pivot
algorithm is one way that new
configurations can be generated.
Here, a segment of the polymer is
randomly selected and rotated by a
random amount, as illustrated in
figure 8.13. For isolated polymer
chains the pivot algorithm can give
a good sampling of the
configurationally/conformational

space. However, for polymers in
solution or in the melt, the
proportion of accepted moves is
often very small due to high-

energy steric interactions.
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Figure 8.13
The bead model for polymer
simulations. The beads may be

5 056 W8 L ad,dl a5 54 ok

connected by stiff rods or by harmonic  iz..1-. ol i JT L5 Oliad dbol p dlazs

springs

The most unrealistic feature of the freely
jointed chain model is the assumption that
bond angles can vary continuously. In the
freely rotating chain model the bond
angles are held fixed but free rotation is
possible about the bonds, such that any
torsion angle value between 0° and 360° is
equally likely. Fixing the bond angles in
this way obviously affects the proprieties
of the chain when compared to the freely
jointed chain; one way quantify this is via
the characteristic ratio C,, which is defined

as:
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The characteristic ratio approximately
indicates how extended the chain is. For
the freely rotating chain the characteristic

ratio is given by:
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Where 6’ is the supplement of the normal
bond angle (ie. 6'=180°-6). For an
infinitely long chain the characteristic

ration becomes:
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4 Dictionary English-Arabic for Molecular Modeling
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valence

Wavefunction
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5 Introduction

5.1 Task to be used for PhD thesis

Es soll ein neuer Algorithmus entwickelt werden, der die Seitenketten-Prediktion von Proteinen vornimmt

und der auf ganzzahliger Optimierung mit Lagrangian Multipliers beruht.

5.2 Friihere Arbeiten im Umfeld

5.2.1 SCWRL 3.0
Siehe [Canutescu, Shelenkov & Dunbrack 2003].

5.2.1.1 Rotamer library
SCWRL 3.0 uses a new version of the backbone-dependent rotamer library.
A number of improvements have been made in the Bayesian statistical analysis in the determination of

probalities and average dihedral angles and variances for each rotamer at each value of Uund U . This new

rotamer library is available at http://dunbrack.fccc.edu/bbdep.html.

5.2.1.2 Energy Function
The energy function consists of a log-probability term from the backbone-dependent rotamer library and

steric terms between the side chains and the backbone. The library term has the form

Epr == Klogpr,|R,0,0Upr=1|R, 0,0

where R is the residue type, and K is a constant, currently set to 3.0 based on optimization of the energy

function for a 180-protein test set.

5.2.1.3 Input and output
It takes a PDB-formatted file that contains backbone coordinates and outputs a file, also in PDB format,

containing backbone and predicted sidechain coordinates.
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6 Mathematical methods

6.1 Integer Optimization

Ein Optimierungsproblem hat eine Energiefunktion, welche minimiert werden soll. Es gibt Constraints, die

eingehalten werden miissen.

6.2 Relaxation with Lagrangian Mulitpliers
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7 Rotamers and rotamer library

Siehe [Bower et. al. 1997].

SCWRL 3.0 uses a new version of the backbone-dependent rotamer library.

A number of improvements have been made in the Bayesian statistical analysis in the determination of

probalities and average dihedral angles and variances for each rotamer at each value of Uund [J | This new

rotamer library is available at http://dunbrack.fccc.edu/bbdep.html.
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8 Molecular Docking

The following is from [Leach], pp. 661-667:

In molecular docking, we attempt to predict the structure (or structures) of the inter-molecular complex
formed between two or more molecules. Docking is widely used to suggest the binding modes of protein

inhibitors.

The , docking problem” is thus concerned with the generation and evaluation of plausible structures of

intermolecular complexes.

8.1 From algorithmical standpoint the molecular docking problem can be concerned the
same as the sidechain optimization problem (SCP)

The sidechains of the binding sites of the docked molecules are concerned as free and optimized.
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9 Erzeugung von Selbst- und Wechselenergien von Rotamer-Zustanden der
Residuen eines Proteins: mit Dead-end elimination

Das folgende ist [Looger&Hellinga2001] entnommen.

DEE theorems are powerful tools for the combinatorial optimization of protein side-chain placement in
protein design and homology modeling. In order to reach their full potential , the theorems must be

extended to handle very hard problems.

The DEE algorithms rely on the pairwise decomposition of an energy function that describes the interaction

between the rotamers in the protein.

Each DEE algorithm is a filter that identifies and eliminaties rotamers the provably cannot be members of
the GMEC.
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10 Bioinformatical methods

10.1 BALL

You can download the newest version of BALL from

Im folgenden werden einige BALL-Klassen beschrieben, die in den docking tools benutzt werden:

10.1.1 BoundingBoxProcessor
/ust/local/BALL/include/BALL/STRUCTURE/geometricProperties.h

Geometric property processors

The applicators, processors, and collectors described in this chapter are used to extract geometric properties
out of a given molecular object or to extract parts of these objects according to their geometric properties.
Using the BoundingBoxProcessor, the bounding box of a given molecular object can be calculated. The
bounding box is represented by the lowest and highest coordinates occuring in the molecular object, i.e. the
bounding box is the smallest rectangular box (with sides parallel to the coordinate axes) that encloses all
atoms in the molecular object. The GeometricCenterProcessor calculates the geometric center of all atoms
contained in the molecular object it is applied to. With the aid of the FragmentDistanceCollector it is
possible to collect all molecular fragments that are within a given distance from a certain fragment. This is

useful to extract the relevant molecular environment (e.g. to examin a binding site).

Bounding box creating processor

This class iterates over all atoms of a given molecular object and determines the lowest and the highest
coordinates occuring. It returns two coordinates (getLower, getUpper) describing the smallest cuboid
(whose sides are parallel to the planes defined by the corrdinate axes) enclosing all atoms of the molecular
object. This processor is useful to determine the extent of a molecular object if you want to define a
ThashGrid or alike objects. The coordinates returned by getLower and getUpper are only valid, if the

processor has been applied to a molecular object containing atoms.

10.1.2 Grid Box Class
Jusr/local/BALL/include/BALL/DATATYPE/hashGrid.h

These boxes represent the buckets of a threedimensional hash grid. Every such box contains a linear list of

the objects that are contained in this box. This list is accessible through a Datalterator.

class HashGridBox3
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Constructor using two vectors and a single spacing. This constructor creates a hash grid at <tt>origin</tt>
with spacing <tt>spacing</tt>. The vector <tt>size</tt> has to be relative to <tt>origin</tt> and defines

the opposite corner of the grid, thereby setting the size of the grid.
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10.2 Die Bibliothek docking_tools

Diese Programme benutzen BALL (siehe [Kohlbacher&Lenhof 2000]) und stammen von Prof. Kohlbacher

([Kohlbacher2005]).

Folgende Files werden von der DEE-Optimierung iibernommen:

DEE_complete.C

formats  (Ordner) -> dort ist docking.ps (eine Ubersichtsgraphik)

structure_generator.C
amber_energy.C
docking_grid.C
greedy_tree.C
PDB—<cheeker:C
transform.res
basicTree.h

energy.C
hydrogen_add.C
util.h
candidate—generator:C
energy_flex.C
protein_mapper.C
DEE.C

FDPB.C

optimizer.C

selection.h

Docking-Tools

101


file:///C:/E:/docking.ps

Protein Sidechain placing

d.GGY: file:///home/samir/Zwischenberichte/docking.ps

“D‘ T _ |-j_|‘ - |#Rainigung, Charaki| S4{samir@localhost: | son, 20, Nov ; @
% . | ﬂ \” [Jemacs@localhost. | MBGGV: file:/homeyi| 1441 :

1) DEE.C und DEE_complete.C
Berechnung der FEigenenergien (x_vv) und der Wechselenergien (x_uv) von am Bindungsvorgang

beteiligten Sidechains.
Input: pdb-Datei_A pdb-Datei_B

Output: energies_A_B.dat

2) formats  (Ordner) -> dort ist docking.ps (eine Ubersichtsgraphik)
Hier wird die grobe Struktur der Ausgabedateien beschrieben

3) structure_generator.C
Erzeugt eine pdb-Datei

Output: PDB-Datei
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4) amber_energy.C

Input:
<pdb file> [<pdD file>]

Function:

calculates the total AMBER energy given for a set of PDB files

create structures for the PDB files and the movable residues
parse the arguments

move the contents of all PDB files to a common system
creating fragment DB

assign charges

checking residues

create force field

N L=

5) docking_grid.C

Function:

- creates a grid (deutsch: Gitter) large enough to contain any docking complex of A and B
- calculates the potential caused by A on this grid.

Input:
<pdbfileA> <pdbfileB> <grid_file> [<PB-optionfile2>]

Output:
<gridfile> (Gitternetz-Datei)
The format of <gridfile>:
<< "%s %s :name A, name B" << endl
<<"(%f %f %f) : grid origin" << end]l
<< "(%f %f %f) :grid dimension" << endl
<<"%d %d %d  :number of grid points x, y ,z" << endl
<< "n lines with %f: grid values ordered by x, y, and z" << endl
<< endl;
Algorithm:

// read any options for the FDPB calculation
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/[ create a fragment database (used to normalize the atom names)
// read the PDB file A

// read the PDB file B

Log.info() << "normalizing names..." << endl;

Log.info() << "assigning charges on A" << endl;

if (charge_processor.getNumberOfErrors())

{

Log.error() << "Problems assigning charges:

charge_processor.getNumberOfErrors() << " unknown atoms." << endl

Log.info() << "assigning radii on A" << endl;
if (radius_processor.getNumberOfErrors())

{

Log.error() << "Problems assigning radii: " << radius_processor.getNumberOfErrors()

<< " unknown atoms." << endl;

return 1;
I
Log.info() << "extent = " << extent << end];

Log.info() << "grid lower =" << lower <<" grid upper =" << upper << endl;

FDPB FDPB_object;

options[FDPB::Option::SOLVENT_DC] = 78.0;

options[FDPB::Option::SOLUTE_DC] = 2.0;

options[FDPB::Option:BOUNDARY] = FDPB::Boundary::DIPOLE;
options[FDPB::Option::DIELECTRIC_SMOOTHING] =

FDPB::DielectricSmoothing::HARMONIC;

options[FDPB::Option:: CHARGE_DISTRIBUTION] =

FDPB::ChargeDistribution:: TRILINEAR;
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options[FDPB::Option::BORDER] = 0.0;
options.setVector(FDPB::Option::BOUNDING_BOX_LOWER, lower);
options.setVector(FDPB::Option::BOUNDING_BOX_UPPER, upper);
options.setDefault(FDPB::Option::SPACING, extent / 128);
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Log.info() << "setting up PB..." << endl;
if ('FDPB_object.setup(systemA, options))
{
Log.error() << "Fehler in FDPB::setup():" << FDPB_object.getErrorCode() << endl;

return 2;

Log.info() << "solving equations..." << flush;
if ('FDPB_object.solve())
{
Log.error() << "Fehler in FDPB::solve():" << FDPB_object.getErrorCode() << endl;

return 1;

Log.info() << "writing grid_file... " << flush;

6) greedy_tree.C

Function:

calculate the optimal rotamers of the binding-site side-chains by a multi-greedy strategy.
The optimal rotamers are written to <output file>

if max_candidates is not given, a default of 1 is assumed.

if max_leaves is not given, a default of 20000 is assumed.

LS.

Input:

<energies file> <name of output file> [<max_candidates> [<max_leaves>]]

Output:

<output file>

open energies file

open output file

ignore all comment lines
read the PDB filenames
read the contact distance

Gl L
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6. read the template energy

7. create data structures for the residue names and energies (L98)

8. read the number of residues in the binding site

9. read the number of residues in A

10.create a two-dimensional field to hold the interaction energies:
vector<vector<float> > E_rest(number_of_residues);

11.read the residues and their energies
12.for (i =0; i <number_of_residues_of_A; i++)

13. read the line

14. save the residue path

15. check the residue index

16. read the number of rotamers

17. resize E_rest

18. read the rotamer energies E_rest
19.read the number of residues in B

20....(wie A)

21.read the pairwise energies
22.create a vector for the pairwise energies
23.allocate the correct vector sizes
vector<vector<vector<vector<float> > > > E_pw(number_of_residues);

Sizes, t;
// allocate the correct vector sizes
for (i =0; i <number_of_residues; i++)
{
/[ allocate the array

E_pwli].resize(E_rest[i].size());

for (s = 0; s < E_rest[i].size(); s++)
{
/[ allocate the array

E_pwli][s].resize(number_of_residues);

for (j=0; j <number_of_residues; j++)
{
// allocate the array

E_pwli][s][j]. resize(E_rest[j].size());
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}

24.read the energies
for

1. read a line from the erngies file

2. verify the indices

3. assign pairwise energy
25.Build the tree with all rotamer conformations whose total energy is less than energy_bound
26.Sort the candidates
27.output the energy values and the conformations of the best candidates

7) PDB_checker.C
8) transform.res
9) basicTree.h

10) energy.C

Input:
<pdb file 1> <pdb file 2>
Function:

1. setup logging to print the current time in front of each line

2. check arguments

3. read the proteins A + B and insert them into the system AB

4. setup force field

5. assign charges, types, and radii

6. setup FDPB

7. normalize the names and build the bonds according to the fragment database
8. create an AMBER force field

9. perform the first setup (with assignment of charges, type names, and types) amber.setup(AB)

10.do not assign anything afterwards

11.assign PARSE charge and radius set

12.read the FDPB options

13.calculate initial energy contributions of A and B
14.calculate the solvent excluded surfaces of A and B
15.calculate the complex SES

16.calculate the change in the solvation free energy
17.calculate the electrostatic interaction energy
18.calculate the electrostatic interaction energy
19.dump the options for documentation purposes
20.calculate the changes in solvation energy
21.calculate the average interaction energy
22.calculate the total binding free energy
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Protein A;
Protein B;

System AB;

FragmentDB frag_db;

RotamerLibrary  rot_lib("/KM/comp-bio/BALL-data/rotamers/bbind99.Aug.lib", frag_db);
FDPB tdpb;

AmberFF amber;

AssignChargeProcessor PARSE_charges("/KM/comp-bio/BALL-data/charges/PARSE.crg");
ClearChargeProcessor clear_charges;

AssignRadiusProcessor PARSE_radii("/KM/comp-bio/BALL-data/radii/PARSE.siz");

ClearRadiusProcessor clear_radii;

11)  hydrogen_add.C

12)  utiLh

13) candidate_generator.C
14)  energy_flex.C

15)  protein_mapper.C

16) DEE.C

17) FDPB.C
Electrostatic Contribution to the Free Energy of Solvation

-> Finite difference Poisson-Boltzmann (FDPB) method

read the PDB file into system S (read atoms)

normalize the names

build the bonds according to the fragment database
assign PARSE charge and radius set

read the FDPB options

perform FDPB calculation

FDPB setup CPU time: " << T.getCPUTime() << endl;
T.reset();

9. fdpb.solve() "FDPB solve CPU time: " << T.getCPUTime() << endl;
10.dump the options for documentation purposes

11.total energy: " << fdpb.getEnergy() << " kJ/mol" << endl;

© N PN

18)  optimizer.C

19)  selection.h
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11 Side chain optimization with Lagrangian Multipliers
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Sidechain placing in Homology Modeling via Lagrangian Relaxation
Samir Mourad! and Oliver Kohlbacher”

February 2004/Mrz-Mai 2005

Abstract

We illustrate a new approach to the sidechain placing problem. The approach is based on
formulating the problem as an integer linear program and then relaxing in a Lagrangian way a
suitable set of constraints.

Key Words: molecular modeling, discrete optimization, Lagrangian Relaxation

1 Introduction

1.1 Sidechain placing in homology modeling

Conformatitions occuring in proteins can be adequately described by a rather small set of so-
called rotamers for each amino acid. These rotamer libraries can be used to reduce the sidechain
placement problem to a combinatorial optimization problem: search for the set of rotamers with
the minimum energy, i.e., the global minimum energy conformation (GMEC). As the number of
rotamer combinations is very high (...}, efficient methods are required to identify the GMEC or
suboptimal solutions sufficiently close to the GMEC.

1.2 Sidechain conformation optimization

In [3] a combinatorial approach for sidechain conformation optimization in Protein Docking area is
introduced. There are introduced two methods. One uses an integer linear program and branch-
and-cut algorithm. In [8] the constraints of the integer program of [3] are improved.

In this paper a Lagrangian Relaxation (LR) approach is introduced for sidechain conformation
optimization to be used in sidechain placing for homology modeling of proteins. The theory of
Lagrangian Optimization is a well established branch in of Combinatorial Optimization and has
been used sucessfully in a large number of applications, in different domains [2]. Recently [5]
decribed an LR approach for Structural Alignment of Large-Size Proteins this was the first time
that a similar approach was used for an alignment problem in Computational Molecular Biology.
Nowadays, LR is the most successful tool to tackle very large problems. These algorithms are
capable of finding near-optimal solutions to instances with millions of variables and thousands of
constraints within minutes on a PC.

'Universitaet Tuebingen, Wilhelm Schickard Institute for Computer Science, Dept. for Simulation of biological Sys-
tems, Sand 14, D-72076 Tuebingen and VGOEG, Haid-und-Neu-5tr.7, D-76139 Karlsruhe, email: mouradfizgoeg.de

?Universitaet Tuebingen, Wilhelm-Schickard-Tnstitute for Computer Science, Dept. for Simulation of biological
Systems, Room (318, Sand 14, D-72076 Tuebingen
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1.3 Lagrangian Relaxation

The LR approach is particularly well suited for those cases in which the formulation of a problem
consists of two sets of constraints: a set of nice constraints and a set of bad constraints, whose
removal makes the resulting problem, called the Lagrangian relased problem. easily solvable.

1.The strategy then consists in removing the bad constraints from the formulation and putting them
into the objective function, each weighted by some coefficient (Lagrangian Multiplier). The weight
for a constraint represents a penalty which is incurred by a solution which does not satisfy that
constraint. To any choice of weights corresponds a (relatively easy) problem whose solution yields
a bound to the original problem.

2.The core question of LR is then to determine the optimal weigths, i.e., the Lagrangian multipliers
yielding the best bound. In most cases, the determination of these multipliers is equivalent to solving
a suitable LP, which would be too time consuming in practice. On the other hand near-optimal
multipliers can be found by a simple iterative procedure called subgradient optimization, in which,
at each iteration, the Lagrangian relaxed problem is solved and the mulfipliers are updated based
on the corresponding solution.

3.Besides yielding an upper bound on the optimal solution of the original problem, the Lagrangian
multipliers (and the associated costs/profits in the objective function) can be used to drive simple
heuristic procedures (in most cases of greedy nature). These procedures typically produce substan-
tially different solutions for different Lagrangian multipliers.

4.Accordingly, if the Lagrangian multipliers are embedded within an iterative procedure to define
near-optimal near-optimal multipliers, namely they are called at each iteration with the current
multipliers, the best solution found over all iterations tends to be near-optimal.

1.3.1 Design of a general LR/MIP algorithm

The following introduction to LR is from [6].

Lagrangean Relaxation is a Price Directive decomposition technique, which in the first instance sim-
plifies and reduces the problem in question by relaxing groups of constraints. Lagrangean relaxation
has been successfully used in processing many different instances of combinatorial optimisation prob-
lems, such as the Travelling salesman Problem. Many combinatorial optimisation problems consist
of an easy problem that is complicated by the addition of extra constraints. Applying LR in these
problems involves identifying these complicating constraints, and then relaxing them by attach-
ing penalties to the complicating constraints and then absorbing them into the objective function.
These penalties are known as the Lagrange multipliers. Due to the relaxation of the complicating
constraints, the relaxed problem becomes much easier to solve. The next aim is to find tight upper
and lower bounds to the problem by iteratively processing sequence of modified sub-problems. LR
involves addressing two important issues; one is a strategic issue and the other a tactical issue. The
strategic issue concerns the classification and relaxation of the constraints. The strategic question
is of the form What constraints are to be relaxed? The tactical issue deals with the selection of a
good technique for updating the Lagrange multipliers. The tactical questions are of the form, How
the reduced problem can be solved? or How can we calculate an efficient bound?.
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1.3.2 Relaxation of constraints

Before defining the general MIP problem, lets identify the following index sets:
B=1{1,..|B|} Index set for binary variables,
I={|B|+1,..|B|+]|I]} Index set for integer variables,
C={|B|+ |I| +1,.... |B| + [I| +|C|} Index set for continues variables,

N = BUTUC Index set for all variables.

Hence, the general MIP problem can be written as:

Py

min Y, ¢z
JEN

st 3 a.kj-a':j@]dk, k=1,....m
JEN -

¥ byzi(Z)ar. 1=1,...n
jew

reRT M jeC

x; € {o,1} if j€B

z; € LT iff jel

In the following of this subsection 1.3.2 ...

This initial problem P is known as the master problem. Since this master problem is difficult to
solve, we relax a set of constraints, CO € [1,m], by attaching Lagrange multipliers A, = 0. Then,
this relaxed group of constraints are appended to the objective function and forms the following
Lagrange Lower Bound Problem (LLBP):

PL(/\] .
m T
min Y xi(e; — 3 Apagg) + 3 Apdy
JEN k=1 k=1
st 3 bgj.-rj{z}g;, 1=1,..n
JEN

;€ BT if jec
zjefoa} it  jeB
eZt it jel

The Lagrangian multipliers, A, penalise the violation of the corresponding relaxed constraints
introduced in the objective function. The selection of which set of contraints to be relaxed is a
strategic issie.

After decomposing the master problem, we are interested in choosing the appropriate numerical
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values for the Lagrange multipliers (tactical issue) for the problem Ppy). In particular, we are
interested in finding the values of A that gives the maximum lower bound.® The Lagrange lower
bound is also known as the Lagrange dual program.

# ~

m T
min Y, xi(e; — ¥ Apogs) + 3 Apdg
JEN =1 k=1

at. Y b{j:nj(z)g;, i=1,..n

jeN
mazy, ' o (Ppuat)
2, €RTiff jecC
z;€{0,1} iff jEB

;e ZT  iff  jel

The best value for A; is calculated by applying iterative updating techniques to the above system
(Pjyai)- There are two well-known techniques that have been widely used: Subgradient Optimization
and Multiplier Adjustment.

The estimation of good solution to NP-hard problems by using a non-exact method, like LR, does
not depend only on the calculation of good lower bound. It is equally important to to calculate
good solutions that are feasible and provede upper bounds to the master problem. We thus reduce
the duality gap and provide tight bound for the optimal solution. The duality gap is defined as the
relative difference between the lower bound and the upper bound. In ideal instances, the Lagrange
lower bound is equal to the upper bound. The upper bounds are usually calculated by using a
Lagrange heuristic (LH). An instant of a LH algorithm is to take the LLBP solution vector and to
attempt to convert it to a feasible solution vector to the master problem.

1.3.3 Determination of the Lagrangian multipliers

There have been two main techniques that have been sucesstully applied for finding Lagrange
multipliers in a wide variety of problem instances. There are the subgradient optimization and
multiplier adjustment. Subgradient optimisation is an iterative procedure that, starting from an
initial set of Lagrange Multipliers, attempts to improve the lower bound of the LLBP in a systematic
way. Multiplier adjustment is also an iterative procedure, but modifies only one component of the
multiplier in an iteration.

The literature suggests that subgradieni optimization is the preferable method for general discrete
optimisation problems. Subgradient is straight forward to implement and can be applied without
modifications for different problem instances.

Algorithmic Framework of Subgradient Optimisation

Define Cj as the cost coefficient vector of the LLBP (Ppry)). Hence,

— PR -
Cj=cj— Y Mearj
k=1

*If the Py problem is max ..., then we are seeking for the minimum upper bound.
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where j = 1,..,n (number of coeflicients (variables)) and k = 1,....m {number of constraints). The
main steps that have to be followed to apply subgradient optimisation are set out below:

STEP1: initialisation

e Set 7 which is a user-defined parameter, equal to 2. (0 <7 < 2)
e Set the lower bounds to —oo and the upper bounds UB, Zpp to +oo.
e Set N_.LR = 0 nunber of Lagrange operations.

e Initialise the Lagrange multipliers A.

STEP2: calculate lower bound with subgradient method
e Solve the LLBP(Ppy)) for the current set of Ay to obtain the solution vector X; and the lower
bound Zrg. (Ziz = {z;})

o Ifthe Z;p > LB, set LB = Z; 5.
STEP3: calculate upper bound

e Apply a Lagrange Heuristic to find a feasible upper bound Zyp. If Zyp < UB, set UB =
ZLR.

STEP4: Update the multipliers

1. Calculate the Subgradients G}, for current solution vector X;.
(;i. = d;\- - Z (ij.']’?j._. k= ]., T
JEN
If all G; < 0 for each * > ' constraint, then Z; g is feasible.
2. Define a scalar step size T.

7(Zvg — Z1g)*
T=_ZUB" 7LE]

) (G)

3. Update the Lagrange Multipliers set

A = maz(0, M + TGL),  k=1,...m

STEPS5: Stopping criteria

1. = < 0.005
2. (UB-LB) = 0.0
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3. TG} =0

If stopping rules are not stisfied then go to STEP 2.

The user-defined parameter, controls the step size T. In the case wherein the lower bound did not
improve for 30 consecutive iterations, we half this parameter. Generally speaking, the smaller the
value of this parameter, the smaller is the oscillation of the resulted lower bound (ZLB). In fact,
when the value of the parameter is small, we are trying to improve the lower bound by searching
on the "neighbourhood” of the LB.

There are three fermination conditions of the algorithm. The algorithm terminates when the user-
defined parameter becomes very small (i.e. 0.005), or when the dual gap (UB-LB) is equal to
zero, or when the sum of squares of all the subgradients is equal to zero (212, (G})? = 0). The
last termination implies that all the constraints are perfectly satisfied and therefore all the Slack
variables of the model are equal to zero.

2 Sidechain placing in Homology Modeling via Lagrangian Relax-
ation - ILP formulation from Kingsford et.al.2005

2.1 ILP formulation

If all pairwise energies between rotamers in positions i and j are non-positive, then we can remove
all variables x,, with u € V; and E,, = (), and modify the equality constraints

Z Typ = Ty for j=1,.,pand v € V[V
ueV;

For each Vj let N"’{VJ-} the set union of the 17 for which there exists some v € V; and u € V; with
E,, > 0. Let D' be the set of pairs {u,v} with u € V; such that either v € N+(IJ}}, orv & NT (V)
but E,;, < 0. There will be edge variables z,, only for pairs in D'

Our modified ILP is as follows:

L :
Minimize E = Z EoyuTouu + Z Eopr,
uel {upten’

subject to

Z T =1 forjg=1,..p

wElV;

Z Tyy =Ty  for j=1,..p and vE NT(V})
uel]
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Y wwLaw for j=1,..p and v & NT(V})

wEViiE,, <0

An inequality constraint is not included if the sum on the left-hand side is empty.

2.2 Lagrangian Relaxation of Kingsford-Formulation

.

Mg,z 2 BuuTuu
ucl

+ E Eu vl

{uw}eD’
+ Z /\jy( E Tyy — -'ra.'z.'}
J=1,..p and ve N*(V;) uel;
??I(I..Q‘I}t‘l walhjo =0 + Z H 'u[ Z Tyy — 'T:JIJ)} (PD”M}

J
J=1,p and vEN+(V}) weViE,, <0

subject to:

Z IH\H:]- for ‘}: ]_1_.__:?;

ucl;

Tyus Tup € {U-]-}

2.2.1 Dimension of variables and constraints

State variables z,, and x,,:

There are |V| = n; + ... +n, variables x,,,,
5 .
and |V|?/2 variables x,,,.

Lagrangian multipliers Ajy and g,

There are p [V multiplier variables Aj,
and p = |V| multiplier variables ji;,,.

Constraints:

There are p constraints

3 ry, =1 for j=1,..,p.

uel;

For a normal protein with rotamers from a library like the Dunbrack-Library (see [7]) p &~ 400 and
n; = 80 for i=1..p. Thus we have =~ 5 % 10% state variables,

71,2 # 107 Lagrangian multipliers, and a2 400 constraints
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2.2.2 Implementation of the Lagrangian Relaxation

We can rewrite the following term in the energy function

Z BEyyyy

{upteD’
as
Eyyruy + Z EyyTuy
J=Lp wel;, veNT(V)) J=1p vENT(V)), ueVj By <0
and
Z EyuTyy as Z Eypxyy.
wel” = o

The algorithm consists of the following steps:

1. initialisation of x, A and pu.

2. for fix A and p the energy function is minimized over z,, and z,,.

That means each z,, and x,, are set (within the uncomplicating constraints) either to
0 or to 1 such that the relaxed energy function is minimized with fixed A and p.

Y Epyzy, — > /\j::m:;:; - > HjuTyy
veV J=1heept vENT{V;) J=1p v NH(V;)
+ Z Z Eu!.l Ly

J=lawp vENH(V;) wel;

+ Z Em_.-'l’.'m_.

F=lep: v@NT(V; ), wEV By <0
+ Z Z /\jl.l-'rm.l

J=Llp vENT(V;uel}
zLR{’\'. H 2 0} = m"“;n:r:g.,.,_:r:u,.

+ Z Z HjuTay
J=Lawp vENF(Vi ) ucViiEy, <0

subject to:

. R A2y Ty, Oder po,  xy,,
N o xy =1 for j=1,...,p
wel;

L Tuu, Tun € {[},1}

First z;p is optimized with respect to z,,. There are only concerned the terms in the
first line. We can divide the v € V into p classes V}, j = 1...p. Because we are minimizing
we suppose E,, < 0.
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There are |V

=nq + ... + n, elements in Y EnTy
} weEV
and (p — 1) # [V] elements in

— 3 AjoToy — 5 v
J=Llop veENT(V5) J=Lop vENT(V;)

10
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j=1:
E'u“u“-?'?v.-“g_.“ .............
E

Ving Visey L 1ng Vin,

............ )\2“[ " Iy

......... A2y Ty ywgy OAET floy, | Ty wgy

Apvis Foyyoyy OAET Ly, Toy oy,

Try Ul oder H2u1, Loy, vin,

)‘pf-'l.-,l Lttty Ving oder Hpvin, Toin, vin,

i=k:
Ey

k11 T

B e iy oerereenees

PR L S ERLCCT I T

......... Aoy, Tog v, Oder piy, To, o,

(ROt Mgy, Ty v, Oder fpp,, Tog v, )

k

}\pw“ Tugy vy oder Jprg g T gy

)“1‘?1&-“;\. Lorg e Viny, oder Hlvg,, Togn, hn,

kg, Vkny oder ppy,, v TVkny Viny,

(not Agy, e T

’\P?-'J.- g Tk Vkay, oder Ppugn, Togny, Vkn,,

j=p:
E

Vprip 'r:”pu;u Ypnp

........ Ao

Up1 U1 Bty reeeeeeeeeees

1p1 T v oder Hlvg Toyyvp

A(p—l}w,,lmw‘,,lupl oder H{p—1)vp1 Tvprvm

g Ty vy OQCT Plry, T v

Alp—1)vpny gy vpny OdCT Jip 1), T v,

11
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Determination of the x,,:

In each class Vj only one x,, is 1, the rest is 0.

/* j: residue, nfj]: number of rotamers in residue j */
ok, = 0;
ji=1l.p:
for k=1.n[j]:
relaredRotamerIntEnergy(j|[k] = 0
relazedRotamer IntEnergy(j][k] = relazed Rotamer Int Energy(j][k] + Ey,u,,

for I1=1.pl#j
relaredRotamerInt Energy(j|[k] = relazed Rotamer Int Energy|j][k]—mazx( Alvjis Pl )

/* now for all rotamers of all residues the relaxed internal energies are computed.
Now for each residue j the rotamer with the minimal internal energy has to be chosen. */

for j=1.p:
/* Initialisation */
RotWithMinRelaxIntEnergylj] = 1;
MinRelaxIntEnergy|j] = relaved RotamerIntEnergy[f][1];
for k=1.n[j]:
if relazedRotamerIntEnergylj|[k] < MinRelaxIntEnergy|j
RotWithMinRelaxIntEnergy[j] = k;
MinRelaxIntEnergy|j] = relavedRotamerInt Energy|f][k];
endif

/* now for all variables z,, are set. */
for j=1.p:

for k=1.n[j]:
/* Initialisation */

Ly [J] [k] =)

for j=1.p:
for k=1.n[j]:
if RotWithMinRelaxIntEnergylj] ==k
zuli]lK] = 1
endif

Determination of the x,,:

- 1, if zyy = 1 and 2y, = 1 (from determination above)
o 0, otherwise

12
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3. The Lagrangian multipliers are updated

To update the Lagrangian multipliers A and p we have to identify the variables in STEP4
of the subgradient algorithm in 1.3.3.

STEP4: Update the multipliers

(a) Calculate the Subgradients G}, for current solution vector X .

Gi,f = d‘kf — Z akrj-m:_jr, fi'-, = ]., 0T
JJE}\!

(b) Define a scalar step size T.

T(Zyp — Zip)™
bD i=1

(¢) Update the Lagrange Multipliers set

.
T = ((1%;}

M =maz(0, My + TGL), K =1,..,m

The variable sets dir and agj in (a) are from the complicating constraints (see 1.3.2).
We can write our complicated constraints

Z Tyy = Lyy  forj=1,..p and v € N+{1r’}}
‘HE"-'}'

Z Typ STy for j=1,..p and v ¢ N+{V}]
uelj:E,, <0

as:

for §=1.p:
for k=1.n[j]:

for 1=1.pl#3j:
if ve NT(V))

ul . |
TZI Ty [{][r][7][k] — zvu[4][k] =0
elseif v @ NT(V;) and u € V;: E,, <0

nll]
X ZulllirlG]k] = 2w ][k <0

variable substitution:

elements of V:

j=1l.p

k=1.n[j]

for each element of V there is now an edge defined to all other elements of V
except to those which are in the same class Vj :

I=1.pl#j
r=1l.n[l]

Zuu[l[r][7][K] = 2[t][r] (][]
zwlfllk] = zlp+ 1[0][][K]

13

121



Protein Sidechain placing

Some explanations concerning the variables:
The following variables are defined through the following indices:

Tyt [[F][71[E] (F = Lpsk = Lon[f]; 1 = Lop, 1 # jir = 1.nfl])
Tyy 2 [f][K], (7 = L.psk = 1.n[j])
m complicating constraints: [j|[k][l]. (7 = 1..p;k = L.n[j);l = L.p,I # j)
ajige ¢ (][] [71][k1](for j7: index of state variables) and
[72][k2][l2](for: K’: index for the m complicating constraints)

Computation of ajy:
for j1=1.p:
for ki =1Ll.n[j]:
for Li=1.ply # 71
if ve N"’(Vj]
for ry=1.n[l]:
for ja=1.p:
f()'-l‘" k‘g = ]ﬂ[_]z] :
for la=1.p1s # ja:
alli][r][F1][k1][l2)[g2][k2] = 1 /* factors of z,,*/
alp + 1[0][71][#1][l2][j2][k2] = =1 /* factors of z,,*/
clseif v § N*(V)) and ue V] : By <0
for ri=1.n[l]:
for ja=1.p:
for ks =1l.n[j2]:
for la=1.pls # ja:
alli][r][71][k1][l2][j2][k2] = 1 /* factors of zu,*/
alp + 1)[0][51][#1][l2] [j2][k2] = —1 /* factors of z,,*/

else
for ri=1L1.n[l]:
for jao=1l.p:
for kg =1l.n[ja]:
for la=1.p1s # ja:
aft] ] e ) k2] = 0
alp+ 1][0][j1] o) o] k] = 0

We identify dy. = 0.
We have to compute the vector G, k’=1..m. m is the number of complicating con-

straints, which are integrated into the energy function. Thus m is also the number of
Lagrangian multipliers.

14
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Computation of the vector G L,, k'=1,....m:

Calculate the Subgradients (;i:a for current solution vector X

Gy =dy— Y apyzp, K =1.m
J'EN

Because dy = (:

Gi.r = — Z QgL F=1,.m
JEN

Because k' = 1,...m is equivalent to for j»=1.p:
for ks = l.n[ja]:
fﬂ’?“ IQ = ].p 12 # jQ
we write Gy[l2][j2][k2] instead of GY,.

/* initialization */
for jo=1.p:
for k2 = l.n[j]:
for la=1.ply # j2:
Gi[la][72][k2] = 0

J"* - Z a'.k:’j’-'rm.'*afll

J'EN
for 1 =1.p:
for ki =1l.n[j]:
for lh=1.p,l1 # j1:
if veNT(Vj)
for i =1l.n[lL]:
for ja=1.p:
for k= 1l.n[j2]:
for la=1.pla# jo:
Gillao][72][ks] = Gilla][d2][ka] — alli][ra]lia ]k ][E2] [52] (Ra] = la][ra ] [51 ] Ka]
elseif v @ NY(V;)andu € Vj: By, <0
for r=1l.n[l]:
for jo=1.p:
for ke = l.nfj]:
for la=1.p.ly # ja:
Gulallja)lk) = Galla)lia) k2] — afty o i) ) ) k) ¢l
J'If* - Z a’k'j”rl.'l.'*if

J'EN
for 1 =1.p:
for ki =1l.n[j1]:
for j2=1.p:
for k2 = l.n[j]:
for la=1.ply # ja:
Gullallialka] = Gullalli] ol —alp+ 1[0 T il e+ O k]

15

4) Goto 1. (p-16)

hier ist folgender Fehler: die x_uv werden auf 1 gesetzt. Darin besteht die Relaxation. Dafiir werden die

entsprechenden Constraints als Strafterme in die Minimierungsfunktion eingefiigt.
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11.2 GMEC Version 2

Der Algorithmus funktioniert folgendermassen:
Das Programm hat folgende Teile:
Aufruf:

.Jgmec sidechainanzahl sequencefile datafile_energies

1. Eingabe durch Kommandozeile:
« Anzahl der Sidechains
2. Eingabe durch Datafile:
« Anzahl der Rotamere pro Sidechain
« Selbst-Energien der Rotamere
« wechselseitigen Energien der Rotamere
Folgende Vektoren miissen in entsprechende Datenstrukturen gepackt werden:

lambda,

e x_vv, // kommt in Klasse Sidechain<aminosaeure>
map<bool,> x_vv

for
1..#anzahl_sidechains
1..#anzahl_der_rotamere_in_sidchain_i
lese E_vv aus datafile

setze x_vv =0 // bei Initialisation

o x_uv, // Wechselwirkung zwischen verschiedenen Rotameren -> eigene Klasse
» complicating Constraints: es gibt soviele, wie es Rotamerzustiande x_vv insgesamt gibt

complicating constraints:

-x_vv[i][j] + x_uav[..][..]0]1[G] + .... + x_av[..][..][i][[]1= 0

linke_Seite_complicating_constraints][i]j]:

-x_vvl[i][j] + x_uv[..][..]QIG] + ... +x_av[ ][]
beim Update der lambdas wird zur Berechnung des Gradienten d. von einem Schritt zum anderen pro
Constraint hochstens eine Variablen gedndert (das einzige x_vv, wenn es den Wert wechselt von 0 auf 1

oder umgekehrt), d.h. linke_seite_compl_constr[i][jl(x_vv[i][j]) = fester_Wert[i][j] + x_vv[i][j]

o G=-(linke_seite_compl_constr[i][j](x_vV[i][j]) )

3. Berechnung fester Werte, die durch die Struktur des Programms vorgegeben sind.
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« a: Vorfaktoren der Zustandsvariablen in den complicated constraints.
#a= #Zustandsvariablen(alle x_vv + alle x_uv) * #complicated_constraints

4. Aufbau folgender Datenstrukturen:
« class Sidechain ist eine Templateklasse Sidechain<kAminosaeure>
pro Sidechain i: vector<short> x_vv(anzahl_rotamere_des_sidechain_i)

pro Rotamerzustand eines Sidechains: Interaktionen zu allen anderen

« vector<Sidechain> sidechains_of_protein; // im Konstruktor Protein(short sidechainanzahl)
wird durch eine Schleife (int i; i<sidechainanzahl+1;i++) der Vektor mit den Datenelementen
Sidechain aufgebaut.

Der Sidechain i ist dann sidechains_of_protein [i]. Die Klasse Sidechain ist also eine generische

Klasse Sidechain<i>. Diese generische Klasse hat folgende Datenelemente:

class Sidechain<i> {

int _anzahl_rotamere= anzahl_rotamere[i]; //anzahl_rotamere[i] wird aus datafile
//eingelesen

 class InteractionsBetweenSidechains(int anzahlSidechains, Protein protein)
 class ComplicatedConstraints

Folgendes muss fiir den Algorithmus berechnet werden:

« Aufbau der Datenstrukturen (durch die Konstruktoren und die Eingabedaten (Kommandozeile und
Datafile), (Initialisierung der Einzelwerte mit 0)

« Initialisierung von lambda (je eins pro complicating constraint) Anmerkung: in version2 noch nicht
unterscheiden zwischen lambda und mu

« Iteratives Losen des inneren Optimierungsproblems (pro Iterationsschritt ist lambda fest):

« die relaxierte Energiefunktion, die die complicated constraints mit Lambda-Vorfaktoren enthalt,
wird nach x_vv minimiert (unter dem constaint, dass in einem V_j gilt: }' x_vv = 1), d.h. es wird
pro Sidechain ein x_vv auf 1 und die restlichen auf 0 gesetzt.

Wie die x_vv gesetzt werden ist von den aktuellen lambdas abhéngig.

 alle x_uv werden aber auf 1 gesetzt (dies ist gerade die Relaxation)

e Berechnung des Gradienten G fiir ein update der lambdas: G(x_vv, x_uv, a)

« update des skalaren Vorfaktors von G fiir das update der lambdas

« Update der lambdas

« Abfragen des Abbruchkriteriums: falls nicht erfiillt, gehe in eine weitere Iteration
Folgende Klassen gibt es:

» InteractionsBetweenSidechains: diese Klasse erzeugt und und initialisiert die Variablen x_uv und die
Wechselenergien E_uv; ein
for (j=1;j < p+L;j++){

for (k=1;k<n[j]+1;k++){
x[p+1][0][j](k] = O;
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for (I=1;1<p+1;1++){
for (r=Lr<n[I]+1;r++){
E_uv[j][K][1][r]=0;
x_uvl[jl[k][1][r]=0;
x[IKI][r]=0;

}
11.3 GMEC Version3

Optimierung mit Lagrangian Multipliers compilierbar

11.3.1 GMEC-LR (L6sen des Optimierungsproblems), Rotamere kommen aus Energiefile

Eingabe:

« Anzahl der Rotamere pro Sidechain
« Selbst-Energien der Rotamere
« wechselseitigen Energien der Rotamere

Datenstrukturen:

o fiir die belegten Rotamere x_vv und die Selbstenergien E_vv:
class Protein, class Sidechain, class Rotamer

o fiir die Wechselbeziehungen x_uv und Wechselenergien E_uv:
class InteractionsBetweenSidechains

« fiir die ComplicatingConstraints inklusive Lagrangian Multipliers
class ComplicatingConstraints

o fiir den Optimierungsalgorithmus
main.cc, class InnerOptimization

Folgende Vektoren miissen in entsprechende Datenstrukturen gepackt werden:

lambda,

® x_vv, // kommt in Klasse Sidechain<aminosaeure>
map<bool,> x_vv

for

1..#anzahl_sidechains
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1..#anzahl_der_rotamere_in_sidchain_i
lese E_vv aus datafile

setze x_vv =0 // bei Initialisation

x_uv, // Wechselwirkung zwischen verschiedenen Rotameren -> eigene Klasse

®  complicating Constraints: es gibt soviele, wie es Rotamerzustande x_vv insgesamt gibt

complicating constraints:

X _vVli][j] + x_av[JLA]G] + oo+ x av G LDEGT = 0

linke_Seite_complicating_constraints[ilj]:

SVl + X v LI + o X av L)

beim Update der lambdas wird zur Berechnung des Gradienten d. von einem Schritt zum anderen pro Constraint hdchstens eine Variablen gedndert (das einzige

x_vv, wenn es den Wert wechselt von 0 auf 1 oder umgekehrt), d.h. linke_seite_compl_constr[i][jl(x_vv[i][j]) = fester_Wert[i][j] + x_vV[i][j]

®  G=-(linke_seite_compl_constr[i][jI(x_vV[i][j]) )

5. Berechnung fester Werte, die durch die Struktur des Programms vorgegeben sind.

® a: Vorfaktoren der Zustandsvariablen in den complicated constraints.
#a = #Zustandsvariablen(alle x_vv + alle x_uv) * #complicated_constraints

6. Aufbau folgender Datenstrukturen:

® class Sidechain ist eine Templateklasse Sidechain<Aminosaeure>
pro Sidechain i: vector<short> x_vv(anzahl_rotamere_des_sidechain_i)

pro Rotamerzustand eines Sidechains: Interaktionen zu allen anderen

®  vector<Sidechain> sidechains_of_protein; // im Konstruktor Protein(short sidechainanzahl) wird durch eine Schleife (int i; i<sidechainanzahl+1;i++) der
Vektor mit den Datenelementen Sidechain aufgebaut.
Der Sidechain i ist dann sidechains_of_protein [i]. Die Klasse Sidechain ist also eine generische Klasse Sidechain<i>. Diese generische Klasse hat

folgende Datenelemente:
class Sidechain<i> {
int _anzahl_rotamere= anzahl_rotamere[i]; //anzahl_rotamere[i] wird aus datafile

//eingelesen

®  class InteractionsBetweenSidechains(int anzahlSidechains, Protein protein)

® class ComplicatedConstraints

Folgendes muss fiir den Algorithmus berechnet werden:

®  Aufbau der Datenstrukturen (durch die Konstruktoren und die Eingabedaten (Kommandozeile und Datafile), (Initialisierung der Einzelwerte mit 0)
® Initialisierung von lambda (je eins pro complicating constraint) Anmerkung: in version2 noch nicht unterscheiden zwischen lambda und mu
® [teratives Losen des inneren Optimierungsproblems (pro Iterationsschritt ist lambda fest):

®  die relaxierte Energiefunktion, die die complicated constraints mit Lambda-Vorfaktoren enthilt, wird nach x_vv minimiert (unter dem constaint, dass in
einem V_j gilt: 3’ x_vv = 1), d.h. es wird pro Sidechain ein x_vv auf 1 und die restlichen auf 0 gesetzt.
Wie die x_vv gesetzt werden ist von den aktuellen lambdas abhéngig.

alle x_uv werden aber auf 1 gesetzt (dies ist gerade die Relaxation)
Berechnung des Gradienten G fiir ein update der lambdas: G(x_vv, x_uv, a)
update des skalaren Vorfaktors von G fiir das update der lambdas

Update der lambdas

®  Abfragen des Abbruchkriteriums: falls nicht erfiillt, gehe in eine weitere Iteration
Folgende Klassen gibt es:

® InteractionsBetweenSidechains: diese Klasse erzeugt und und initialisiert die Variablen x_uv und die Wechselenergien E_uv; ein
for (j=1;j < p+1;j++){

for (k=1;k<n[j]+1;k++){

X[p+1][0][j][k] = 0;
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for (I=1;1<p+1;1++){
for (r=L;r<n[I[+1;r++){
E_uv[jl(k][1][r]=0;
x_uvl[j][k][1][r]=0;
x[jIIk]M[x]=0;

main.cc:
int main(int argc, char* argv[])

{

//Programmaufruf: ./gmec_LR num_of_sidechains sequencefile datafile_energies lagrange_initfile

//mumber of side chains is coming from command line.

//atoi wandelt char” in int

int num_of_sidechains = atoi(argv[1]);

char* sequencefile = argv[2];

char* datafile_energies = argv[3]; //zunachst kingsford-Format, dann Dunbrackbib

char* lagrange_initfile = argv([4]; //

cout <<"Anzahl der Seitenketten: " << num_of_sidechains <<"\n";
cout <<"Sequenzfile: " << sequencefile <<"\n";

cout <<"Eigenenergien und Interaktionsenergien: " << datafile_energies <<"\n\n";

//Aufbau der Struktur des Proteins mit variablen Positionen der Seitenketten
Protein protein(num_of_sidechains,sequencefile,datafile_energies);

/fjetzt sind die x_vv[i][j] mit O initialisiert und die E_vv[i][j] eingelesen

//Aufbau der Struktur fiir die Wechselwirkungen
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InteractionsBetweenSidechains interactions_between_sidechains(protein);

/fjetzt sind die x_uv[i][j][k][1] mit 1 initialisiert und die E_uv[i][j][k][l] mit O initialisiert

/noch zu tun: hier miissen bereits die E_uv eingelesen werden, um im nachsten Schritt iberhaupt die
//Complicating Constraints richtig aufzubauen

/...

/[Aufbau der complicating constraints
ComplicatingConstraints complicating_constraints(protein, interactions_between_sidechains);
/ljetzt sind die Geleichungen und die Ungleichungen innerhalb der compl. constraints initialisiert.

/[Erzeugung der lambdas und die mus und Intitialisierung mit 0.1

/////Here begins the algorithm

T T
//STEP1: Initialization

s

// Initialisation of user-defined parameter pi (for stopping criteria)
int stopping_criteria_pi;

stopping_criteria_pi = 2;

// Initialization of N_LR (number of Lagrange operations)

unsigned int N_LR;

//subgradients (for STEP 4)
vector <float> gradient_eq;

vector <float> gradient_uneq;
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//scalar step size T
float T;
T=2;

// Initialization of Lagrangian Multipliers
// FilelO fileIO(lagrange_initfile);
// filelO.lagrangianMultipliersInit(complicating_constraints);

//hier muss die Struktur gedndert werden: die Initialisierung kann gleichzeitig mit der Erzeugung

vorgenommen werden

//da die Anzahl der eq-Compl.Constr. und der uneq-Compl.Constr. durch die E_uv mitdefiniert ist
l-..

#if LAGR_INIT==1
for (int i=0; i<complicating_constraints.compl_eq_constraints.size();i++)
cout << "lambda[" << i << "]" << complicating_constraints.compl_eq_constraints[i].lambda <<"\n";
for (int i=0; i<complicating_constraints.compl_uneq_constraints.size();i++)
cout << "mu[" <<i <<"]" << complicating_constraints.compl_uneq_constraints[i]. mu <<"\n";

#endif

while (stopping_criteria_pi>2){

s
//STEP2: calculate lower bound with subragient method Z_LB ={x_vv, x_uv}

M

// Inner optimization. Bei festem Lambdas und Mus werden die x_vv upgedated.

InnerOptimization inner_optimization(protein, complicating_constraints);
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T
//ISTEP3: calculate upper bound with heuristic method
T T
/[this step is ignored

T T
//STEP4: Update the lagrangian multipliers

s

/// 1. Calculate the Subgradients G_t[k] for the current solution vector (x_vv, x_uv)
/////] 1f all G_i =<0 for each >= constraint, then Z_LB (the actual solution vector) is feasible
if (N_LR =0){
for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq.push_back(0.0);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)

gradient_uneq.push_back(0.0);

for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_eq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_eq_constraints[i].x_vv);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_uneq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_uneq_constraints[i].x_vv);
}
else {
for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_eq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_eq_constraints[i].x_vv);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)

gradient_uneq[i] = -(complicating_constraints.compl_uneq_constraints[i].sum_x_uv_relaxed
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- complicating_constraints.compl_uneq_constraints[i].x_vv);

///] 2. Define a sclar step size

T =1/sqrt(T); //alle zwei Durchldufe wird die Schrittweite halbiert

//// 3. Update der Lagrangian Multipliers

for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
complicating_constraints.compl_eq_constraints[i].lambda =
(complicating_constraints.compl_eq_constraints[i].lambda

+ T * gradient_eq([i]) < 0.0 ? 0.0

(complicating_constraints.compl_eq_constraints[i].lambda
+T * gradient_eq[i]);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)
complicating_constraints.compl_uneq_constraints[i].mu =
(complicating_constraints.compl_uneq_constraints[i].mu

+ T * gradient_uneq([i]) < 0.0 ? 0.0

:(complicating_constraints.compl_uneq_constraints[i].mu

+ T * gradient_uneq([i]);

N_LR++
}//while

#if TEST _INTERACTIONS==1
cout <<"interactions_between_sidechains.interaction_src_sidechains.size()"

<< interactions_between_sidechains.interaction_src_sidechains.size() <<"\n";

#endif
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return 0;

}//end main
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11.4 GMEC Version4_mitBALL

11.4.1 Benutzter Code ,docking tools®
See chapter ,Methoden”.

11.4.2 Gesamtprogramm:

1. Eingabe: PDB-File

2. Berechnung des Energiefiles (durch DEE_complete_SCP.C)

3. GMEC-LR (Losen des Optimierungsproblems) gmec_lr_SCP.C, gmec.h
4. Strukturerzeugung structure_generator_SCP.C

die docking tools werden um gmec_Ir_SCP.C und um gmec_Ir.h erganzt

die Dateien *_SCP optiomieren nur eine pdb-Datei und nicht wie bei den docking tools die binding sites

zweier Proteine.

11.4.3 Eingabe: PDB-File

11.4.4 Berechnung des Energiefiles

Mit DEE_complete_oneInputProtein.C

Aus der PDB-Datei wird mithilfe der Dead-End-Elimnination-Methode, der eine bestimmte

Energiefunktion zugrunde liegt, das Energiefile erzeugt.

1. Einlesen des pdb-Files in das BALL-Object Protein
Protein A;

PDBFile f;
f.open(argv([1]);
f>>A;
f.close();
Log.info() << "read " << A.countAtoms() << " atoms in A" << endl;
2. Building a bounding box arround the protein (returning highest and lowest coordinates). Describing the

smallest cuboid (whose sides are parallel to the planes defined by the coordinate axes) enclosing all

atoms of the molecular object.
BoundingBoxProcessor box;
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A.apply(box);

3. Building a list of all residues in A:
list<Residue*> initial_residues_A;

calculatelnitialLists(initial_residues_A, A);

4. Instatiating FragmentDB: The resulting data can then be used by add_hydrogens and build_bonds
FragmentDB frag_db("/usr/local/BALL/data/fragments/Fragments.db");

5. Instatiating the rotamer library:
RotamerLibrary rot_lib("rotamers/bbind99.Aug.lib", frag_db);

6. remove residues without rotamers from the residues vector

7. create vector of the corresponding rotamer sets

11.4.5 GMEC-LR (L6sen des Optimierungsproblems), Rotamere kommen aus Energiefile
TODO

11.4.6 Strukturerzeugung

structure_generator_SCP.C:
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12 Ergebnisse Testsets

Die Laufzeiten der einzelnen Programme (energiefile erzeugung, ...) werden fiir die Proteine separat

gemessen.
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13 Improvement of Energy function

13.1 Emperical Force Field Models: Molecular Mechanics

13.1.1 Introduction

- Quantum mechanics view is to complex
- molecular mechanics cannot provide properties that depend upon the electronic distribution in a

molecule

- several assumptions: the first assumption is the Born-Oppenheimer approximation:

wdresse i’gj http: iy perphysics, phy-astr . gsu. edu/HEASE fmolecule/bornop, hkml

s ngf - Ippenheimer apprcuximatinn;” !G:Suche - | &'_‘;‘. EEreank | "'f}c Rechtschreibprifung

The Born-Oppenheimer
Approximation

The Bom-Oppenheimer Approsamation 15 the assumption that the electronic
motion and the nuclear motion m meolecules can be separated. Ttleads to a
+

molecular wave function i terms of electron postions Ui and nuclear posthions

Ry,

+ + + +
G = rik; E;
I'-I-'I molecule( ! ]J I'LI electrons( 2 ]JI'-I-'I nu-::lei( ]:I

Thiz inwolves the following assumptions

motion that they can be considered to be fized.

trotm the speedy electrons.

i
s The electronic wavefunction depends upon the nuclear postions Ri tut not
upon their velocities, 1. e, the miclear motion is so tmuch slower than electron

s The nuclear motion (e g, rotation, wibration) sees a smeared out potential

- Molecular Mechanics: simple model of interactions within a system with contributions from processes as
o stretching of bonds
« opening/closing of angles
 rotations about single bonds
- parameters developed from data on small molecules ca be used to study much larger molecules such as

polymers

13.1.2 A simple Molecular Mechanics Force Field
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- Energetic penalties are associated with the deviation of bonds and angles away from their ,,equilibrum*
values.

Torsion

A Bond
A stretching

Non—-Bonded Interactions

Energy =

Stretching Energy +

Bending Energy +

Torsion Energy +

Non-Bonded Interaction Energy
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« Stretching Energy

The stretching energy equation i based on Hooke's law. The "k&" parameter controls the stffness of the bond spring, while
"ra" defines its equilibriuvm length. Tnique "ké" and "re" parameters are assigned to each pair of bonded atoms based on their
types (e.g C-C, C-H, O-C, etc.). This equation estimates the energy associated with wibration about the equilibrium bond
length. Thiz is the equation of a parabola, as can be seen in the following plot:

Optimum
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o Torsion Energy

The torsion energy is modeled by a simple periodic function, as can be seen in the following plot:

The torsion energy in molecular mechanics is primarily used to correct the remaining energy terms
rather than to represent a physical process. The torsional energy represents the amount of energy that
must be added to or subtracted from the Stretching Energy + Bending Energy + Non-Bonded
Interaction Energy terms to make the total energy agree with experiment or rigorous quantum
mechanical calculation for a model dihedral angle (ethane, for example might be used a a model for
any H-C-C-H bond).

The "A" parameter controls the amplitude of the curve, the n parameter controls its periodicity, and
"phi" shifts the entire curve along the rotation angle axis (tau). The parameters are determined from
curve fitting. Unique parameters for torsional rotation are assigned to each bonded quartet of atoms
based on their types (e.g. C-C-C-C, C-O-C-N, H-C-C-H, etc.). Torsion potentials with three
combinations of "A", "n", and "phi" are shown in the following plot:

Notice that "n" reflects the type symmetry in the dihedral angle. A CH3-CH3 bond, for example,
ought to repeat its energy every 120 degrees. The cis conformation of a dihedral angle is assumed to
be the zero torsional angle by convention. The parameter phi can be used to synchronize the torsional
potential to the initial rotameric state of the molecule whose energy is being computed.
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Non-Bonded Energy

The non-bonded energy represents the pair-wise sum of the energies of all possible interacting non-
bonded atoms i and j:

The non-bonded energy accounts for repulsion, van der Waals attraction, and electrostatic
interactions. van der Waals attraction occurs at short range, and rapidly dies off as the interacting
atoms move apart by a few Angstroms. Repulsion occurs when the distance between interacting
atoms becomes even slightly less than the sum of their contact radii. Repulsion is modeled by an
equation that is designed to rapidly blow up at close distances (1/r*12 dependency). The energy term
that describes attraction/repulsion provides for a smooth transition between these two regimes. These
effects are often modeled using a 6-12 equation, as shown in the following plot:

The "A" and "B" parameters control the depth and position (interatomic distance) of the potential
energy well for a given pair of non-bonded interacting atoms (e.g. C:C, O:C, O:H, etc.). In effect,
"A" determines the degree of "stickiness" of the van der Waals attraction and "B" determines the
degree of "hardness" of the atoms (e.g marshmallow-like, billiard ball-like, etc.).

The "A" parameter can be obtained from atomic polarizability measurements, or it can be calculated
quantum mechanically. The "B" parameter is typically derived from crystallographic data so as to
reproduce observed average contact distances between different kinds of atoms in crystals of various
molecules.

The electrostatic contribution is modeled using a Coulombic potential. The electrostatic energy is a
function of the charge on the non-bonded atoms, their interatomic distance, and a molecular
dielectric expression that accounts for the attenuation of electrostatic interaction by the environment
(e.g. solvent or the molecule itself). Often, the molecular dielectric is set to a constant value between
1.0 and 5.0. A linearly varying distance-dependent dielectric (i.e. 1/r) is sometimes used to account
for the increase in environmental bulk as the separation distance between interacting atoms increases.

Partial atomic charges can be calculated for small molecules using an ab initio or semiempirical
quantum technique (usually MOPAC or AMPAC). Some programs assign charges using rules or
templates, especially for macromolecules. In some force-fields, the torsional potential is calibrated to
a particular charge calculation method (rarely made known to the user). Use of a different method
can invalidate the force-field consistency.

13.1.3 Potential energy functions

We have briefly reviewed the variety of interactions which are important in protein interactions and seen
suitable simple mathematical forms for their representation. These are drawn together to form a potential
energy function:

This function can be used to calculate a value for the potential energy (PEF(R)) for any conformation of a
given protein - defined by the (normally Cartesian) coordinate vector R. A number of important points can
be made:

« We called the function a "potential" energy function as it does not contain contributions made to the

total energy made by the motions of the atoms involved. It is possible to calculate these using
molecular dynamics methods.

141


file:///C:/AECENAR/PhysicsSimulationLab-FinalReport/020106VGOEG_Zwischenbericht2.docx%23sim_md

Protein Sidechain placing

o The function aims to give reasonable values for the difference in "microstate" energies between two

different conformations. The absolute value for the energy given does not mean anything (certainly
NOT the free energy of formation). Only differences have meaning. The above equation also does
not allow the examination of any process which involves the change in chemical bonding, e.g., one
cannot simulate chemical reactions in an enzyme active site with it.

This kind of function is normally of little use in estimating whether a protein adopts a particular fold
- much more useful is the approach set out by Sippl which uses an empirically based approach to
identify mis-folds. (See Sippl, M.J. (1990) Calculation of conformational ensembles from potentials
of mean force - an approach to the knowledge-based prediction of local structures in globular-
proteins, J. Mol. Biol. 213:859-883).

To be able to calculate the potential energy of a protein using the above equation involves a large
number of parameters (equilibrium bond lengths beq, bond stretching constants K, ...). The process
of finding these is arduous and in there are only around four potential energy functions in common
usage for proteins (CHARMm, AMBER, GROMOS and ECEPP).

Although results obtained with current potential energy functions are only approximate they have
one great advantage - they are computationally cheap. This allows the introduction of realistic
representation of environment - such as having large numbers of explicitly modelled water molecules
surrounding a protein. It also allows the calculation of the potential energy for many different
conformations of the same molecule. This facilitates the use of techniques such as molecular
dynamics which allows the thermal motions of a system to be explored. This can be contrasted with
quantum chemical methods which even for small systems are so expensive that only a limited
number of calculations can be made but produce very accurate energies.

13.1.4 The AMBER force field

From wikipedia.org:

AMBER (an acronym for Assisted Model Building and Energy Refinement) is a force field for molecular
dynamics originally developed by Peter Kollman's group in the University of California, San Francisco.
AMBER is also the name for the molecular dynamics simulation package associated with this force field,
now coordinated by David A. Case at Scripps Research Institute. A notable use of AMBER is in the
distributed computing project Folding@home where it was recently (as of October 15, 2004) in the

simulation of protein folding.

The force field takes the form of

Some explanation for the terms in the force field expression:

« First term (summing over bonds): in molecular geometry some forces are computed from chemical

bonds between atomic pairs.
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Second term (summing over angles): Forces between atoms in the same molecule may arise even
though the atoms are not themselves bonded side-by-side. The calculation of such forces involve the
angles of the bonds that join the atoms.

Third term (summing over torsions): Atoms and groups of atoms may exert forces on each other.

Fourth term (electrostatic forces): The value rij is a vector. Also note that the argument 7, on the left-

hand side is a vector, which gives the position of each point in the volume containing the molecules.

The vector rij is a displacement vector between two vectors r; and rj. Some forces caused by charges

arising from ionization and dipoles are fairly weak (due to cancellation by other charges) and are thus
reduced by a power of 6 or even 12 on the displacement vector rij Charges that are not cancelled

cause a force proportional to .
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14 The CHARMM force field

CHARMM (Chemistry at HARvard Macromolecular Mechanics) is a force field for molecular dynamics as
well as the name for the molecular dynamics simulation package associated with this force field. The
CHARMM Development Project involves a network of developers in the United States and elsewhere
working with Martin Karplus and his group at Harvard to develop and maintain the CHARMM program.

Licenses for this software are available, for a free, to people and groups working in academia.

14.1 The force field used by SCWRL 3.0

The energy function consists of a log-probability term from the backbone-dependent rotamer library and steric terms between the side chains and
the backbone and between side chains. The library

term has the form

- _,!'JI?.I'}-'R. ¢"L|J )
k) =—Klog—————r
Eplr)=-K lo‘-rrlu".z LR, db. 1) E

where R is the residue type. and K is a constant. currently set to 3.0
based on optimization of the energy function for a 180-protein test
sel. The argument of the log is normalized to the highest prob-
ability rotamer (defined as r; = 1). so that the energy of this ro-
tamer is zero and all others are positive. The steric energy function
between side-chain atoms and the backbone and between side-
chain atoms of different residues is essentially the same as in
earlier versions of SCWRL (Bower et al. 1997). This function is a
very simple linear repulsive energy term, such that

Eiri=0 ro= Rr_r
=10 r< 0.B2154R,;
i r
=57273(1-2-]  0854R,=r=R, (11)

where r is the interatomic distance, and Ry; is the sum of the
hard-sphere radii for atoms ¢ and j. CB is treated as a backbone
atom. The radii used for atoms are as follows: carbon, 1.6 A
oxygen. 1.3 A: nitrogen, 1.3 A: and sulfur, 1.7 A. The form of the
function is designed to represent the repulsive part of the van der
Waals energy in a linear form. It is capped at a value of 10.0
kcal/mole to alleviate the fixed rolamer approximation.
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15.1 ANHANG A: Programmcode fiir GMEC_LR_SCP
15.2 util.h

String getResiduePathName(const Residue& res)

{
// start with the residue name and ID (e.g. ARG78)

String name = res.getName();

name = name.trim();
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String tmp = res.getID();

name += tmp.trim();

// now iterate over all parent nodes in the composite tree
const Composite* parent = res.getParent();
while (parent !=0)
{
/[ if the parent has an non-empty name
const AtomContainer* base_frag = dynamic_cast<const AtomContainer*>(parent);
if (base_frag !=0)
{
tmp = base_frag->getName();
tmp = tmp.trim();
/[ add the name in front of the current name
name = tmp + ":" + name;
}

parent = parent->getParent();

J

return name;

}

15.3 DEE_complete_SCP.C

// DEE_complete_SCP.C
// Version: 09.12.2005

// author: Samir Mourad

#include <algorithm>
#include <BALL/COMMON/logStream.h>
#include <BALL/MOLMEC/AMBER/amber.h>
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#include <BALL/FORMAT/PDBFile.h>

#include <BALL/STRUCTURE/fragmentDB.h>
#include <BALL/STRUCTURE/residueChecker.h>
#include <BALL/STRUCTURE/rotamerLibrary.h>
#include <BALL/COMMON/limits.h>

#include <BALL/DATATYPE/hashGrid.h>

#include <BALL/STRUCTURE/geometricProperties.h>

using namespace BALL;

using namespace std;

#include "util.h"

inline void calculatelnitialLists
(list<Residue*>& contacts_A,

Protein& A)

/>(-
BoundingBoxProcessor box;

A.apply(box);

HashGrid3<Atom™>  grid(box.getLower() - Vector3(distance),

box.getUpper() - box.getLower() + Vector3(distance * 2.0),
distance);
Atomlterator atom_it = A.beginAtom();

for (; +atom_it; ++atom_it)
grid.insert(atom_it->getPosition(), &(*atom_it));

}

// now iterate over all residues of B and
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¥/

/>(-

<= distance_2)
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// store the residue in a list if any of its atoms has a contact with A
// residues in A are selected and collected afterwards

contacts_B.clear();

Residuelterator res_it;

HashGridBox3<Atom®*>::BoxIterator box_it;
HashGridBox3<Atom*>::Datalterator data_it;
HashGridBox3<Atom*>* closest_box;
Vector3 atom_position;

float distance_2 = distance * distance;

for (res_it = B.beginResidue(); +res_it; ++res_it)
{
bool contact = false;
for (atom_it = res_it->beginAtomy(); +atom_it; ++atom_it)
{
atom_position = atom_it->getPosition();

closest_box = grid.getBox(atom_it->getPosition());

if (closest_box !=0)
for (box_it = closest_box->beginBox(); +box_it; ++box_it)
{
for (data_it = box_it->beginData(); +data_it; ++data_it)

{

if (atom_position.getSquareDistance((*data_it)->getPosition())

contact = true;

Fragment” frag = (*data_it)->getFragment();
if (frag !=0)

{

frag->select();
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if (contact)

{
contacts_B.push_back(&(*res_it));

*/
// collect selected residues in A
contacts_A.clear();

for (res_it = A.beginResidue(); + res_it; ++res_it)

{
// if (res_it->isSelected ()
/1
contacts_A.push_back(&(*res_it));
// }
}

Log.info() << "binding site contains " << contacts_A.size() << " residues of A" << endl;

int main(int argc, char** argv)
{
Log.setPrefix(cout, "[%T] ");
Log.setPrefix(cerr, "[%T:ERROR] ");
/*
if (argc <4)
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{

Log.error() << argv[0] << " <pbd file 1> <pdb file 2> <contact distance> [<energy

bound> [<# candidates> [<dist_dep>]]]" << end];

Log.error() <<" contact distance: distance between any two atoms of the binding site

in Angstrom" << end];

<< endl;
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Log.error() <<" energy bound: in kJ/mol" << endl;
Log.error() << " dist_dep: use distance dependent electrostatics (true/false)" << endl;

"

Log.error() << " output is written to <pdb file 1>_<pdb file 2>_energies_complete.dat

return 1;

¥/

Protein A;

PDBFile f;

f.open(argv[1]);

f>>A;

f.close();

Log.info() << "read " << A.countAtoms() <<" atoms in A" << end];
/%

f.open(argv(2]);

f>>B;

f.close();

Log.info() << "read " << B.countAtoms() << " atoms in B" << endl;
*/

// const float distance = atof(argv[3]);

// const float distance = 100.0;

//cout << "contact distance =" << distance << " A" << endl;
float energy_bound = 100.0; // kJ/mol

float max_energy = 1000000.0; // kJ/mol

Size max_candidates = 4;

/*

if (argc > 4)

{
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if (argc > 6)

energy_bound = atof(argv[4]);

cout << "energy bound =" << energy_bound << " kJ/mol" << endl;

if (argc > 5)
{
max_candidates = atoi(argv[5]);
cout << "max # of candidates =" << max_candidates << end];
}
*/
bool use_distance_dependent_electrostatics = false;

/>(-

if (Istrcmp(argv([6], "true"))
{
use_distance_dependent_electrostatics = true;

Log.info() << "using distance dependent electrostatics" << endl;

}
*/
list<Residue*> initial_residues_A;

/Nist<Residue*>initial_residues_B;

calculatelnitialLists(initial_residues_A, A);

/[ create fragment database and rotamer library

// (Dunbrack's backbone-independent rotamer library 08/1999)
Log.info() << "creating fragment and rotamer databases..." << endl;
FragmentDB frag_db("/usr/local/BALL/data/fragments/Fragments.db");
RotamerLibrary rot_lib("rotamers/bbind99.Aug.lib", frag_db);

// remove residues without rotamers from the binding site vectors
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// and create vectors of the corresponding rotamer sets
Log.info() << "setup rotamer sets..." << endl;
vector<Residue*> residues;
vector<ResidueRotamerSet> rotamer_sets;
list<Residue*>::const_iterator list_it;
vector<String> residue_names;
for (list_it = initial_residues_A.begin(); list_it != initial_residues_A.end(); ++list_it)
{
const Fragment* frag = frag_db.getReferenceFragment(**list_it);
if (frag !'=0)
{
if (!frag->hasProperty(Residue::PROPERTY__HAS_SSBOND))
{

const ResidueRotamerSet* rotamer_set_pointer =

rot_lib.getRotamerSet(frag->getName());
if (rotamer_set_pointer = 0)
{
ResidueRotamerSet rs(*rotamer_set_pointer);
if (rs.getNumberOfRotamers() > 0)
{
rotamer_sets.push_back(rs);

residues.push_back(*list_it);

residue_names.push_back(getResiduePathName(**list_it));

Log.info() << "found rotamers for side chain " <<

residue_names.back()

<< " (index " <<

residues.size() - 1 << ")" << end];

else
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n

Log.info() << "Cannot find a rotamer set for residue " <<

(*list_it)->getName() << " of A" << endl;
}

}
else
{
Log.info() << "Residue " << (*list_it)->getName() << " ignored - has
sulphur bridge!" << endl;
}
}
else
{

Log.warn() << "Could not find a reference fragment for " << (*list_it)-

>getName() << endl;

// remember the number of residues from A

Size number_of_residues_of_A = residues.size();

/%
for (list_it = initial_residues_B.begin(); list_it = initial_residues_B.end(); ++list_it)
{

const Fragment* frag = frag_db.getReferenceFragment(**list_it);

if (frag = 0)

{

if (!frag->hasProperty(Residue:PROPERTY__HAS_SSBOND))
{

const ResidueRotamerSet* rotamer_set_pointer

rot_lib.getRotamerSet(frag->getName());
if (rotamer_set_pointer !=0)
{
ResidueRotamerSet rs(*rotamer_set_pointer);

if (rs.getNumberOfRotamers() > 0)
{
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rotamer_sets.push_back(rs);

residues.push_back(*list_it);

residue_names.push_back(getResiduePathName(**list_it));

Log.info() << "found rotamers for side chain " <<
residue_names.back()
<< " (index " <<
residues.size() - 1 <<")" << end];
}
}
else
{
Log.info() << "Cannot find a rotamer set for residue " <<

(*list_it)->getName() <<" of B" << endl;
}

}
else
{
Log.info() << "Residue " << (*list_it)->getName() << " ignored - has
sulphur bridge!" << end]l;
}
}
else
{
Log.warn() << "Could not find a reference fragment for " << (*list_it)-
>getName() << endl;
}
}
*/

Size number_of_residues = residues.size();

Log.info() << "calculate initial rotamers..." << endl;
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vector<Rotamer> initial_rotamers;

Size i;

for (i=0; i < residues.size(); i++)

{
// calculate the initial rotamer of the residues
Rotamer r = rotamer_sets[i].getRotamer(*residues[i]);

initial_rotamers.push_back(r);

// add it to the residue’s rotamer set

rotamer_sets[i].addRotamer(r);

Log.info() << "setup force field..." << endl;

// insert the two proteins into a common system
System AB;

AB.insert(A);

//AB.insert(B);

// check the system for consistency

Log.info() << "checking system integrity..."<< endl;
// ResidueChecker residue_checker(frag_db);
/I AB.apply(residue_checker);

// normalize the names and assign build the bonds according to
/[ the fragment database

Log.info() << "normalizing names..." << endl;
AB.apply(frag_db.normalize_names);
AB.apply(frag_db.build_bonds);

// unmark all residues in the binding site
/>(-
AB.select();
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*/
Size j;
Size t;
/%
for (i =0; i <number_of_residues; ++i)
{
residues[i]->deselect();
}
*/

Log.info() << "setting up force field..." << endl;

/[ create an AMBER force field

AmberFF FF;

FF.options| AmberFF::Option::FILENAME] = "Amber/amber94.ini";

FF.options| AmberFF::Option:: ASSIGN_CHARGES] = "true";

FF.options| AmberFF::Option:: ASSIGN_TYPENAMES] = "true";

FF.options| AmberFF::Option:: ASSIGN_TYPES] = "true";

FF.options| AmberFF::Option:: OVERWRITE_CHARGES] = "true";

FF.options| AmberFF::Option:: OVERWRITE_TYPENAMES] = "true";
FF.options.setBool(AmberFF::Option:DISTANCE_DEPENDENT_DIELECTRIC,

use_distance_dependent_electrostatics);
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// perform the first setup (with assignment of charges, type names, and types)

FF.setup(AB);

// do not assign anything afterwards

FF.options| AmberFF::Option:: ASSIGN_CHARGES] = "false";
FF.options| AmberFF::Option::ASSIGN_TYPENAMES] = "false";
FF.options| AmberFF::Option::ASSIGN_TYPES] = "false";

/[ calculate self-energy of the rest system
Log.info() << "calculating rigid energy contributions..." << endl;

float  energy_rest = FF.updateEnergy();
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Log.info() << "total energy of complex without binding site residues: " << energy_rest

<<"kJ/mol" << end];

Log.info() << "calculating single rotamer energy contributions..." << endl;

Log.info() << "number of residues: " << number_of_residues << endl;

Size s;

AB.deselect();
vector<vector<float>> internal_energy_is(number_of_residues);
vector<vector<bool> > is_valid(number_of_residues);
/[ calculate the internal energy of each rotamer
for (i =0; i <number_of_residues; i++)
{
residues|i]->select();
FF.setup(AB);

ResidueRotamerSet rotamer_set(rotamer_sets|[i]);

internal_energy_is[i].resize(rotamer_set.getNumberOfRotamers());
is_valid[i].resize(rotamer_set.getNumberOfRotamers());
for (s = 0; s < rotamer_set.getNumberOfRotamers(); s++)
{
rotamer_set.setRotamer(*residues[i], rotamer_set[s]);

internal_energy_is[i][s] = FF.updateEnergy();

Log.info() << " E_int(" <<i<<"," << s <<") =" << internal_energy_is[i][s] << endl;

if (internal_energy_is[i][s] > max_energy)

{

is_valid[i][s] = false;
} else {

is_valid[i][s] = true;
}
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residues[i]->deselect();

/[ calculate interaction energies of each rotamer of each residue

/[ with the rest system

/[ create a two-dimensional array to hold the interaction energies
/[ and resize it to the required number of residues and rotamers
vector<vector<float>> energy_rest_i_s(number_of_residues);
vector<vector<float>> min_i_s(number_of_residues);
vector<vector<float>> max_i_s(number_of_residues);
for (i =0; i <number_of_residues; ++i)
{
energy_rest_i_s[i].resize(rotamer_sets[i].getNumberOfRotamers());
min_i_s[i].resize(rotamer_sets[i].getNumberOfRotamers());

max_i_s[i].resize(rotamer_sets[i].getNumberOfRotamers());

Log.info() << "starting the calculation of the rotamer energy contributions " << endl;

/[ calculate all interaction energies rest/rotamer i,s
Residue® current_residue;
Size total_ number_of rotamers =0;
for (i = 0; i <number_of_residues; ++i)
{
AB.select();
// unmark all residues in the binding site
for (j=0; j <number_of_residues; ++)
{

residues|j]->deselect();

// select the current residue only
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current_residue = residues[i];
current_residue->select();

Log.info() << "starting setup" << endl;
FF.setup(AB);

Log.info() << "setup done" << endl;

AB.deselect();

current_residue->select();

/[ assign the rotamers and determine their

/[ energies with the template
ResidueRotamerSet rs(rotamer_sets][i]);

Size valid_rotamers = 0;

for (s = 0; s < rs.getNumberOfRotamers(); s++)

{

rs.setRotamer(*current_residue, rs[s]);

float unopt_energy = FF.updateEnergy/();
energy_rest_i_s[i][s] = FF.getEnergy();
if ((unopt_energy < max_energy) && is_valid[i][s])

{
if ((energy_rest_i_s[i][s] - internal_energy_is[i][s]) > energy_bound)
{
is_valid[i][s] = false;
}
else
{
valid_rotamers++;
}
}
else
{

is_valid[i][s] = false;
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kJ/mol";

}

Log.info() << "residue

rotamers" << endl;;

Log.info() << "E_rest[" << i << "][" << s << "] =" << energy_rest_i_s[i][s] << "
Log.info() <<" ES: " << FF.getESEnergy() <<" VdW: " << FF.getVdWEnergy();
if (lis_valid[i][s])
{

Log.info() << "[invalid]";
}
Log.info() <<" - angle dev.: ";

if (rs.getNumberOfTorsions() >= 1)

{
Log.info() << rs[s].chil - initial_rotamers[i].chil;
}
if (rs.getNumberOfTorsions() >= 2)
{
Log.info() <<" " << rs[s].chi2 - initial_rotamers][i].chi2;
}
if (rs.getNumberOfTorsions() >= 3)
{
Log.info() << " " << rs[s].chi3 - initial_rotamers[i].chi3;
}
if (rs.getNumberOfTorsions() >= 4)
{
Log.info() <<" " << rs[s].chi4 - initial_rotamers][i].chi4;
}
Log.info() << endl;

n

<< i << " has " << valid_rotamers << "/" << rs.getNumberOfRotamers() <<

total_number_of rotamers += valid_rotamers;
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if (valid_rotamers == 0)

{
/[ we didn't find any valid rotamer (e.g. backbone clash)
/] so we reactivate the best half of the candidates
Size half_number = (Size)((rs.getNumberOfRotamers() + 1) / 2.0);
Log.info() << "adding " << half_number <<" minimum rotamers: ";
for (Size counter = 0; counter < half_number; counter++)
{
Index min_index = INVALID_INDEX;
float min = Limits<float>::max();
for (Size j = 0; j < rs.getNumberOfRotamers(); ++j)
{
if ((energy_rest_i_s[i][j] - internal_energy_is[i][j] < min)
&& lis_valid[i][j])
{
min = energy_rest_i_s[i][j] - internal_energy_is[i][j];
min_index =j;
}
}
if (min_index != INVALID_INDEX)
{
is_valid[i][min_index] = true;
Log.info() << min_index <<" ";
}
}
Log.info() << endl;
}
}

Log.info() << "total number of rotamers: " << total_number_of_rotamers << endl;

/[ create data structure for pair interaction energies

vector<vector<vector<vector<float>>>> energy_is_jt;
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energy_is_jt.resize(number_of_residues);
for (i =0; i <number_of_residues; i++)
{
energy_is_jt[i].resize(rotamer_sets[i].getNumberOfRotamers());
for (s = 0; s < rotamer_sets[i].getNumberOfRotamers(); s++)
{
energy_is_jt[i][s].resize(number_of_residues);
for (j = 0; j <number_of_residues; j++)
{

energy_is_jt[i][s][j].resize(rotamer_sets[j].getNumberOfRotamers());

/[ calculate all pair interaction energies
AB.deselect();
for (i =0; i <number_of_residues - 1; i++)
{
Log.info() << "pairwise interactions of residue " <<i+1
<<"[" <<number_of residues << endl;
residues[i]->select();
for (j=i+1;j <number_of_residues; j++)
{
residues][j]->select();
FF.setup(AB);
for (s =0; s <rotamer_sets[i].getNumberOfRotamers(); s++)
{
if (is_valid[i][s])
{
rotamer_sets[i].setRotamer(*residues[i], rotamer_sets[i][s]);

for (t=0; t <rotamer_sets[j].getNumberOfRotamers(); t++)

{
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if (is_valid[j][t])
{

rotamer_sets[j].setRotamer(*residues]j],

rotamer_sets[j][t]);

float energy = FF.updateEnergy/();

energy -= internal_energy_is[i][s] +

internal_energy_is[j][t];

energy_is_jt[i][s][j][t] = energy;

energy_is_jt[j][t][i][s] = energy;

/[Log.info() <<" E[" <<i<<"]["<<s << "|["<<j <<
"[" <<t<<"] =" << energy << " kJ/mol"

/l < "(VAW =
" << FF.getVdWEnergy() << " kJ/mol / ES = " << FF.getESEnergy() << " kJ/mol)" << end];

}

else
{
energy_is_jt[i][s][j][t] = max_energy;
energy_is_jt[j][t][i][s] = max_energy;
}
}
}
else
{
// set all rotamer energies to max_energy
for (t =0; t <rotamer_sets[j].getNumberOfRotamers(); t++)
{
energy_is_jt[i][s][j][t] = max_energy;
energy_is_jt[j][t][i][s] = max_energy;
}
}
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}

residueslj]->deselect();

J

residues[i]->deselect();

long double number_of_combinations = 1;

Size count;
for (i =0; i <number_of_residues; i++)
count =0;

for (s =0; s <rotamer_sets[i].getNumberOfRotamers(); s++)

{
if (is_valid[i][s])
{
count++;
}
}

cout << "residue " <<i<<" has " << count << " rotamers" << end];

number_of combinations *= count;

}

Log.info() << "number of possible combinations: " << number_of_combinations << end]l;

Log.info() << "starting DEE..." << endl;;

Size removed_in_this_iteration;
do
{

removed_in_this_iteration = 0;

for (i=0; i <number_of_residues; ++i)
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{

for (s = 0; s < rotamer_sets[i].getNumberOfRotamers(); s++)

{
float sum_min = energy_rest_i_s[i][s];

float sum_max = sum_min;

for (j =0; j <number_of_residues; j++)

{
if (j I=1)
{
float min = Limits<float>::max();
float max = Limits<float>::min();
for (t = 0; t < rotamer_sets[j].getNumberOfRotamers();
t++)
{
float tmp = energy_is_jt[i][s][jl[t];
if ((tmp < max_energy) && is_valid[i][s] &&
is_valid[j][t])
{
if (tmp < min) min = tmp;
if (tmp > max) max = tmp;
}
}
/| remove rotamers of i in conflict with all other
rotamers of the j-th sidechain
//if (min == Limits<float>::max())
I
// is_valid[i][s] = false;
I
sum_min += min;
sum_max += max;
}
}

min_i_s[i][s] = sum_min;
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max_i_s[i][s] = sum_max;

for (i=0; i <number_of_residues; ++i)

{
for (s =0; s <rotamer_sets[i].getNumberOfRotamers(); s++)
{
if (is_valid[i][s])
{
float tmp = min_i_s[i][s];
for (t=0; t <rotamer_sets[i].getNumberOfRotamers(); t++)
{
if ((t !=s) && is_valid[i][t] && (max_i_s[i][t] < tmp))
{
is_valid[i][s] = false;
removed_in_this_iteration++;
break;
}
}
}
}
}

Log.info() << "DEE removed " << removed_in_this_iteration << " rotamers" << endl;

} while (removed_in_this_iteration > 0);

Log.info() << end];

number_of combinations =1;
for (i=0; i <number_of_residues; i++)

{
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count =0;
for (s =0; s < rotamer_sets[i].getNumberOfRotamers(); s++)
{

if (is_valid[i][s])

{

count++;

J

cout << "residue " <<i<<" has " << count << " rotamers" << endl;

number_of_combinations *= count;

}

Log.info() << "number of possible combinations: " << number_of_combinations << end]l;

const float max_LP_energy = 1el5;

String outfilename = String(argv[l]) /* + " " + String(argv[2])*/ +

"

_energies_complete.dat";

Log.info() << "ALLAH! " << end];

ofstream outfile(outfilename.c_str());

Log.info() << "writing LP input to " << outfilename << endl;

/[ write the parameters
outfile <<"; energy_bound =" << energy_bound << end];

outfile << "; distance_dependent_ES =" << use_distance_dependent_electrostatics <<
endl];

outfile << ";" << endl;
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168

// write the filenames of A and B
outfile << argv[1] << end];

//outfile << argv[2] << end];

/[ write the contact distance in Angstrom

// outfile << distance << endl;

/[ write the template energy

outfile << energy_rest << endl;

// write number of residues

outfile << number_of residues_of_ A <<endl;

// write number of residues of A

//outfile << number_of_residues_of A <<end];

/[ write E rest and general information for each residue of A
for (i =0; i <number_of_residues_of_A; ++i)
{
String stringA(residue_namesJi]);
String stringB(" ");
String stringC("™);
for(String::iterator it= stringA.begin();it != stringA.end();it++)

string A .substitute(stringB, stringC);

nn "o,

7

//outfile << residue_names[i] << " " <<i<<

"non

<<i<<" ",

7

outfile << stringA <<
outfile << rotamer_sets[i].getNumberOfRotamers();
for (s =0; s <rotamer_sets[i].getNumberOfRotamers(); ++s)
{
float tmp = energy_rest_i_s[i][s];

if ((tmp >= max_LP_energy) | | lis_valid[i][s])
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{
tmp = max_LP_energy;
}
outfile <<" " << tmp;
}
outfile << endl;
}

// write the number of residues of B

// outfile << number_of residues - number_of residues_of_A <<endl;

/[ write E rest and general information for each residue of B
/>(-
for (i = number_of_residues_of_A; i < number_of_residues; ++i)

{

outfile << residue_names[i] <<

"non

<<i<<uu;

outfile << rotamer_sets[i].getNumberOfRotamers();

for (s =0; s <rotamer_sets[i].getNumberOfRotamers(); ++s)

{
float tmp = energy_rest_i_s[i][s];
if ((tmp >=max_LP_energy) | | !is_valid[i][s])
{
tmp = max_LP_energy;
}
outfile << " " << tmp;
}
outfile << endl;
}
¥/

/[ write pairwise interaction energies
for (i=0; i < (number_of_residues - 1); i++)
{

for (j=1i+1;j <number_of_residues; j++)
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{

for (s =0; s < rotamer_sets[i].getNumberOfRotamers(); s++)

{

for (t=0; t < rotamer_sets[j].getNumberOfRotamers(); t++)

{
float tmp = energy_is_jt[i][s][j][t];
if (tmp >=max_LP_energy | | !is_valid[i][s] | | !is_valid[j][t])
{

tmp = max_LP_energy;

}

outfile <<j<<""<<j<<" "< s << """ Kt <<" "< tmp << end];

outfile.close();

Log.info() << "done." << end];

return 0O;

15.4 gmec_Ir.h

/] gmec_Ir.h

// Version: 30.11.2005

// author: Samir Mourad
#ifndef _GMEC_LR_
#define GMEC_LR_
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#include <vector>
#include <utility>

#include <fstream>

using namespace std;

const int MAX_POSSIBLE_SIDECHAINS_IN_PROTEIN = 420;
const int MAX_POSSIBLE_ROTAMERS_IN_SIDECHAIN = 81;

class ComplEqConstr
{
public:
ComplEqConstr(){}
ComplEqConstr(pair<unsigned int,unsigned int>& x_vv_index_sc_rot_input, bool x_vv_input,
int index_constr_dest_sc_input,
int sum_x_uv_relaxed_input);
//Zuweisungsoperator
ComplEqConstré& operator=(const ComplEqConstré& rhs);
//Copy-Konstruktor

ComplEqConstr (const ComplEqConstré& src)
{
}

pair <unsigned int,unsigned int> x_vv_index_sc_rot; //Index des x_vv, welches an diesem Complicating
Constraint beteiligt ist
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//(mehrere haben den gleichen x_vv-Index!!)

bool x_vv;
int index_constr_dest_sc;
int sum_x_uv_relaxed;

float lambda; //Lagrangian multiplier
7

class ComplUneqConstr
{
public:
ComplUneqConstr(){}
ComplUneqConstr(pair<unsigned int,unsigned int>& x_vv_index_sc_rot_input, bool x_vv_input,
int index_constr_dest_sc_input,
int sum_x_uv_relaxed_input);
//Zuweisungsoperator

ComplUneqConstré& operator=(const ComplUneqConstré& rhs);

//Copy-Konstruktor

ComplUneqConstr (const ComplUneqConstré& src)
{

}

pair <unsigned int,unsigned int> x_vv_index_sc_rot; //Index des x_vv, welches an diesem Complicating
Constraint beteiligt ist

//(mehrere haben den gleichen x_vv-Index!!)
bool x_vv;
int index_constr_dest_sc;
int sum_x_uv_relaxed;

float mu; //Lagrangian multiplier

1
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class ComplicatingConstraints

{

private:

public:

ComplicatingConstraints(vector<vector<bool> >& x_rest,
vector<vector<vector<vector<bool> > > >& X_pw,
vector<vector<float>>& E_rest,
vector<vector<vector<vector<float>>>>& E_pw,

vector<vector<bool>>& N_plus_V);

/[Zuweisungsoperator

ComplicatingConstraints& operator=(const ComplicatingConstraintsé& rhs);

//Copy-Konstruktor

ComplicatingConstraints (const ComplicatingConstraintsé& src)
{

}

/[ die compl. Constraints werden so aufgeschrieben, dass alle Terme links sind

// und eine Null auf der rechten Seite der Gleichung ist.

/[ da die x_uv standig auf 1 gesetzt bleiben, ist fiir ein Compl. Constraint nur entscheidend,
/] a) wieviel x_uv in dem Compl.Constr. sind und b) der Index und der Wert des einen x_vv
vector <ComplEqConstr> compl_eq_constraints;

vector <ComplUneqConstr> compl_uneq_constraints;

vector <vector <vector <ComplEqConstr>> > field_compl_eq_constraints;

vector <vector <vector <ComplUneqConstr>>> field_compl_uneq_constraints;

void initLagrangianMultipliers();
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// hier muss noch eine Funktion zum Einlesen der Energien
/[ aus dem vorrangegangenen Programmteil (Berechnen der Energien aus der PDB-Datei)

// void set_Rot_is_element_of N_plus_V (vector<vector<float>> E_rest);

class InnerOptimization

{

private:

public:
InnerOptimization(){}
void makeInnerOptimization(vector<vector<bool> >& x_rest,
vector<vector<float>>& E_rest,
/[vector < vector<bool>>& N_plus_V,

ComplicatingConstraints& complicating_constraints);

I i
T T
T g
T g
T T T
T T
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ComplEqConstr::ComplEqConstr(pair<unsigned int,unsigned int>& x_vv_index_sc_rot_input , bool

X_vv_input,
int index_constr_dest_sc_input,
int sum_x_uv_relaxed_input)
{
x_vv_index_sc_rot = x_vv_index_sc_rot_input;
X_Vv =x_vv_input;
index_constr_dest_sc_input = index_constr_dest_sc;

sum_x_uv_relaxed = sum_x_uv_relaxed_input;

/[Zuweisungsoperator

ComplEqConstr& ComplEqConstr::operator=(const ComplEqConstré& rhs)
{

)

ComplUneqConstr::ComplUneqConstr(pair<unsigned int,unsigned int>& x_vv_index_sc_rot_input , bool

x_vv_input,
int index_constr_dest_sc_input,
int sum_x_uv_relaxed_input)
{
x_vv_index_sc_rot =x_vv_index_sc_rot_input;
X_Vv =Xx_vv_input;
index_constr_dest_sc_input = index_constr_dest_sc;
sum_x_uv_relaxed = sum_x_uv_relaxed_input;

}

//Zuweisungsoperator
ComplUneqConstr& ComplUneqConstr::operator=(const ComplUneqConstré& rhs)
{
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}

void ComplicatingConstraints::initLagrangianMultipliers()
{
//Initialization of all lambdas with 0.1 (it could be also zero)
for (unsigned int i=0; i<compl_eq_constraints.size();i++)
compl_eq_constraints[i].lambda = 0.1;
//Initialization of all mu with 0.1 (it could be also zero)
for (unsigned int i=0; i<compl_uneq_constraints.size();i++)

compl_uneq_constraints[i].mu=0.1;

#if LAGRANGIAN_INIT TEST==1
cout << "Initialization of all lambdas and mus with zero\n";

#endif

ComplicatingConstraints::ComplicatingConstraints(vector<vector<bool> >& x_rest,
vector<vector<vector<vector<bool>>>>& x_pw,
vector<vector<float>>& E_rest,
vector<vector<vector<vector<float>>>>& E_pw,

vector<vector<bool>>& N_plus_V)

pair <unsigned int,unsigned int> xvv_index_sc_rot; //Hilfsvariable
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unsigned int count_Euv_greater_zero = 0;
field_compl_eq_constraints.resize(E_rest.size());
field_compl_uneq_constraints.resize(E_rest.size());
for (unsigned int i=0; i < E_rest.size(); i++){
//allocate array
tield_compl_eq_constraints[i].resize(E_rest[i].size());
tield_compl_uneq_constraints[i].resize(E_rest[i].size());
for (unsigned int s=0; s < E_rest[i].size(); s++){
//allocate array
tield_compl_eq_constraints[i][s].resize(E_rest.size());
field_compl_uneq_constraints[i][s].resize(E_rest.size());
for (unsigned int j=0; j < E_rest.size(); j++){
if ((N_plus_V[j][i]) ){ // v element aus N+(V_j)
xvv_index_sc_rot.first=i;

xvv_index_sc_rot.second=s;

ComplEqConstr compl_eq_constraint(xvv_index_sc_rot, x_rest[i][s],j,E_pwli][s][j].size());

//compl_eq_constraints.push_back(compl_eq_constraint);

field_compl_eq_constraints[i][s][j] = compl_eq_constraint;

}

else { /[ v nicht element aus N+(V_j)
xvv_index_sc_rot.first=i;

xvv_index_sc_rot.second=s;

for (unsigned int t=0; t < E_rest[j].size(); t++){

if (E_pw[jl[t][il[s] > 0)

count_Euv_greater_zero++;

}
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ComplUneqConstr compl_uneq_constraint(xvv_index_sc_rot,

x_rest[i][s],j,count_Euv_greater_zero);

//[compl_uneq_constraints.push_back(compl_uneq_constraint); /Benutzung des Copy-Konstruktors

tield_compl_uneq_constraints[i][s][j] = compl_uneq_constraint; //Benutzung des

Zuweisungsoperators

}

/[Zuweisungsoperator

ComplicatingConstraints& ComplicatingConstraints::operator=(const ComplicatingConstraintsé& rhs)

{
}

//Definition von Funktionen von InnerOptimization

void InnerOptimization::makelnnerOptimization(vector<vector<bool> >& x_rest,
vector<vector<float> >& E_rest,
/[ vector < vector<bool>>& N_plus_V,

ComplicatingConstraints& complicating_constraints)
{
cout << "inner optimization. Bei festem Lambdas und Mus werden die x_vv upgedated.\n";

// Bestimmung der x_vv: for i=1..sidechains_of_protein.size()-1: nur eines der x_ij ist 1, der Rest null.

/] E_vvl[i][s]-(lambdali][s][0]+...+lambda[i][j][] +

178



Protein Sidechain placing

1l mu(i][jl{0]+...+ mu[i][j][]

//fir jedes i gibt es j=0..sidechains_of_protein[i].rotamers_of_sidechain.size()-1

Summen,
/[es ist das j zu nehmen, wodurch sich die minimale Summe ergibt
A A AR R R
/it Diese Implementierung ist nicht optimal, da der gesamte lamba und mu-Raum pro k-Schleife

//float
sum[MAX_POSSIBLE_SIDECHAINS_IN_PROTEIN][MAX_POSSIBLE_ROTAMERS_IN_SIDECHAIN];

float
sum[MAX_POSSIBLE_SIDECHAINS_IN_PROTEIN][MAX_POSSIBLE_ROTAMERS_IN_SIDECHAIN];

/[suml[i][j][k] "hart" als Array und nicht als Vektor kodiert (zur Vereinfachung)
for (unsigned int i=0; i< x_rest.size();i++){

for (unsigned int s=0; s < x_rest[i].size(); s++){

sum[i][s]= E_rest[i][s];

for (unsigned int j=0; j < E_rest.size(); j++){
sum[i][s]= sumli][s] - complicating_constraints.field_compl_eq_constraints[i][s][j].lambda;

- complicating_constraints.field_compl_uneq_constraints[i][s][j].mu;

// schauen, ob es unter vector eine Funktion gibt, die die Summe der Vektorelemente
angibt,
// dann kann man auch die Elemente

// k<i auf null setzen
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}

// Bestimmung des Index fiir die minimale Summe
float optimal_sum_index[MAX_POSSIBLE_SIDECHAINS_IN_PROTEIN];
for (unsigned int i=0; i < x_rest.size(); i++){
optimal_sum_index[i]=0;
for (unsigned int s=1; s<x_rest[i].size(); s++){

optimal_sum_index[i]=(sum[i][s] < sum[i][0]) ? s: optimal_sum_index[i];

A R AR
/i Diese Implementierung ist nicht optimal.
/i hier muss noch der Code optimiert werden.

/[ beim neuen x_vv nur die veranderten x_vv-Werte durchgegangen werden miissen, vorher miisste ein

Flag gesetzt werden
// Setzen der neuen x_vv-Werte
for (unsigned int i=0; i < x_rest.size(); i++){
for (unsigned int j=0; j<x_rest[i].size(); j++){
x_rest[i][j] = 0;
if (j==optimal_sum_index[i])

x_rest[i][j] =1;

}//end InnerOptimization::makelnnerOptimization(Protein protein, ComplicatingConstraints

complicating_constraints)
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#endif /_GMEC_LR_

15.5 gmec_Ir_SCP.C

/] gmec_lr_SCP.C

//Version: 9.12.05

//Author: Samir Mourad

#include <BALL/common.h>

#include <BALL/DATATYPE/string.h>
#include <BALL/MATHS/vector3.h>
#include <BALL/COMMON/limits.h>
//#include "basicTree.h"

#include "gmec_Ir.h"

#include <algorithm>

#include <fstream>

using namespace BALL;
using namespace std;
/¢
struct EnergyData
{
float energy;
Size residue_index;

Size rotamer_index;
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1

¥/

/>(-
bool less_than(BasicTree<EnergyData>* el, BasicTree<EnergyData>* e2)

{
return(el->getData().energy < e2->getData().energy);

¥/

Size max_candidates = 1;

int main(int argc, char** argv)

{
Log.setPrefix(cout, "[%T] ");
Log.setPrefix(cerr, "[%T:ERROR] ");
if ((argc !=3) && (argc !=4) && (argc !=5))
{

Log.error() << argv[0] <<

"

<energies file> <output file> [<max_candidates>

[<max_leaves>]]" << end];

Log.error() << " calculate the optimal rotamers of the binding-site side-chains with

lagrangian multipliers" << endl;
Log.error() << " The optimal rotamers are written to <output file>" << endl;
Log.error() << " if max_candidates is not given, a default of 1 is assumed." << end];
Log.error() << " if max_leaves is not given, a default of 20000 is assumed." << end];

return 1;

ifstream energies(argv[1]);
if (lenergies)

{
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Log.error() << "could not open energies file: " << argv[1] << end];

return 1;

ofstream output(argv[2], ios::out);
if (loutput)
{

Log.error() << "could not open energies file: " << argv[1] << endl;

return 1;

if (argc ==4)
{

max_candidates = atoi(argv[3]);

}

Size max_leaves = 20000;
if (argc ==15)
{

max_leaves = atoi(argv[4]);

;og.info() << "max_leaves =" << max_leaves << endl;
String line;

line.getline(energies);

/l ignore all comment lines

while (line[0] =="}")

{

line.getline(energies);
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// read the PDB filenames
String filename_A =line;

line.getline(energies);

//String filename_B = line;

//line.getline(energies);

Log.info() << "A will be read from: " << filename_A << endl;

//Log.info() << "B will be read from: " << filename_B << endl;

// reade the contact distance
// float contact_distance;
/| contact_distance = line.toFloat();

// Log.info() << "contact distance: " << contact_distance <<" A" << endl;

// read the template energy

float template_energy;
//line.getline(energies);
template_energy = line.toFloat();

Log.info() << "template energy: " << template_energy << " kJ/mol" << end];

// create data structures for the residue names and energies

vector<String> residue_names;

// read the number of residues in the binding site
//line.getline(energies);
//Size number_of_residues = line.toUnsignedInt();

//Log.info() << "number of residues: " << number_of_residues << end];

// read the number of residues in A
line.getline(energies);

Size number_of_residues_of_A = line.toUnsignedInt();
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Log.info() << "number of residues in A: " << number_of_residues_of A <<endl;

/[ create a twodimensional field to hold the interaction energies
vector<vector<float> > E_rest(number_of_residues_of_A);
/[ create a twodimensional field to hold vars of the interaction energies

vector<vector<bool> > x_rest(number_of_residues_of_A);

/[ read the residues and their energies
Size i, j;
for (i =0; i <number_of_residues_of_A; i++)
{
// read the line

line.getline(energies);

// save the residue path
residue_names.push_back(line.getField(0));

Log.info() << "reading residue " << residue_names.back() << end];

// check the residue index
if (line.getField(1).toUnsignedInt() !=1i)
{

Log.error() << "read wrong residue index: " << line.getField(1) << " while

expecting " <<i<<endl;
return 2;
}
// read the number of rotamers

Size number_of_rotamers = line.getField(2).toUnsignedInt();

// resize E_rest
E_rest[i].resize(number_of_rotamers);
/] resize x_rest

x_rest[i].resize(number_of_rotamers);
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// read the rotamer energies E_rest and initialize x_rest (these are the x_vv)
for (j =0; j <number_of_rotamers; j++)
{

E_rest[i][j] = line.getField(3 +j).toFloat();

x_rest[i][j] = 0;

}

Log.info() << "done." << endl;

/%

// read the number of residues in B
line.getline(energies);

Size number_of_residues_of_B = line.toUnsignedInt();

Log.info() << "number of residues in B: " << number_of_residues_of_B <<end];

for (i = number_of_residues_of_A; i < number_of_residues; i++)
{
// read the line

line.getline(energies);

/[ save the residue path

residue_names.push_back(line.getField(0));

// check the residue index
if (line.getField(1).toUnsignedInt() !=1i)
{

"

Log.error() << "read wrong residue index: " << line.getField(1) << " while
expecting " <<i<<endl;

return 2;
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// read the number of rotamers

Size number_of_rotamers = line.getField(2).toUnsignedInt();

// resize E_rest
E_rest[i].resize(number_of_rotamers);
// resize x_rest

x_rest[i].resize(number_of_rotamers);

// read the rotamer energies E_rest and initialize x_rest (these are the x_vv)
for (j =0; j <number_of_rotamers; j++)

{
E_rest[i][j] = line.getField(3 +j).toFloat();
x_rest[i][j] = 0;
}
*/

// read the pairwise energies

/[ create a vector for the pairwise energies

vector<vector<vector<vector<float>>>> E_pw(number_of_residues_of_A);
vector<vector<vector<vector<bool> > > > x_pw(number_of_residues_of_A);
Size s, t;

// allocate the correct vector sizes
for (i =0; i <number_of_residues_of_A; i++)
{
// allocate the array
E_pwli].resize(E_rest[i].size());
x_pwli].resize(E_rest[i].size());
for (s = 0; s < E_rest[i].size(); s++)

{
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// allocate the array
E_pwli][s].resize(number_of_residues_of_A);

x_pwli][s].resize(number_of_residues_of_A);

for (j=0; j <number_of_residues_of_A; j++)
{
/[ allocate the array
E_pw[il[s][j].resize(E_rest[j].size());
x_pwlil[s][j].resize(E_rest[j].size());
}

Size count =0;
/[ read the rotamer energies E_pw and initialize x_pw (these are the x_uv)
for (i =0; i < (number_of_residues_of_A - 1); i++)
{
for (j=i+1;j <number_of_residues_of_A;j++)
{
for (s =0; s < E_rest[i].size(); s++)
{
for (t=0; t < E_rest[j].size(); t++)
{
// read a line from the erngies file

line.getline(energies);

/[ verify the indices

if ((line.getField(0).toUnsignedInt() != 1)
I'l (line.getField(1).toUnsignedInt() !=j)
I'l (line.getField(2).toUnsignedInt() !=s)
I'l (line.getField(3).toUnsignedInt() !=t))

188



Protein Sidechain placing

Log.error() << "wrong indices: " << line << end];

count++;
// assign pairwise energy

E_pwli][s][jl[t] = line.getField(4).toFloat();

x_pwli][s][jl[t] = 0;

E_pwl{jl[t][i][s] = E_pw([i][s][jI[t];

x_pwljl[tI[il[s] = x_pwIil[s][jI[t];

J

Log.info() << "read " << count << " pairwise energies." << endl;

// Bestimmung der N+(V_j):

vector < vector<bool>>N_plus_V;

N_plus_V.resize(number_of_residues_of_A);

for (i=0; i < E_rest.size(); i++)

N_plus_V[i].resize( E_rest[i].size() );

for (j=0; j < E_rest.size(); j++){

for (i=0; i < E_rest.size(); i++){

for (t=0; t < E_rest[j].size(); t++){

for (s=0; s < E_rest[i].size(); s++){

if (E_pw/[j][t][i][s]>0)

N_plus_VIj][i]1;

else
N_plus_V/[j][i]=0;
}
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}
/[cout <<" N_plus_V["<<j<< "[["<<i<<"]="<< N_plus_VJ[j][i] <<"\n";
}
}
cout <<" N+(V_j) bestimmt\n";
/| Log.info() <<" N+(V_j) bestimmt\n";

/[evtl. als Funktion implementieren, wo beim ersten E_pw>0 der Ausstieg erfolgt

//l/vorerst

/l char* lagrange_initfile
"/home/samir/src/docking_and_SCP_tools_work/lagrange_initfile.txt"; //

/// Ende vorerst

N_plus_V[1][0]=1;
/[Autbau der complicating constraints

ComplicatingConstraints complicating_constraints(x_rest,

/////Here begins the algorithm

T
//STEP1: Initialization

e as
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// Initialisation of user-defined parameter pi (for stopping criteria)
int stopping_criteria_pi;

stopping_criteria_pi = 2;

// Initialization of N_LR (number of Lagrange operations)

unsigned int N_LR=0;

/[subgradients (for STEP 4)
vector <float> gradient_eq;

vector <float> gradient_uneq;

//scalar step size T
float T;
T=2;

InnerOptimization inner_optimization;

while (stopping_criteria_pi > 0.0005){

s
//STEP2: calculate lower bound with subragient method Z_LB ={x_vv, x_uv}

s

// Inner optimization. Bei festem Lambdas und Mus werden die x_vv upgedated.
inner_optimization.makelnnerOptimization(x_rest, E_rest,
/IN_plus_V,

complicating_constraints);

[T
//STEP3: calculate upper bound with heuristic method

I
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//this step is ignored

T T
//STEP4: Update the lagrangian multipliers

T

/// 1. Calculate the Subgradients G_t[k] for the current solution vector (x_vv, x_uv)
////]] If all G_i =<0 for each >= constraint, then Z_LB (the actual solution vector) is feasible
if (N_LR ==0){
for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq.push_back(0.0);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)

gradient_uneq.push_back(0.0);

for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_eq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_eq_constraints[i].x_vv);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_uneq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_uneq_constraints[i].x_vv);
}
else {
for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
gradient_eq[i] = -(complicating_constraints.compl_eq_constraints[i].sum_x_uv_relaxed
- complicating_constraints.compl_eq_constraints[i].x_vv);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)
gradient_uneq[i] = -(complicating_constraints.compl_uneq_constraints[i].sum_x_uv_relaxed

- complicating_constraints.compl_uneq_constraints[i].x_vv);

///] 2. Define a sclar step size

T =1/sqrt(T); //alle zwei Durchldufe wird die Schrittweite halbiert
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//// 3. Update der Lagrangian Multipliers

for (int i=0; complicating_constraints.compl_eq_constraints.size(); i++)
complicating_constraints.compl_eq_constraints[i].lambda =
(complicating_constraints.compl_eq_constraints[i].lambda

+ T * gradient_eq[i]) < 0.0

(complicating_constraints.compl_eq_constraints[i].lambda
+T * gradient_eq[i]);
for (int i=0; complicating_constraints.compl_uneq_constraints.size(); i++)
complicating_constraints.compl_uneq_constraints[i].mu =
(complicating_constraints.compl_uneq_constraints[i].mu

+ T * gradient_uneq([i]) <
:(complicating_constraints.compl_uneq_constraints[i].mu

+T * gradient_uneq[i]);

N_LR++
//vorerst:

stopping_criteria_pi = stopping_criteria_pi/3;
}//while

Log.info() << "N_LR="<<N_LR << end];
/I111111111]]/ Ausgabe in Datei, die in structure_generator gegeben wird

Log.info() << "writing solutions to " << argv[2] << end];

0.0

output << "# created by " << argv[0] <<" from " << argv[1] << end];

/[ output << contact_distance << endl;

int number_of_solutions =1;

output << number_of_solutions << end];

0.0

0.0
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output << argv[1] << endl;

// Output the energy_value and the system

/[vorest wird die template energy anstatt energy value benutzt
template_energy=4e+15;

"noan

output << template_energy <<" " << number_of_residues_of_A <<endl;

for (unsigned int j=0; j< residue_names.size(); j++)

{

output << residue_names][j];
output <<"";
output <<j;
output <<"";
for (unsigned int t=0; t < E_rest[j].size(); t++){
if (x_rest[j][t]==1){
output << t<<" " << end];

}
}

Log.info() <<" Anzahl der Rotamere: " << x_rest[j].size() << "\n';

/[ hier noch optimieren: raus aus der for t=0..-Schleife

Log.info() << "Anzahl der Residuen: " << E_rest.size() <<" "<<"\n";
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output.close();

cout << "nach output.close()\n";

return 0;
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15.6 structure_generator_SCP.C

/[ structure_generator_SCP.C
//Version: 9.12.05
//Author: Samir Mourad

#include <algorithm>

#include <BALL/MOLMEC/AMBER/amber.h>
#include <BALL/FORMAT/PDBFile.h>

#include <BALL/STRUCTURE/fragmentDB.h>
#include <BALL/STRUCTURE/residueChecker.h>
#include <BALL/STRUCTURE/rotamerLibrary.h>
#include <BALL/COMMON/limits.h>

#include <BALL/DATATYPE/hashGrid.h>

#include <BALL/STRUCTURE/geometricProperties.h>

using namespace BALL;

using namespace std;

#include "util.h"

inline void calculatelnitialLists(list<Residue*>& contacts_A, Systemé& A)

{
/*
BoundingBoxProcessor box;

A.apply(box);

HashGrid3<Atom*>  grid(box.getLower() - Vector3(distance),

box.getUpper() - box.getLower() + Vector3(distance * 2.0),
distance);

Atomlterator atom_it = A.beginAtom();
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¥/

for (; +atom_it; ++atom_it)

grid.insert(atom_it->getPosition(), &(*atom_it));

// now iterate over all residues of B and
// store the residue in a list if any of its atoms has a contact with A
// residues in A are selected and collected afterwards

contacts_B.clear();

Residuelterator res_it;

/%

HashGridBox3<Atom*>::BoxIterator box_it;
HashGridBox3<Atom*>::Datalterator data_it;
HashGridBox3<Atom™*>* closest_box;
Vector3 atom_position;

float distance_2 = distance * distance;

for (res_it = B.beginResidue(); +res_it; ++res_it)
{
bool contact = false;
for (atom_it = res_it->beginAtomy(); +atom_it; ++atom_it)
{
atom_position = atom_it->getPosition();

closest_box = grid.getBox(atom_it->getPosition());

if (closest_box !=0)
for (box_it = closest_box->beginBox(); +box_it; ++box_it)

{

for (data_it = box_it->beginData(); +data_it; ++data_it)

{
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if (atom_position.getSquareDistance((*data_it)->getPosition())

<= distance_2)

contact = true;

Fragment* frag = (*data_it)->getFragment();
if (frag !'=0)

{

frag->select();

if (contact)

{
contacts_B.push_back(&(*res_it));

*/
// collect selected residues in A
contacts_A.clear();

for (res_it = A.beginResidue(); + res_it; ++res_it)

{
// if (res_it->isSelected ()
// {
contacts_A.push_back(&(*res_it));
/A
}

Log.info() << "binding site contains " << contacts_A.size() << " residues of A" << end];
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int main(int argc, char** argv)

{
Log.setPrefix(cout, "[%T]");
Log.setPrefix(cerr, "[%T:ERROR] ");
/*
if (argc !=4 && argc |=5)
{

Log.error() << argv[0] << " <rotamer output file> <PDB outfile A> <PDB outfile B>

[<number of solution>]" << endl;
Log.error() <<" read an output file from a rotamer placement tool" << endl;
Log.error() <<" and create two PDB files from it" << endl;
Log.error() << " if <number of solution> is not given, the first solution" << endl;
Log.error() <<" from the output file is assumed." << end];

return 1;

¥/

if (argc =3 && argc !=4)
{

Log.error() << argv[0] <<

"

<rotamer output file> <PDB outfile A> [<number of

solution>]" << endl;
Log.error() << " read an output file from a rotamer placement tool" << endl;
Log.error() <<" and create one PDB files from it" << endl;
Log.error() << " if <number of solution> is not given, the first solution" << endl;
Log.error() <<" from the output file is assumed." << endl;

return 1;

ifstream rotamer_file(argv[1]);
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if (rotamer_file.bad())
{
Log.error() << "Cannot open rotamer output file " << argv[1] << endl;

return 2;

Log.info() << "reading rotamer file " << argv[1] << end];

String line;

line.getline(rotamer_file); //erste Zeile aus rotamer file (.rot-File, Ausgangsfile von
gmec_lr_SCP)

//Log.info() << "Zeile vor read the number of solutins" << line << endl;

// read the number of solutions in this file
line.getline(rotamer_file);

Size number_of solutions =1;
/mumber_of_solutions = line.toUnsignedInt();

//Log.info() << "file contains " << number_of_solutions << " solutions." << endl;

// read the filename for the energies.dat file
line.getline(rotamer_file);
String energy_filename = line;

Log.info() << "energies file: " << energy_filename << end];

// read all solutions

vector<vector<String> > rotamer_solutions(number_of_solutions);
Size i, j;

for (i = 0; i < number_of_solutions; i++)

{

Log.info() << "reading solution " <<i << endl;
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line.getline(rotamer_file);
Size residues = line.getField(1).toUnsignedInt();
for (j = 0; j < residues; j++)
{
line.getline(rotamer_file);

rotamer_solutions[i].push_back(line);

rotamer-_file.close();

Log.info() << "reading solutions done." << endl;

// choose the solution to set
Size solution_index = 0;
if (argc == 23)
{
solution_index = atoi(argv[2]) - 1;
if (solution_index >= number_of_solutions)

{

Log.error() << "invalid solution index " << argv[2] << " (valid range: 1 - " <<

number_of_solutions << endl;

return 6;

}

Log.info() << "selection solution " << solution_index << endl;

// now read the interesting parts of the energies.dat file
ifstream energies_file(energy_filename.c_str());
if (energies_file.bad())
{
Log.error() << "cannot open energies.dat file: " << energy_filename << end];

return 3;
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202

}

/[ step over comments
line.getline(energies_file);
while (line[0] == ")
{

line.getline(energies_file);

J

// read the filenames of A and B
String filename_A = line;
//line.getline(energies_file);

//String filename_B = line;

String filename_B;

Log.info() << "reading A from " << filename_A << end]l;

//Log.info() << "reading B from " << filename_B << endl;

/[ read the contact distance (in Angstrom)

//line.getline(energies_file);

float contact_distance;

//float contact_distance = line.toFloat();

line.getline(energies_file);

float energy_value = line.toFloat();

// that's everything we need to know

energies_file.close();

// read A and B
PDBFile pdb_file;

pdb_file.open(filename_A);
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Log.info() << "pdb_{file.open(filename_A); " << end];

if (pdb_file.bad())

{
Log.error() << "cannot open file for protein A: " << filename_A << endl;
return 4;

}

System A;

pdb_file >> A;

pdb_file.clear();

pdb_file.close();

Log.info() << "read " << A.countAtoms() << " atoms from " << filename_A << endl;

/%
pdb_file.open(filename_B);
if (pdb_file.bad())
{
Log.error() << "cannot open file for protein B: " << filename_B << endl;

return 5;

System B;

pdb_file >> B;

pdb_file.clear();

pdb_file.close();

Log.info() << "read " << B.countAtoms() << " atoms from " << filename_B << endl;

*/

/[ calculate the binding site residues
list<Residue*> initial residues_A;
// list<Residue*> initial_residues_B;

calculatelnitialLists(initial_residues_A, A);
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/[ create fragment database and rotamer library

// (Dunbrack's backbone-independent rotamer library 08/1999)
Log.info() << "creating fragment and rotamer databases..." << endl;
FragmentDB frag_db("/usr/local/BALL/data/fragments/Fragments.db");
RotamerLibrary rot_lib("rotamers/bbind99.Aug lib", frag_db);

/] remove residues without rotamers from the binding site vectors

/[ and create vectors of the corresponding rotamer sets

Log.info() << "setup rotamer sets..." << end];

vector<Residue*> residues;

vector<ResidueRotamerSet> rotamer_sets;

list<Residue*>::const_iterator list_it;

vector<String> residue_names;

for (list_it = initial_residues_A.begin(); list_it != initial_residues_A.end(); ++list_it)
{

const Fragment* frag = frag_db.getReferenceFragment(**list_it);

if (frag = 0)

{
if (!frag->hasProperty(Residue::PROPERTY__HAS_SSBOND))
{

const ResidueRotamerSet* rotamer_set_pointer = rot_lib.getRotamerSet(frag->getName());
if (rotamer_set_pointer !=0)
{
ResidueRotamerSet rs(*rotamer_set_pointer);
if (rs.getNumberOfRotamers() > 0)
{
rotamer_sets.push_back(rs);
residues.push_back(*list_it);

residue_names.push_back(getResiduePathName(**list_it));

Log.info() << "found rotamers for side chain " << residue_names.back()

<< " (index " << residues.size() - 1 << ")" << end];

}
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}
else
{
Log.info() << "Cannot find a rotamer set for residue " << (*list_it)->getName() << " of A" << end];
}
}
else

{

Log.info() << "Residue " << (*list_it)->getName() << " ignored - has sulphur bridge!" << endl;

}

else

{

Log.warn() << "Could not find a reference fragment for " << (*list_it)->getName() << endl;

}

// remember the number of residues from A

Size number_of_residues_of_A = residues.size();

/>(-

for (list_it = initial_residues_B.begin(); list_it != initial_residues_B.end(); ++list_it)
{

const Fragment* frag = frag_db.getReferenceFragment(**list_it);

if (frag = 0)

{
if (Ifrag->hasProperty(Residue:PROPERTY__HAS_SSBOND))
{

const ResidueRotamerSet* rotamer_set_pointer = rot_lib.getRotamerSet(frag->getName());
if (rotamer_set_pointer !=0)
{

ResidueRotamerSet rs(*rotamer_set_pointer);

if (rs.getNumberOfRotamers() > 0)
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{

rotamer_sets.push_back(rs);
residues.push_back(*list_it);

residue_names.push_back(getResiduePathName(**list_it));

Log.info() << "found rotamers for side chain " << residue_names.back()

<< " (index " << residues.size() - 1 << ")" << end];

}

else

{

Log.info() << "Cannot find a rotamer set for residue " << (*list_it)->getName() << " of B" << end];

}

}
else
{
Log.info() << "Residue " << (*list_it)->getName() << " ignored - has sulphur bridge!" << endl;

}

}

else

{

Log.warn() << "Could not find a reference fragment for " << (*list_it)->getName() << endl;
}
}

¥/

Size number_of_residues = residues.size();

Log.info() << "calculate initial rotamers..." << endl;
vector<Rotamer> initial rotamers;
for (i =0; i <residues.size(); i++)

{
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// calculate the initial rotamer of the residues
Rotamer r = rotamer_sets[i].getRotamer(*residues][i]);

initial_rotamers.push_back(r);

// add it to the residue’s rotamer set

rotamer_sets[i].addRotamer(r);

}

/[ parse the solution
if (number_of_residues != rotamer_solutions[solution_index].size())

{

Log.error() << "wrong number of residues in rotamer solution: " <<

rotamer_solutions[solution_index].size() << " instead of " << number_of_residues << endl;

return §;

vector<Size> rotamer_indices;

for (i=0; i < rotamer_solutions[solution_index].size(); i++)

{

rotamer_indices.push_back(rotamer_solutions[solution_index][i].getField(2).toUnsign
edInt());

/| now set the rotamers
if (rotamer_indices.size() != number_of_residues)
{
Log.error() << "wrong number of side chains!" << end];

exit(1);

Log.info() << "assigning rotamers" << endl;
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for (i =0; i <number_of_residues; i++)

{

rotamer_sets[i].setRotamer(*residues|i], rotamer_sets[i][rotamer_indices[i]]);

n,on

Log.info() << residue_names[i] << ": " <<i << "/" << rotamer_indices[i] << end];

208

}

Log.info() << "done." << end];

Log.info() <<"A contains " << A.countAtoms() << " atoms" << endl;

// Log.info() << "B contains " << B.countAtoms() << " atoms" << end];

/[ writing structures

Log.info() << "writing " << argv|[2] << end];

pdb_file.open(argv[2], ios::out);

if (pdb_file.bad())

{
Log.error() << "cannot open file for protein A: " << argv[2] << endl;
return 10;

}

pdb_file << A;

pdb_file.clear();

pdb_file.close();

/*

Log.info() << "writing " << argv[3] << endl;

PDBFile pdb_file2;

pdb_file2.open(argv([3], ios::out);

if (pdb_file2.bad())

{
Log.error() << "cannot open file for protein B: " << argv[3] << end];
return 11;

}
pdb_file2 << B;



Protein Sidechain placing

pdb_file2.close();
*/

Log.info() << "done." << end];

return 0;

15.7 SCP.sh

#SCP.sh, Version: 09.12.05, Author: Samir Mourad

#1. der Name des Proteins im Energie file (z.B. ligd.pdb_ligd.pdb_energies_complete.dat)

# muss zusammengeschrieben sein (momentan muss die Datei editiert und der Name per Hand geaendert

werden)
#2. in DEE_complete.C muss der Pfad der Fragmente angepasst werden

# (z.B. /usr/local/BALL/data/fragments/Fragments.db )

#Programmanwendung:

#SCP:
./DEE_complete_SCP 1ligd_5peptid.pdb  # ->erzeugt <energiefile>
Jgmec_lr_SCP 1igd_5peptid.pdb_energies_complete.dat 1igd_5peptid.rot # -> erzeugt <rotamer_output>

Jstructure_generator SCP  1ligd_5peptid.rot ~ ligd_5peptid_complete.pdb  # ->  erzeugt

<protein_complete.pdb>
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16 ANHANG B: Zeitplan, Arbeitspakete und tatsachliche Arbeitsstunden

16.1 Zeitplan (Erstellt September 2005)

Geplant Tatsdchlich
Implementierung von GMEC-LR
Einarbeitung in effektives C++- Mo, 19.9.05-

Programmieren:

1. Effective C++/C++ Primer lesen
zunachst das GMEC-LR Programm
nochmals lesen, um zu sehen, welche
Themen zundchst optimiert werden
sollen.

« memory handling

e classes

e initialization

Variablen- und  Funktionsnamen im

bisheriger Code GMEC-LR andern.

Algorithmus andern: kurz in Paper

beschreiben in kapitel , Implementation”

Implementierung unter Beachtung effektiver

Programmregeln

Test am vorhandenen Datenset

Geplant Tatsdchlich
Einarbeitung, wie grofie Testsets gemacht
werden
Im Paper das entsprechende Kapitel
schreiben.
Geplant Tatsachlich

Einbettung des Programms nach BALL
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Geplant Tatsdchlich
Einarbeitung in Immunoinformatics
Geplant Tatsdchlich
Vollstindige Implementierung von GMEC- 28.10.-18.11.(3
LR Wochen)

Einarbeitung in BALL und ILP-Code von

Oliver:

der Code muss 1. mit der aktuellen BALL-
Version zum Laufen gebracht werden und 2.
der  Optimierungsteil gegen = GMEC-LR

augetauscht werden.
Eingabe: PDB-File
1. Berechnung des Energiefiles

2. GMEC-LR (Losen des
Optimierungsproblems), Rotamere kommen
aus Energiefile

3. Strukturerzeugung

16.2 Besprechungen

Bespr. Vom 10.8.05

1 Woche: ab 28.10.

3 Tage

3 Tage: parallel zu
Einarbeitung  in
BALL...

1 Woche
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Arbeitspunkte Bemerkungen

Code: dynam. allozieren->fiir jede

Seitenkette

Datenstrukturen->Klassen auf die

Constraints

Kleines Beispiel: z.B. 2 Seitenketten ->
Programm verifizieren (per Hand mog].

nachrechnen)
Variablenname calc_lower
Methodenname: calcLower...
Literatur:

Effective C++, Primer

[teratoren -
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Bespr. Vom 26.10.05, 10.45-11 in Tiibingen, Teilnehmer: Samir Mourad, Oliver Kohlbacher

Arbeitspunkte Bemerkungen Zu Erledigt
erledigen ?
bis

Klasse fiir Zu tiberlegen, ob als Element

Energiewechselwirkungen  eines Rotamers;

Deadline fir Ende 2005,

Veroffentlichung von d.h. in zwei

GMEC-LR in einem Paper Monaten

Gesamtprogramm: Oliver schickt Code vom ILP-

Eingabe: PDB-File Paper, der Code muss 1. mit

der aktuellen BALL-Version
5. Berechnung des
Energiefiles zum Laufen gebracht werden
6. GMEC-LR (Losen des und 2. der Optimierungsteil
Optimierungsproblems), gegen GMEC-LR augetauscht
Rotamere kommen aus yyerden.
Energiefile

7. Struliurerzeugung 29-11.05

Nachster Termin: Mi,

30.11.2005, 16-17 in

Tiibingen

Bespr. vom
Arbeitspunkte Bemerkungen Zu Erledigt

erledigen ?
bis
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Bespr. vom
Arbeitspunkte Bemerkungen Zu Erledigt
erledigen ?
bis
Bespr. vom
Arbeitspunkte Bemerkungen Zu Erledigt

erledigen ?
bis
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Arbeitsstunden:
Soll: ca. 4000 Stunden bis zum Ende der Promotion inscha Allah (Stand 21.9.2005)

tatsdchliche Arbeitstunden:
Monat Geleistete Arbeitsstunden Bearbeitete Arbeitspakete

19.09.05-30.09.2005
01.10.05-31.10.2005

Arbeitsstunden Samir Mourad/VGOG fiir Promotion Sept. 2005
- - - Arbeitsgebiet
Kommen Gehen Pause earbeitete Stténden
0
q

0]
0|
0]

ojolo OIOIO OIO

19.09.05] A inarbeitung C++
20.09.05] 4 inarbeitung C++
21.09.05] 9 17] 2 6 inarbeitung C++
22.09.05] 9,5 12,5 3Einarbeitung C++
23.09.05| Of

24.09.05| 0|

25.09.05] of

Einarbeitung C++

26.09.05} 8 12) 4Pokum. 2.Zwischenb.
Einarbeitung C++
27.09.05] 4PDokum. 2.Zwischenb.
Finarbeitung C++
28.09.05} 11 19 3 5fPokum. 2.Zwischenb.
29.09.05} 7,5 19 3 8,5
30.09.05 7.5 19 3| 8,5
o
of
[Gesamtarbeitsstunden:
47|
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Zu tun:

Datum

22.09.05
01.10.05

22.09.05
22.09.05

22.09.05

22.09.05
22.09.05
22.09.05

22.09.05

22.09.05
22.09.05

04.10.05
06.10.05

Arbeitspunkt

«—Speicherverwaltung
« Klassen

Algorithmus @ndern: nach x uv optimieren, weiterhangeln
(siehe handschriftl. Notiz vom 10.8.05)

Vagiabl Funké o 1 ind
Code dndern:
1. Speicherbereitstellung fiir die Vars

2. Klassen fiir Datenelemente erstellen, fiir die es bisher keine
Klassen gibt.

Code an kleinem Beispiel (z.B. 2 Seitenketten, je 3 Rotamere)
ausprobieren und per Hand nachrechnen, ob er das richtige
macht.

Code ausprobieren am grossen Beispiel von Kingsford
Code in BALL einbetten

Einarbeitung, wie man grofe Datensétze untersucht (-> Paper
von Kingsford)

Einarbeitung in Immunoinformatics (Buch von Lund et. al.
lesen)

In Paper: Constraints beschreiben

New und delete nicht verwenden, anstattdessen STL-

Containerklassen (z.B. vector)

in den bisherigen Arrays ist zuviel Luft, anstattdessen

1. fiir num_of sidechains aus Kommandozeile holen und dann
die Struktur in einen Vektor (ein Element ist ein Sidechain)
packen.

2. Bei den anderen arrays die Anzahl der Rotamere im pro
sidechains genau festlegen (nicht iiber eine max. Anzahl
gehen.

Weitere mogliche Themen fiir die Promotion:
1. docking: docking tools und BALL benutzen
2. Immunoinformatics

evtl. 1. und 2. kombinieren
3. Wirkstoffdesign

Zu erledigen
bis
03.10.05

03.10.05
03.10.05

03.10.05

03.10.05
03.10.05
03.10.05

03.10.05
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Figure 1: CFD model of the biomass furnace and boiler
Explanations: modeled tube undles and rows are pictured dark
gray; SAN...secondary air nozzles, FEIN. . flue gas recirculation
nozzles, TMT... suction pyrometer temperature messurement
traverses

From: Scharler et. al. 2004, Advanced CFD analysis of large fixed bed biomass boilers
Conf...., Rome, 2004
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Isoflachen der Rauchgastemperatur [°C] in der Symmetrieebene der Feuerung (links) und in horizontalen Schnittebenen (rechts). Aus:
http://www.bios-bioenergy.at/de/cfd-simulationen.html
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http://ar.wikipedia.org/wiki/%D9%85%D9%88%D8%A7%D8%A6%D8%B9_%D8%BA%D9%8A%D8%B1_%D9%86%D9%8A%D9%88%D8%AA%D9%86%D9%8A%D8%A9
http://ar.wikipedia.org/wiki/%D9%84%D8%B2%D9%88%D8%AC%D8%A9
http://ar.wikipedia.org/wiki/%D8%A8%D9%88%D9%84%D9%8A%D9%85%D8%B1
http://ar.wikipedia.org/wiki/%D9%83%D8%AA%D8%B4%D8%A8
http://ar.wikipedia.org/wiki/%D9%86%D8%B4%D8%A7
http://ar.wikipedia.org/wiki/%D8%AF%D9%85
http://ar.wikipedia.org/wiki/%D8%B4%D8%A7%D9%85%D8%A8%D9%88

(fluid and gas dynamics) <3l Cf\jl\ ol ) =

m3

£ 2 BUS g y CaS Al b ) V g sk SIL AU m e

quuil| LS 17.7

1000kg / m® o 5 cslold d)lal) BES) L) &gz 3500 BLS™

S=p/po

(ideal gas) i/ ;l// ,0il617.8

p =RpT

P 8Ll &)l 2allel) 2oyl p il llall brall bagy G

287 J/(K kg) ¢lseld aed 5 5l cub R

(steady flow) jsiuol/ 0,2/ 17.9

(uniform flow) Lo/ 4 5>/

17.10

il Ll S8 al aslys e IS R culSTI3] abade die pbame 5L 0L A oy

(streamline) wluwiY/ bs

17.171

od dy 3 il O @l S0 d olelldl (Kas o) b 6L Ol bs 24

(dimensions of flow) ., { .l sles/

17.12

L Gy O (Se ) B SW=Y1 e @Y sl e Bl dadl N g) S @3l b Ll o

Al S 2Ty dadl (ol Oy Yite oy 1.2 S0

J.x,)J\ L_g.ab-\ d\gfﬂ

u = T(h)
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(stress) s> Y/ 17.13

. AF
o= Alig}oﬂ dmlis 3y o dbalad) dda ) 32 oa slgaY!

@ p Lrall pu plisanl Sl KGOS ¢ f2dy .o =0, +0, il 5Vl ($35es LousT aSTh sled

O, =—PN ‘o dslaidl ol £Y)

o, =T o ol oY) 3 T ) slgr ) sl pdsiiey

o=—pn+z sy

hsal divll (aminar flow) gsilial g6 17 14
(turbulent flow)

Lty (36 o milie Ko 3 Jand) lean B9 355 alib Jlasl (S8 et bV ol ilaall 330l Cras
ooV g Gl Ol Budl Caay

ks a3l o) Al B3y Bdd colh 0L Jdas s kol AW ) aeslinll I e Jed) OF ol SK
sy s G sanl e B Slpal) wagy Aaglll o] ol (diameter) KW b (54 U
Beed) @ bY@ 0Ll Jedl s Sagy ST Jemd) K4 Re  (Reynolds number)
‘Re, bed! Fauy s Jomdl odis i ) 5sn; 50 ey . 4000> Re > 2000

s golio ¥ gilo aic p5il a2 9 doshiial/ 17.15

)GE.-'%-.J S az ";.-b.-uﬂ'

1.3 Js.adi

oo Sy anign pan O Sy A o) LF e S Bk e Laat Gl e 5302 2K es (system) deshad)
) o 1S e s 831 e 0 Sy O (3 oy su2 4kl (control volume) oSl w234l
(13.1b) JSH & 5o L8 (Sl i U s 01 s Ll S0y el o (181 2) UK 3 py ok 10

bl n oy (Sl o 8 5 el e
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(fluid and gas dynamics) <3l Cﬂﬁl‘ ol Jl J=

= e VI::I!trnl surfuce/ (131 a and b) J@J\
([Wendt 2009], Fig.
-
Volum;/dv)

OB (3 358 S 85943 (Sl d-lis V35021 (Sl i (5l 26, (131 0) [

LS IS 3 05K N 39 (Sl e W) Bl Y1 L) el Goban 300 Ldde fad G Wl oY sles
A Aol oYalll e Jsesl) Sala 16 ddk éué O pebated Aol Al e 2 Lol JISCEY) o
(conservation form) — Jai=dl K& o ¢ Sr Plrs 5 S UK 8 el e Jsadl £ g oYal
(s S 131 JSKadl) wll) e G 59481 (Sl m 1 Lo Jpad) @ 3 OVald) L led1 oYslend
<Voldl a (non-conservation form) Jai=d) il S ade Gllayy ¢ g Aol o LIS S8 3 sl
O e ¢ (e S €130 b K L) (3 el 56 Crnall alize Wil paie jLael @ LT 13) L amlad)
i (2 Loy s i a5 alolidl Vsl 6 ale 25

oS8 (A U 130 b SKa)) ALl 3 e ¢ rall alaeY wle e jLael) @ s 1)
bl AWl e Jaid ) 2igedl Lol sa s ¢ Lagd alolidl oVl el Say gzes of
s ¢ S mag elpw & OVoladl 2aid p o 2aid SISl me balas 2 claw ¢ Ralall Zalysg Y]
s S b e D JI @ oY

wwiligal] bes) 17.16
$st! boaa) = sllll bzl = wlall ba))

dobud| b3illy daws] doill 17.17
G pamSy W mha o Jaxs Sl a5 Rmland) 3ally 23UH 85 Ja k) AT e Las ) o A dl 35d)
2y Lr2l
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ol s>y 17.18

0 -
g liall 0Ll é Sl sl (3 el Uy T ) slen V1 o Al B i 1) o

.mZ/S Lg.b—Jj V=ﬁ LSLIL“'{\) @LM.SJ\ :\:-jJ.U‘ g_)jai'
p -

du
T = QL et (1.3)
dy
ableoll o gazell Ll Capy>l 199
‘-’“;:f‘é‘l:S 2 1 Mw@iﬂ.‘cam
oy Clinhil 8 aoiiwoll gilgoll
5989)l g slgplly sloJl Jio @ waipll
2 n ableo)l bl wolw g .adnadl
a>g;ll gl aallaoll a>g;ll g a>g UL
lgall Bym59 . Pa.S Lpiaseg (S ,=l
4 a>,> aic aBMell oig) L sl
dujdy - augigadl  gilgoll ALl 8l
(1.4) ys.awl [(1.4) Jsadl

V el glgo)l alad swouws

haill g augl Lp) Aliol .AuigigniV &ilgo ac,ull Jloog padll Lur dubhs @BMe (hash
ool

o 559 Flowud) 6,1zl Sbojl go et Gz asgilll dond 8 6,1l as,y
. wlileld 8=l shsjl
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(Governing Equations of Fluid Dynamics) &5 ol Sl & el YLl

18 gi|3d| clulSm 5\9 quL.J}!I L‘.‘JX)lm”(Governing Equations of Fluid Dynamics)
[Anderson 1991] 5 2 |2 ([dv] Jo s LW

S50 718.1

PN ik S¥sles g w8 il OYslall g2 CFD 3 LY
momentum conservation) iS5 A1 S iy (energy conservation) W3la)l Lai>y (mass conservation)M\ i~

Lad) Vsles IS0 L(M@.‘A&JQ&.- S 0Ll s iy jans U 03 (

bl 45do 18.1.1

2.1 S

Laps 2oy AlSd) OB dA Zkolid) 2oLl Jo 5S7L LA wlos 5 V e (2.1) JS2 3 ol oSl o

n Jskl (ol anill e O il v el s mogll (3 0Ll de d;;z.ogﬂs\ Qs eead dt 3 3 dm o

dA=ndA &> dA L e sl

diiv= pdV = pvd A

:}aACLJ\Jfﬂ;M\QQﬂJM=m

L;; LS al) Ol dmite (25
py = (Rﬁw 3d>9 (3 Z.l;ﬁ\)(&.cf..d\ A};La) = 1) Ol pw Ao

ALy
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2
p(e+%+g2)y = (o 3y 3 Bkl amze) = Bl O e

AT

b xyz S G puy, prv, pwy = (G Sy 3 ) 2aST )(Ee ) amte) = ol BoST 0L aee
Ll

= A hood) e Bl Ol Juas 06 L

(2.2) et ﬁA e+ % +gz)v-dA

(The Substantial Derivate) ./ §liisY/18.2

As a model for the flow, we will adopt (< o5 e Rog Al Bgall e dezed Cgu (0L, o <
the picture shown at the right of Fig. 1.3.1

Namely that of an infinitesimally small 221 . K & el 20900 0Ll s 4S5

fluid element moving with the flow. The

motion of the fluid element is shown in .Cartesian space (3, Sl cladll pe & >z C‘LU OS2 VAT
detail in Fig. 2.2.1. L

) ) 0,k Ojg;" X, V,2 )555:\ lea L;.c oLl 8d>9
Here, the fluid element is moving

through Cartesian space. The unit vectors )\, b e 1 s 3 aeul Ol L2 elhael o

along the x, y, zaxis are i, j, k.
1 . . : »¢ Cartesian space
The vector velocity field in this Cartesian » P

space is given by

V =ui +vj +wk

V=ui + v] +wk
Jlsdl &L‘ il d)b}ga clag| o
Where the components of velocity are i
given respectively by u=u(x,y,z,t)
u:u(xayazat) V:v(x,y,z,t)
w=w(x,y,Z2,1)
v=v(x,),z,t)

w=w(X,,2,t) SV U Gty g Ol psenll laeVl o ds b T e

Note that we are considering in general s|J5 || wLoY\ (slow e .t Ol O sl S W
an unsteady flow, where u, v, and w are )
functions of both (space and time, t). In
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(Governing Equations of Fluid Dynamics) c‘b—U é)-y&:w & &:A»Lj)“ oYl

addition the scalar density field is given R B i slas| oa
by p=p(x,y,2,1).
p=p(x,),2,1)

(2.2.1) Kl

([Wendt 2009],
Fig. 2.2)

At the time ¢, the fluid element is located e 1 il 3 sgmsn Cﬂ‘u SHERK VI RO
2 257 2 = Z

at point 1 in Fig. 2.2.1. At this point and

time, the density of the fluid element is C‘jm el BUSy ¢ cglly dbal)l oda e 221 ,J&;;J\

o= p(X,¥1,2,,8) P = p(x, 115255)

At a later time ¢, the fluid element has o S o 2 ks ) ij ol i) g, Y ey 8
moved to the point 2 where the density is

pz :p(xzayzazzatz) p2 =p(x2,y2,22,t2)
Since p=p(x,y,2,¢), we can expand il (3 iegll oda Gl s e ¢ p=p(x,p,2,1) o &

this function in a Taylor’s series about

QW) el e 1 akad Js> Taylor's series 5kt

P2 =P +(Z§)l(x2 _x1)+(g§1(yz _yl)"'(aalzol(zz _Zl)"'(?afjl(tz 1)

+(higher order terms)

point 1 as follows:

With ignoring the higher order terms we P O_Q J&Y\ i Sldlaas |ald o~

obtain

M:(a_ﬁj n=x ), (0p) (1), (24 (a_Pj +(5_P) @2.1.1)

t, —t, ox )\ t,—t o)\ t, -t t,—t, \oz), \ot)

Eq. (2.1.1) is physically the average time- ;.- 2 o Jaad c3 bz s (K1 (211) aslal
rate-of-change in density of the fluid )

element as it moves from point 1 to point | Lok @2 akad 4) 1 akadl s S o C‘U.\ )

2. In the limit, as %, approaches ¢, this . P
C.Ua.‘al\ foa T2 ¢ 1 cﬁ

term becomes

llm pZ_pl E@
Lo\t — ) Dt
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% Is a symbol for the instantaneous time 1da « Ciy,al] iﬁéj AU ad c3s)) Jime adad ) a %
t t
rate of change of density. sl N

D/Dt ¢ xS BlazaN) ey ey b
By definition, this symbol is called the
substantial derivate, D/Dt. & Lol s TSy C?La s BUS il Call Juxe oa %

t

Dp . . )
=2 isthet te of ch fd . .
Dr is the time rate of change of density sladll (3 aki & o ‘C’U" i

of the given fluid element. Our eyes are

. 0 . . :
locked with the fluid element, not with L8 » & (a—fj oo badeg Wl Calx Dp s
N N 1 Dt

D
the point in the space. So Ff is different

T at dens @ B i gal) Jaall

hysicall d ically f 8—'0
physically and numerically from | 7" | 5 st ¢ (2.1.1) Aslalt 1 53500

which is physically the time rate of
change of density at the fixed point 1.

Returning to Eq. (2.1.1), note that

lim| X2 —X1 | — ,,

5 —>1, t2 —_ tl

lim| 22 "2 |,

5 —>1, Z—2 R Z—]

lLiml Z2—=1 | = o

5 —>1, l‘2 JE— l‘]
Thus, taking the limit of Eq.(2.1.1) as St -t ke (211) Dslaadd ot sl ‘\&j
t, —t,, we obtain

Dp _op  op 0P . 9P 2.1.2)

Dt ot Oox oy oz
From (2.1.2) we obtain an expression for LY 3 )MQ\ Slasyl o ) L;l‘ . (212) o

the substantial derivate in Cartesian

35,

coordinates

\%
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(Governing Equations of Fluid Dynamics) &5 ol Sl & el YLl

Hence Eq.(2.1.3) can be written as
D
¢

Eq.(2.1.5) represents a definition of the

substantial derivative operator in vector

notation; thus it is wvalid for any

coordinate system.

62 is called the local derivative which is
t

physically the time rate of change at a

fixed point; V -Vis called the consecutive
derivative, which is physically the time
rate of cange due to the movement of the
fluid element from one location to
another in the flow field where the flow
properties are spatially different. The
substantial derivative applies to any flow-
tield variable, for example, Dp/Dt, DT/Dt,
..., where p and T are static pressure and

temperature respectively.

The substantial derivative is essentially
the same as the total differential from
calculus. Therefore, the substantial
derivative is nothing more than a total

derivative with respect to time.

L}M@)\Jw\w@gsw\uw\wﬁ

355 (2.1.3) Al 055 OF S Ll

0 -
=—+(F-V
D at+( ) (2.15)

ek 3 S Bl bl e i (2.1.5) sl

Lol ¢LEJ 9532 s L";L*J\.gj (ol

ot

MU CA:QJM JJM L:.l&% 8R9 cL}\JS.U Blaayl s il b
Lo Ol Ji 3 5T ) OSG e PL jaiall 3
ol o sy 1S BlaYl LG a0l ailas

p = ,Dp/Dt DT/Dt «JE Lo Ao ¢ 3 Olds 3 pice

J\}J\ S oA dmne bar 2l ST

Jolid) Olam e Lolill goag ois Lalul ga SO GlazaY)

gse 32 o ST ) S Byl ¢ UL LIS

C,é})\ (\j&;—\ Ca QLB.:‘.&L\

V.V (divergence of velocity) dc_uul sacli o 4l il wicall 18.3

V -V (divergence of velocity) i, Asls

VvV is physically the time rate  .2¢ - (control volume) g¢_<.>..:5\ (,.xi- gé”ij‘ JIOETII RV vV

of change of the volume of a
moving fluid element,

unit volume.

per et = 25 9 (moving) b (fluid element) sl

(per control volume) g«.{xﬂ\

(mass conservation) ¢S/ ki~ 18.4
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U 0Ly e Tides 2l bai 0536 300
et ol oSl o s 4 A Ol Jdae s o Blae oSl o) 215 1S (ST Juns”

ﬁ%{p{."‘;’ = oSl pmdl = ls @Sl alsl
;

:(control volume) gaixd\ o ST 3351 Jdes
dJ , ip .
Eiﬁ p =£ﬁ§m—
edgd e der ¥ S seas OY
Sl md) s ) A O alls (2.1) Wbl e

=ﬁpi.dﬂ
A

i [Py +ﬁpym_ =0
A

................... @4 v 4
(integral form) &Ll 550l 3 U Lo dslan 2 (2.4) ol

(2.2 JSKad1) dadl (631 Olyps o Gorks
(2.4) Wkl 3 JW b
Ol &) B ho (ol

Tl Y (4) 5 (B) ok

LolSS Lgd ez Gy Ll

T S dslas 5 1 a4
15y5adl L) s Al e
[[ov -da,+([pv,-da, =0
A, A,

oS et s ) ey 4 el OF e

__Up"l -dA, +_”/7V2 -dA4, =0
4 4,
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(Governing Equations of Fluid Dynamics) &5 ol Sl & el YLl

P VA+ pa ¥, = 0

(continuity equation) &, ,| ,aiu | dsleo 18.4.1

Bse o W A Lsd Se (24) Wl e 2 ol Bpso 3 S i dble e Bale ) el
Yol e Jgal . (divergence theorem) teldl &k slascal omdl LSI 300 1) sbd) LSS
Dl aa bl L) Lls g (il 3 Al

sbpd) oAbl 2oV a5l Eosll) Jlas) o

dmlin Oy mdsadd 254N EooLll ol 3oka o

A5G ool e gé‘“ EWPIPRIRCIN T PAY gl (Bakdl 1Aa e e

So, in our case the physical T L 4 T.J,J.\ l;\gj-c.ﬁ\ Ll 3 A
principle is: “Mass is
Conserved”. (“Mass is Conserved”) "ab> sast|

ﬁ}’ﬂﬁf +§ﬁ(v_p,,m; -0
v E’;} 7 YK
ﬁ{ |x %+V_pp \J{”_f -0
AN

ples) S sgus oS5 T LS aad iS5 i AU aed 0655 Sl olsal lag

dp

O NPV = O (2.63)

ot
dp o Cd d
—+—(pu)+— (o) +—(pw) =0 (2.6B)
o ok y o

(incompressible flow) bzl ¥ OLpudl O Jl- 3 5. 2, y, x CLEY B sl oS 2w, 0, u S

ou ov ow

—+—+—=0
.............................. o a (2.7)
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Divergence Theoreme:

f = ﬂxl '!hlll z:| Cuils 15l 1 (energy @W/ -Bb 78.5

sazeinll g f Ulas o8 conservation)

&, & &
Vi= — JH—K i1
c?'i' c?r o~ )
wple 2 gy o X DA o8 P s Py s Py adlbe DLSH0 15 azss P lUlS 13 2
Pl el OlF . sdina

do e
T2 TR A ]
G8Mall sk wdl JolSill g szl JolSall selall dy b by 3
{THv.lav ={fo.dA ...

¥ A

2.5 e
S IV 0 e el i Alsles dazed

wb—‘ > JFLQ«)M a4 Al

O Jias L2l &l Blas oSl ok 515 Blall (ST Jotes”
e deddd 5l Jole Al JUisl kool o) ol ) Bl

J1s L84 0Ly Jee jalls Ll Blas oSl ondd Jsls S
S oSl

2

.‘2 b -
gﬁ:ﬁp(e +%+ gz)dV + ﬁ;p(e +L7 + g:)g.dézﬁ(gg)(m +P+0Q
v = A = A

A Ol Jdas O (oSl k) s W e Bgdll i) e Ol £V AL Gl 3 OUSYY Ol
10 (stress) slgx Y enas (viscosity) gV ooy @izd\ et s )
g =—pn

<-

242



(Governing Equations of Fluid Dynamics) &5 ol Sl & AN RERN A

0 v? V2 .
#fa[p(eﬁ+gz)]dV+{jp(e+7+gz)y-d4:—ﬁpyd@mg

4

2 2 L]
ﬁ%fg[p(e+v—+gz)]dV+ﬁp(e+£+v—+gz)\_/-d4 P4 Qe (2.8)
ot 2 " p 2

Vv

szl Sl Gty Ubpaw sde ks

LSl Jlasil Vo g e Seles (2.8) alslaadl s JeVI ozl of G wlowdl &40,
{(4) 5 (3) eVl juc

el ol alsleall Jasd iy

2.5 Js.aul
-p, (e +‘F—’+—+(_:,]jn-',,ﬂ.,+,ﬁ:>2{e_?3 f'+—+gq)1q A, =P+Q
2 < 22 2

(2.5) a2l Salsl wuidl Olswd) 8] Jhas dlsleoy dilaiwVl

P VA =pavaA; =

3 >

. - . R ) 1.‘ -
mie, + L1 + +g:,)+P+Q=nueg+!—3+i+g23}
2 s 22 2
e ) 1-‘3 P ) e ) Vo
e N o +Z, +— +.L - T _’3 F 2y crerrrrnrrennnn(2.9)
& P8 2 me meg & P28 28
O=0 8,Lmdl Jasl Lol oS amwicell olaakdl o S b
T:=7Tz, e =e: Byl 8 yn a8 el | el g
Pr=0:=F2 wableasl Vol !l el Seay
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(2.9) alslooll Frsad

a 9
R Ve P ) !
SR N $— = B e (2.10)
P 2g me P28 2

asic  Jioid adlw wolS 5] g dean | Jios Wils dumen Péjnall Ol Jls a8
(2.10) alsleoll 7emi (2) ¢ (1) puohasl (0 dsic Hi AUean 397y pAs > d

I} 1-‘2 b Tr‘-,2
L W IR & IO +37, = ol cowd e (2.11)

Pg 2g PE 2g

haall oo + ac il cosow + 29,0 o = S cwesadl sl

o

oo slell @80 fus bazg o iy I._-Q:',_‘l::!
w8yl sl Ladl Ll

2 ;

o &m d,ll
f) .‘E"‘I'T""_\;_\_\- 15 |II'I5 L_Qu&.'._?_'.t.” U..,{_).J.\.L.”_l ime
e 154mm  dzwhell yee wg il b
e 102mm ésaell JsLa wgiVl 4he
AR 1000kghm® reloll adlis

HEE

i
:L\TJLA.LL-"‘ L\TJQ.J.JQ.O\.”

azvandl | [5lwy Jumes ac (I
|}|_ aCraoll —0 ‘--'.__-’.‘_J-\__-.LI én_;.l_ﬁi_” (\,;:]

(2.6) Jsad
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wsdas caslaai Ml obywd) (2.5) alisdl e alslas (1)

v, A, =v. A; =V =0.015 nr/s

015
v, =%=ﬂ.8]m!5
Z(0.154)"
v, =&iq= 1.84m/ s
£(0.102)"

cAeandl | Bl e @ sl g asvacdl duse aes O Aasl s

|:2.1|]]| Azl IJ_LE'_J asllall alslas {lg]

q q
P P P: Vi
—+2—+.?.|+—= +2—+:3
» r ) YT r
PEL g mg PE g
2 2
- 0, — P, V, —V
P=mg Pr— Py 1 Lt {z,—z)
Lope 2g -

s sum g gl Ulsgioe (2) g (1) Ulzhaoll
£y =Pz = s
pz-py =0

-7 =8 ol LS

I yam aibaai acyw 2 Ll gdaow (1) a2daoadl

vy =0, v =y
m alisdl ol Jase

m =p V=1 O00f0.015) = 15.0 kg/s
alslaall Foaig

(1.84)°
P=(15.0)9.81 —+ 8] =1203W
( X ) 2(981) ]

1.2 kW = a= =)l 5,25
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(momentum conservation) /i ¢S bis 18.6
2.6 K

Ye

rf‘j Juas" Ig«g-xﬂ\ o e Gslas &Sl (Second Newtonian Law) Gl Fss 086 e Ol s dexay
AUSY JUisl oSl amdl s ) Sl 208 0Ly Jiae jalls &l Bliae oSl o) 515 i) 208
VW e 55l gsdl g gazt Jole

iﬁf (praV +f privdA)= ff{{Bav + f{adr
ot b 't P “;

j’ﬁ:—i{pg WV + ff pulvdA) = {{{Bav + ffcdA .......(212)
Vo A v A

soall v B Ol oS . 1 ¢ - o pupmeinll fonzn Soluy O slpsyl ol s g i
bazg ade agsl=ll egs e pLU tJ|g:.v:-3J wd lied g fgomes ooy sl aaoiuall

B=—pgk slanns

ol o go gilsall cloliny/ (@overning equations ) duulw Y/ s Xskeall yousbi 18.7
(without considering chemical reactions) Q.IJLIAJS.” elelis ol )b.l.” w9 (viscous ﬂow) Ls\>)”| UlJ )-u.l.” <dsleo 18.7.1

Viscous flow: a flow which includes the TrggUl ¢ adly sall alb e L“SJU\}%@,'U‘ Ol
dissipative, transport phenomena of viscosity

and thermal conduction. The additional Al ) J.E;J\ sl (e = (l Blo| (o)l H Jeo sl
transport phenomenon of mass diffusion is not s Al S oMol ) el dudos Led LY
included because we are limiting our

considerations to a homogenous, non- |el& s Ol sa JUl e de SN LS
chemically reacting gas. Combustion for ’

example is a flow with a chemical reaction. If s 05 O JE e Y o S
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diffusion were to be included, there would be
additional continuity equations — the species
continuity equations involving mass transport
of chemical species i due to a concentration

gradient in the species.

Moreover the energy equation would have an
additional term to account for energy transport

due to the diffusion of species.

With the above restrictions in mind, the
governing equations for an unsteady, three-

dimensional, compressible, viscous flow are:

Continuity equations

(Non-conservation form — [Wendt 2009], Eq.2.18)

& eVl SVslas gl == B3| Aleanl SYsles
A o e 1 2SI W A 5 e (5o
£l

e s Bl Ll Bl dsles 0B cUs Lo 59dley
RaL LIBS-C I USUE CLY v U W

SVslally ¢ el 3 STI el jlzeW) 3 AV
U 0Ly ¢ blaail sl SN ceul pa) Al
s

3.3,)‘}0:’*0‘2’\ O slas

(bt JSCaly)

D -
2P L VT =0

Dt
(Conservation form — [Wendt 2009], Eq. 2.27)

(il JS.&J\

a—p+V(p-I7):0

ot

Equation [Wendt 2009], (2.18) is the ey !g Al & Ay ez dsles * Wendt 2009], (2.18) aslal

continuity equation in non-conservation

form. Note that:

1) By applying the model of an

E;liblb))ugw

infinitesimal fluid element, we have J"DLJ el Lfaw Cﬂ" ) Gl Gy SO e (1

obtained Eq. [Wendt 2009], (2.18)

directly in partial differential form.

2) By choosing the model to be moving

with the flow, we have obtained the

JSa Le 58le Wendt 2009], (2.18)] Laslekl Je

non-conservation form of the J& (0L ) - Ny sl CS}A;J\ sl b e (2

continuity equation, namely Eq.

[Wendt 2009], (2.18). 29 ¢ Aylenayl dslal Jadd pall S e Ul

Equation [Wendt 2009], (2.27) is the

continuity equation in conservation

(2.18) [2009 wendt] &l
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form. Note that:
1) By applying the model of a finite
control volume, we have obtained Eq.
[Wendt 2009], (2.23)

integral form. Only after

directly in
some
manipulation of the integral form the
partial differential form, namely Eq.

[Wendt 2009], (2.27), is obtained.
2) By choosing the model to be fixed
in space, we have obtained the
conservation form of the continuity
equation, namely Egs. [Wendt 2009],

(2.13) and (2.27).

Momentum equations

(Non-conservation form — [Wendt 2009],
Egs. 2.36a-c)

X-component:

y-component:

z-component:

[Wendt 2009], Fig.2.5: v

Infinitesimally ~ small,

moving fluid element. -

Only the forces in the x Velocity

& bYWl a (2.27) (2009 Wendt] sl

Db bab e Jadodt JSCEN)

e Wlas gl ndl 1L 230 gl D e (1
e sl (2.23) 2009 wende] 2l
lede Lo~ é\(227) c[2009 Wendt] s L";}\

&Mc;@‘g}%ﬁucﬁfﬂﬁbdﬁ}u‘ (2
) ez Y1 dslad L;Jza.x..ﬁ\ u\.(,w

e P WORLE) E P

or

p%:_aﬂ+% i+arzx+/jr
Dt ox ox d oz

Dv ¢ Or, Or 0t
p—:__p+ i +_~W_|__"V_|_pfv
Dty o o &

0
p%:_ﬁ_p+a[_xz+i+%+g€
Dt &z ox o o0z

£:25 J.(;J\ <[2009 Wendt]
V1 3 ol V) g5 Y aeal

(r ar""d)u
h "oy y | dx dz

. ) components ! :
direction are shown. i e N P
gl motdy /" TR
ivd £ : i e afn’(:

pdydz —— | | /\Gg, e fdydz

mdydr~+— L O\
ﬂé'////d ] : i %
P ] e T

/l 7,0x 4z (qx»?dz)umy
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Total force in the x-direction: F,
[Wendt 2009], S.28 Def. of body
forces and surface forces:

1)  Body forces, which act directly on

the volumetric mass of the fluid

element. Examples:
gravitational, electric and
magnetic forces. Def.: body

force on the fluid element acting
in the x-direction= pf’ (dxdydz).

2)  Surface forces, which act directly
on the surface of the fluid element.
They are due to only two sources: (a)
pressure distribution acting on the
surface, imposed by the outside fluid
surrounding the fluid element, and
(b) the shear and normal stress
distributions acting on the surface,
also imposed by the outside fluid
on the

“tugging” or “pushing”

surface by means of friction.

[Wendt 2009], Fig.2.6: Illustration of shear and normal stresses

x o) 3V il » F

Y s (355l e cnegd s

saal) Bamd) S e Sale Jolis 3 demer SIS (1

Z\.;bb.@ﬁjb A3l 552l e alzel o .(ﬂuid element) L*;JU

x ol£Yl 3

b liallg

3 Jres C?LU gl P WOONE S 9:1 I TP

o (dxdyd2)

9. AW sadll s Lo 3ale lelis &l dodaw I (2

Jowi & Lr2l) w5 (a)

J,,a.a.Sb 2.19.355 d.b\.«l\ L} tﬂ.U C)b- \.@...pjn.i Lﬂé’“’ CE.WJ\ L}LO
JA&? L“é.” uaﬁ\ 9 @xbﬂ banll CJL&U}? th (b) o cc?u\

o oLl S Sl S e ez ST mhldl e

a

A& Gk e madl e )

Eis |

X

(Conservation form — [Wendt 2009], Eqs. 2.42a-c)

s

oy 12,6 K2 [Wendt 2009]

— [Wendt 2009], Egs. — o Sl

2.42a-c))
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or
8p or, . T +8fzx _
ﬁx oy 0Oz

X-component: (;M) V-(puV)=-

y-component: a(pu)+V-(pvl7)— ‘iPJFaT +afw +afzy o
ot v o o oz

z-component: 92 | (i) = _op 07, 9% 07 of
ot 62 ox Oy 0z :
Energy equation B Usles
(Non-conservation form — [Wendt 2009], Eq. 2.52)
i il )
D( v\ ooy af,or) of,or
p—let—|=pg+—|k— |+ —|k— |+ | k—
Dt 2 ox\ ox) oyl oy) 0z\ oz
_Olup) _0vp) _0(wp) , Olur,)
ox 0y 0z ox
o(ur,) owr,) 00, ) o(vr,,)
+——+ 2+
oy 0z 0x oy
avr,, owr S
T (VTZ,V)_l_a(Wsz)_l_ (WTJA)_l_a(WTZZ)_l_/y(-_V
0z ox oy 0z
(Conservation form — [Wendt 2009], Eq. 2.64) gt ()

el

= pgs (kaT] 0 [kaTj
ox\ ox) oy\ oy
+5[kaTj_ﬁ(up)_a(VP)_a(Wp)+5(MTH)

0z\ 0Oz ox oy Oz ox
our,) o(ur,) O0r,) o(vz,)
+ AL + AARS

oy 0z ox oy
a(vr ) 8(wr ) a(WT ) 6(wr ) f 7
Oz ox oy 0Oz

without ) dlbeSll dlels ol il o9 (inviscous flow) g5l Al Lol wdsles 18.7.2

(considering chemical reactions

Here are the viscous terms of the ool Ly wY¥slk R>jj'U‘ Jﬂjﬁ La
above equations dropped.
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Surveying the above governing equations,

several comments and observations can be

made:

1)

2)

3)

4)

5)

They are coupled system of non-linear

partial differential equations, and
hence are very difficult to solve
analytically. To date, there is no
general closed-form solution to these

equations.

the

equations, the difference between the

For momentum and energy

non-conservation and conservation
forms of the equation is just the left-

hand side.

Note that the conservation form of the
equations contain terms on the left-
hand which the
divergence of some quantity, such as

V-(p-V), V-(puV), etc. For this

side include

reason, the conservation form of the
governing equations is sometimes

called the divergence form.

The normal and stress terms in these
equations are functions of the velocity
gradients, as given by [Wendt 2009],
Egs. (2.43a-f).

The system contains five equations in
terms of six unknown flow-field
variables, P, DUV, W, e - In
aerodeynamics, it is  generally
reasonable to assume the gas is a
(which that

intermolecular forces are negligible).

perfect gas assumes

For a perfect gas, the equation of state
is , — pr7, Where R is the specific gas
This sixth

constant. provides a

Gl Odsleall wle Wiy

18.7.3

QW I8 O adand bl SYslabl LG 131

ides pall a5l Alolid) OVl e dalgne dcges &
) dore ¥ OV g LWL Ll s Gl e UL

LYol odd Lsu; J>
) JSEY e G mlally H sl 1S oY sl

.&ffﬂ\ Coldl 52 g dslell L;Lc iba=dl o ibad

e bos gd Vol bisdll Ko of LY

B RCNRT RS N T W T S e
o ¢l 1S L by Ve (ouP) V(o)
wla¥l oVsleld bisdl (K2 Ol a3

Aeld) ISy
oo 2V OWolall ol (3 crall g dnlall byl

[Wendt 2009], Eqs. «mm>=  oae LS ¢ ae ) Oy
(2.43a-f).

ind Ollboll 3 OVslee s Lo Leghhdl (gqf
Ol Jad Bgme 6 ol
5 e W Liges o s OF Jeiall o ¢ ayed byl

(ST Y oSS ol op ol O e )

k} 'p’p’uﬂvﬁw7e

& Wl ol ¢ e 5L 2l

Rg:’“..}p:pRT

S ¢ dwslldl dslall e e Sl sast culd) s

(1

(2
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equation, but it also introduces a sl T ¢ 540 ) By ¢ CEL«" Jses L oy

seventh unknown, namely

temperature, T. A seventh equation to N 3-3)‘;" BNe ng; OT e a QS‘L, (,U;,_;j\ dy\_&,}[ dallJ)

close the entire system must be a

thermodynamic relation between state &) &l e = e(Tp) ¢« JW Lo o D) Oolpaze

variables. For example, e = e(T,p) For a

calorically — perfect gas (constant &ﬁgj Sy ¢ (""\5" b U»"“’“:) Bl A sl L}L"“‘

specific heats), this relation would be

e =c,T where c, is the specific heat at
constant volume.

6) Historically, the momentum equations

v.?L;- Z\,:,cj,J\ SJ\J,J-\ e G o e=cT 33yl ol

for a viscous flow are called the 'Yalag @'U‘ sl =l 1.8 Vsl 9 ¢ LK) (6

Navier-Stokes equations. However, in
modern CFD literature, “a Navier- J)

Stokes solution” simply means a

] RO &9 .(Navier-Stokes) Syt el

solution of a viscous flow problem using g} Al S U“'( s el J} bl <o) CFD

full  governing  equations  (including
continuity as well as energy and

momentum).

The boundary conditions, and sometimes the
initial conditions, dictate the particular
solutions to be obtained from the governing
equations. (This makes the difference for
example between the flow over a Boing 757 or
past a wind mill, although the equations are
the same). For a viscous fluid, the boundary
condition on a surface assumes no relative
velocity between the surface and the gas
immediately at the surface. This is called the
no-slip condition. If the surface is stationary,
thenat the surface (for a viscous u=v=w=0

flow).

For an inviscid fluid, the flow slips over the
surface (there is no friction to promote its

‘sticking’ to the surface); hence, at the surface,

252

@ L) Al SYslal) Jleazal 0 aad) Al |-

(L 48y Bl e Vb 4y ez ) U3
(boundary conditions) &, ,|xJl I 18.7.4

& R Vsl UE ¥l YU Ly ¢ 2ylad oYW
Gl ag Lo L) dwleYl Vol e Lele Jsad) S&
¢ il ~ LM B9 o) Boing 757 JI e 0Ll o Dl
A Sl Sl (et 2 Vol O e (20 s
Wy o) Bl Aol Jams Y el e 2l
(no-slip) GY5Y pite Al o be Ming . mxladl e 3,500
o e u=v=w=00 cul gm0 13)

(M Obdl)

Bl gy V) ol o i Obd ) ) oL
el e QWb (g e Taall g o
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the flow must be tangent to the surface. V-7i=0
at the surface (for a inviscid flow), where 7z is
a unit vector perpendicular (that means
orthogonal) to the surface. The boundary
conditions elsewhere in the flow depend on the
type of problem being considered, and usually
pertain to inflow and outflow boundaries at a
finite distance from the surfaces, or an “infinity’

boundary condition infinitely far from surface.

The boundary conditions discussed above are

physically boundary conditions in nature.

In CFD we have an additional concern, namely
the proper numerical implementation of the

boundary conditions.

cod e Vii=0 madl B W 05 0f s o)
S% Mag) ($35e8 wmie By 52 77 e (oY) OL)
Sl o AT ST 3 bl VW el e (olazs
39a2 Bale gty e bl ot ) aASel g e e
Bl ol ¢ ol o 83902 Bl o B 5 1 0Ll
SV el e B e [Saw ) "R sk
& AL Ayl SV Lk a el coids & k)
bl Bsaall diidl Bal (3lo) 36 L) CFD (3 LAkl

(conservation form) gwbisil Kl wle olas Yo . 2.5.5 8o aidi duuln XY O Ysleoll S/ 18.8
ZL}\:J\ 6\&51 Jg.\ﬁb (conservatjon form) glé_éxﬂ\ Jg.\:d\.: 3\.3.\»\.‘»‘}1\ Yalell dsgest v::g; ol ch.:w

P
pu
U=qpy
o
ple+V*12)
pu
pit+p-t,
F=cpu-t,
pwi =T,

oT
ple+V?12u +pu—k2——uf” -t -wr,
. :

puv-1,
G=1p'+p-1,

-1,

ple+V? /2)v+pv—kZ—T—urM VT, - WT,
y y )

ou oF oG oH _, [Wendt], Eq. 2.65
ot oOx oy Oz

ow
WW_T::\'

H={pw-1,
pw'+p-t,
ple+V? /2)w+pw—k2—T—urﬂ VT, -WT,

. )

0
A,
J=14,
.

P, +vef, + gl )+ pg
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In [Wendt], Eq. 2.65, the column vectors F, G,
and H are called the flux terms (or flux vectors),
and ] represents a ‘source term’ (which is zero if
body forces are negligible). For an unsteady
problem, U is called the solution vector because
the elements in U (p,ou, pv,etc) are the
dependent variables which are usually solved
numerically in steps of time. Please note that, in
this formalism, it is the elements of ¢ that are
obtained computationally, ie. numbers are

obtained for the products p, pu, pv, pw and
ple+V?/2). Of course, once numbers are
known for these dependent variables (which
includes p by itself), obtaining the primitive

variables is simple:

p=p
e
Yo,
v =2rv
Yo
W:ﬂ
Yo

9G 3 F ddseal) Olgrsll ([Wendt], Eq. 2.65 dslal)
@ ilg) " ytas pmllaas” 16 Jg sl udl Olgmsh) | enH
gy 8 AL (S Y S ) 88 colSTI3] i
géj‘ < U(p, pu, pv,...) & ol OV 1 amie U o
) Sl 3 bsae Bile L ax Ol o A
S p U ole 0B (UK sds ¢ ol 2aod oy
e Jsadl o g pB Y1 Saee il Leile Jpadt 02
i Lo ,o(e+V2/2)j POU PV oW lomzal)
F) anld olad) odd 5 JoY pBYI Cm Lais JU

iy & AU Sl Je Jsaadd (15 = 3 P iz

e_p(e+V2/2)_u2+v2+w2

Y2

2

) o) B3galall Sleagl OF Y ¢ 2 ST A5 [Wendt et. al. 2009] Eq.(2.65)dslakl ] Y 0L,

OV A€ 272 b (3 ) W Vool Loasdl il LG 13

TRERER

ple+V?/2)
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pY Joll
puv i
G={pV’ +p H={pw
pwv o+ p
pv(e+V?/2)+ pv ow(e V2 12)+ pw
0
o,
J=\A,
o,
plf, +vpf, +wpf) g

For the numerical solution of an unsteady U am fj 50 ey il o 0L d) gl ol
inviscid flow, once again the solution vector is )

U, and the dependent variables for which 3,5l Lede J}"”U = géj\ (‘C’)‘ LY anldl U‘JW'U) U s
numbers are directly obtained are products
y , P Sbull L p(e+V2/2) 5 popupvpw Sl
p, pu, pv, pw and p(e+V~/2). For a steady

inviscid flow, ot / &r = 0. LOU/Ot =0 )l fJbU\

Frequently, the numerical solution to such " el wid N b oLl }5
e dsb : s OB O e WS
problems takes the form of ‘marching J Sl JH OB ol Sl e

techniques; for example, if the solution is being o O™ 13 (JUl) o S (‘marching’) i’ s
obtained by marching in the x-direction, then )
[Wendt et. al. 2009], Eq.(2.65) can be written as [Wendtet. ¢ ¢ xolsl 3 podl b o > o 5o

QU ) Lo a6 al. 2009], Eq.(2.65)
oF 0G OH | [Wendt], Eq.2.66
+

Here, F becomes the “solution vector’, and the ug‘ W5y 2Y Auldl o) " s st F s
dependent variables for which numbers are

obtained are p, pu, pv, pw and p(e+V?/2). Lp(e+V?2/2) 5 £2- 17 PV W Ojg%l-‘cj}*‘-;"

From these dependent variables, it is still 1;5)\1‘ ERPE J& J L Lasts ug_c Al il oda »

possible to obtain the primitive variables,

although the algebra is more complex than in & s ST sa pdbt OF o &)1 Je (primitive variables)

the previously discussed case. .
P Y SVl O el cuidy g AW 3 ade ol

Notice that the governing equations when
written in the form of [Wendt et. al. 2009], ¢« [Wendt et. al. 2009] ;o &) 3 Lnls Lis dawlsY]
Eq.(2.65), have no flow variables outside the
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single x,y,z, and t derivates. Indeed, the terms
in [Wendt et. al. 2009], Eq. (2.65) have
everything buried inside these derivates. The
flow equations in the form of [Wendt et. al.
2009], Eq.(2.65) are said to be in strong
conservation form. In contrast, examine the
forms [Wendt et. al. 2009], Eq.(2.42a,b and c)
and [Wendt et. al. 2009], Eq.(2.64). These
equations have a number of xy and z
derivates expliticly appearing on the right —
hand side. These are the weak conservation

form of the equations.

The form of the governing equations giving
by Eq. (2.65) is popular in CFD; let us explain
why. In flow fields involving shock waves,
there are sharp, discontinuous changes in the
primitive flow-field variables p, p, u, T, etc,,
across the shocks. Many computations of
flows with shocks are designed to have the
shock waves appear naturally within the
computational space as a direct result of the
overall flow field solution, i.e. as a direct
result of the general algorithm, without any
special treatment to take care of the shocks
themselves. Such approaches are called shock
capturing methods. This is in contrast to the
alternate approach, where shock waves are
explicitly introduced into the flow-field
the

relations for changes across a shock are used

solution, exact Rankine-Hugoniot
to relate the flow immediately ahead of and
behind the shock, and the governing flow
equations are used to calculate the remainder
of the flow field. This approach is called the
shock-fitting method. These two different
approaches are illustrated in Figs. 2.8 and 2.9.
In Fig.2.8, the computational domain for

calculating the supersonic flow over the body
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Y ¢ X 3l pls Okl Sl v o ¢ (2.65) Wslall
[Wendt et. al. 2009], (3 Lg,2dl ¢ Bl 3 .t Slazally (Z 4
CV¥slee L olmall oda 51y s s & IS g Eq.(2.65)
JSad 3 oyl
Sl auls ¢ Bl @ ol bimdl K2 ol 2g,ms

[Wendt et. al. 2009], Eq. (2.42a,b and c) [Wendt et. al.

05SS[Wendt et. Al 2009], Eq. (2.65)

y o x olmall s Lo oY¥sll) ods .2009], Eq.(2.64)
JaY o ol s U Jo mgoy el Gz

Al (3 dda)) A ladod)
Byae 2 (2.65) Wbl je Jars anlaW) ¥l s
Jois Slpdl oV 3 L) g Uyes ¢CED (3 T
Olpaie (3 dabidl Oladl Gol> 055 s el Slage
p, p,u, :(primitive flow-field variables) Js¥I 0L, Ji2
& Spdl bl o Ll s Dbl e (T, L,
3 b S bl Sl b deeas p bkl
Sl bl Obpdl Jam J o 55l doS dgled) Op2d
Skl dsY aols bl (T 095 ciala) a5 50e G
Aakall LU CIll gl M ey ek Slatall e
s pon 3] 3 S ¢ bl el ) s L
s SN plisaa) o Ol Jl2 Jol2 @ desad
50ke Ol Lyt Ledall e ol gl Rankine-Hugoniot
lad ptsnd Bl 0Ll S¥olas g ¢ aadaall sl g bl
sl gk 7E o L Moy 0L 2 e A5 L
Ol cpda ) .(shock-fitting method) sl
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extends both upstream and downstream of
the nose. The shock wave is allowed to form

within the computational domain as a

o A o daf ot T Je el Bl 0Ll oLt
¢ el 2wz dedal B LY e ally wdld

consequence of the general flow-field (ol Ol i s sk o gk J

algorithm, "'

[Wendt et.al.2009], ar |‘—iFE_E-'1StrEuI‘I1 boundary conditions ([Wendt et.al.2009]

Fig.2.8: Mesh for the 1—% =gl

shock-capturing = i = Bl C@"j st 28 M\

approach o il i . o) i
I

without any special shock relations being
introduced. In this manner, the shock wave is
captured within the domain by means of the
computational solution of the governing partial
differential equations. Therefore, Fig. 2.8 is an
example of the shock-capturing method. In
contrast, Fig. 2.9 illustrates the same flow
problem, except that now the computational
domain is the flow between the shock and the
body. The shock wave is introduced directly
into the solution as an explicit discontinuity,
and the standard oblique shock relations (the
Rankine-Hugoniot relations) are used the free
stream supersonic flow ahead of the shock to
the flow computed by the partial differential
equations downstream of the shock. Therefore,
Fig. 2.9 is an example of the shock-fitting
method.  There
disadvantages of both methods. For example,
the ideal

complex flow problems involving shock waves

are advantages and

shock-capturing method is for
for which we do not know either the location or
number of shocks. Here, the shocks simply

form within the computational domain as

BT == =
P /.//7_ Body boundary
¥l conditions

oAbl sda 3ol ollal Sldle al Jssf O
QL.MA‘\ Mok e JLt Jls dedall drge bladl
2.8 L ISah ¢ el awll) agdl adolid) oVl
2.9 el ¢ bEl g i) bl Cslll Je e
2 OV Gl U1 0T Y] ¢ L OLpd) A g
2 5abe Bedall dage Jleo) Ledly dedall on Ol
i) SR jlas pdsrndy =29 Cw Llag Jos
i) 0L, (Rankine-Hugoniot <Bdal) abl) desal)
SVolel) alaulsy Old) Cled watall 13 Gseal) Gsdll 4
Jee 2.9 | Kad ¢ sl
o e ST Cogey Ll Sls i dedal) Csld e
skt bladl gl ¢ JW L Je LY
edall wlrge e (soki &l sudall 0Ll STal Lasy)
Sl Sase ba L obatall sae o 06 G Y )

Ll ol 4L a5l adsladl

e Bdley aabll 3 00 LS Gl I s bl
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nature would have it. Moreover, this takes
place without requiring any special treatment
of the shock within the algorithm, and hence
the

However, a disadvantage of this approach is

simplifies computer  programming.
that the shocks are generally smeared over a
number of grid points in the computational
mesh, and hence the numerically obtained
shock thickness bears no relation what-so-ever
to the actual physical shock thickness, and the
precise location of the shock discontinuity is
uncertain within a few mesh sizes. In contrast,

the advantage of the shock-fitting method is

[Wendt et.al.2009], Fig.2.9: Mesh for the
shock-fitting approach

B ol 2 ol Q) 2 Ogs e g My ¢ olls
ros S a2, by JWL g0 el 51 dekal)
b Loges Slakall OF a gl s (3 ) OB ¢ 2l
JUWby ¢ dgseld) sl 3 Sl bl e sae e
SYLYI o d Bde Y teda) e e Lods Jpad
Badal) ki (3 3 w35l g ¢ dadll SUsd) Redall e
o s ¢ Ll 3 i ael Lo e ASEe g8

92 (shock-fitting) &Ll dsi2ll ujl,wf

Shﬂtf( bUUﬂdury [Wendt
conditions ~__# et.al.2009] :
2.9 |50
.Dm-goo = )
his Mo 31 ._,ﬂ, ' | c@&“&
nitial_Ae T Body PR
data buun_dqry
line conditions L

that the shock is always treated as a g”*“ C‘”b L@Jéy) o dakis £t ch Ldls o)l J"w OT

discontinuity, and its location is well-
defined numerically. However, for a given
problem you have to know in advance
approximately where to put the shock
waves, and how many there are. For
complex flows, this can be a distinct
disadvantage. Therefore, there are pros
shock-
capturing and shock-fitting methods, and

and cons associated with both

both have been employed extensively in

CFD. In fact, a combination of these two 3
methods is used to predict the formation
and approximate location of shocks, and
then these shocks are fit with explicitly in

those parts of a flow field where you know
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in advance they occur, and to employ a Slola)l olin 95‘"‘ o g‘: s ¢ e | LS&I&M ng'uj

shock-capturing method for the remainder

of the flow field in order to generate |f 7\_5_3\_“ Cm G Oyl JrE ;\J,,.T &3 = ooy
shocks that you cannot predict in advance.

Jo e A5 U aea) bl di b ey ¢ ous

s s 3l - Se Y &) wleiall Wy ol e 0Ll

Again, what does all of this discussion
have to do with the conservation form of
the governing equations as given by Eq.
(2.65)? Simply this. For the shock- . . .
M‘“ | leas O g pladl Vs s 13Le -1 3
capturing method, experience has shown & T "K S* cesten

that the conservation form of the FINAC . bes il o | b sl

governing equations should be used. i i
When the conservation form is used, the - .5 A3y ¢ dedaall bl U}L’fy iblaw 1 9(265)
computed flow-field results are generally

smooth and stable. However, when the < %Yaleoll uﬁé_be.ﬂ\ C.S}d\ r‘m‘ % | i )

non-conservation form is used for a shock- é
capturing solution, the computed flow- Qj&: Lesas L“;E'“.-":S‘ J.{;;J\ Sty REET Wity |

field results usually exhibit unsatisfactory

spatial oscillations (wiggles) upstream and = L o 2l &9 A0 is @L" Aglentd é -
downstream of the shock wave, the shocks @“»’45‘ iesll LU le; sl ﬂ; < 6‘ o

may appear in the wrong location and the

solution may even become unstable. In B pt L) @&l\ ssle ebs 0Ll J'U" dolud |
contrast, for the shock-fitting method,

satisfactory results are usually obtained for ledall by U3 ¢ ded)) dxge oLl 9l u.,g,u (2.3 }:La)

either form of the equations-conservation

or non-conservation. ¢ &L&l\ G R pS ;Ls'da‘ T2 A5 Jslstl Lo C;)l\ <
B o sadl x bodsley ¢ Al dedall Oy
2o abadl oYl ST e e Y ws)

ksl

-

Why is the use of the conservation form of the equations so important for the shock-capturing method?
The answer can be see by considering the flow across a normal shock wave, as illustrated in Fig. 2.10.
Consider the density distribution across the shock, as sketched in Fig. 2.10(a). Clearly, there is a
discontinuous increase in p across the shock. If the non-conservation from of the governing equations
were used to calculate this flow, where the primary dependent variables are the primitive variables such
as p and p, then the equations would see a large discontinuity in the dependent variable p. This in turn
would compound the numerical errors associated with the calculation of p. On the other hand, recall the

continuity equation for a normal shock wave (see Refs.[1,3]):
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Pty = Pl (2.67)
From Eq. (2.67), the mass flux, pu, is constant across the shock wave, as illustrated in Fig. 2.10(b). The
conservation form of the governing equations uses the product pu as a dependent variable, and hence
the conservation form of the equations see no discontinuity in this dependent variable across the shock
wave. In turn, the numerical accuracy and stability of the solution should be greatly enhanced. To
reinforce this discussion, consider the momentum equation across a normal shock wave [1,3]:

(2.68) p, + piui = p, + pyu3
As show in Fig. 2.10(c), the pressure itself is discontinuous across the shock ; however, from Eq. (2.68) the

flux variable ( p + pu”) is constant across the shock.

[Wendt et. al. 2009], Fig.2.10: Variation of flow

properties through a normal shock wave Flow ”
T
i i
t | —
X
g d
' -
g g
e L P
{p+pu’ !
X
d

This is illustrated in Fig. 2.10(d). Examining the inviscid flow equations in the conservation form given by
Eq. (2.65), we clearly see that the quantity (,0+ pu’) is one of the dependent variables. Therefore, the
conservation form of the equations would see no discontinuity in this dependent variables across the
shock. Although this example of the flow across a normal shock wave is somewhat simplistic, it serves to
explain why the use of the conservation form of the governing equations are so important for calculations

using the shock-capturing method. Because the conservation form uses flux variables as the dependent
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variables, and because the changes in these flux variables are either zero or small across a shock wave, the
numerical quality of a shock-capturing method will be enhances by the use of the conservation form in

contrast to the non-conservation form, which uses the primitive variables as dependent variables.

In summary, the previous discussion is one of the primary reasons why CFD makes a distinction between
the two forms of the governing equations-conservation and non-conservation. And this is why we have
gone to great lengths in this chapter to derive these different forms, and why we should be aware of the

differences between the two forms.
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19 din ;) A9 dblasil ¥ ul s )Incompressible Inviscid Flows @l b o wle taaizo dulus G b : (
) dol gl ¢ gullSource and Vortex Panel Methods(

J53079.1
ibleail ¥ (flows) o) (numerical analysis) sadel sl ) ) cla O v Jladll s @

— (finite-difference method) 394! 3,4} 4& b pdseing O oS4 (AW .(inviscid) &=>3 Y 3 (incompressible)
Aol 1 sl st (b 621 B dmn Sy il e gl s ele O de b @ pSlan )
.(inviscid) &=5 ¥ s (incompressible) ablizl ¥ (!,

Source and Vortex Panel ) 4slsl o el olbse e tdazms Aol Gb slld) — Fbll oda u) 23 fuadl) s
Ll Ls e g @l ad Gl SIS 3 sale Lede deaally dlill Gl p ool Gl ol (Methods
1960

g O JsnnsS SN ¢ dases dgles 548 CL@ (numerical methods) &34 dgle> &b & okl @b

g i Y 9 qblosil ¥ ol s Guoln Xl g 93/ yb0, 19.2
(p = conse.) 6 (density) BUS, O s (incompressible flow) Prail il Ol
& (incompressible flow) LQ&M\ 2 O 3 % (m = const.) 46 S (fluid element) Bl sas gl
V=) ol Ll sa &l saall 1 (volume) el WL anb BUSY 0V (streamline) el Las 3ljl5s
U] gk Ol s e Al sze) jomd i) ISy (2, & V) VIV oY 5 .(const.
(3.1) VIV =0

v JI La NABLA-Operatord dwes<ks ide s8¢ gradJ! s» s.gradient
s QUL (streamline) bV Ldi 33lse 3 Sy U ot ¥ L) (fluid element) le suaal) 136 1ds I
JUsisS (velocity) aspmdl o OV oSG el ) oy g9 13 (irrotational) (313> ¥ e (flow) Ol
20 & o2 — (potential)

(3.2) V=V¢

(Anderson 1991) ;T s=be il =201 n sk 5
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El 8¢

) r

. . e . &
radg =Vo= |2 | 6= [%
Y %

tdl e (32) 9 (3.1) Wslas OV Liaa 13)
V-Vg=0

cj\

Vg=0

AY 7

ol Sl J2 3 T g,y 5,02l ookl u>1 ((Laplace’s equation) Laplace @slas s (3.3)
.(mathematical physics)

Laplace dslas (52 (inviscid) & ¥ 5 (incompressible) &blaia Y (flows) cxler O 55 (33) Holas o
.(Laplace’s equation)

(linear) &k » (Laplace’s equation) Laplace &slzs

AT e e Jan po (added) 515 O S (3.3) Aslad fogas ol e siae [ U

101 32 5 (incompressible flow) Jolaiail zé 0Ly o [ Gl 22l g Va

o (synthesized) st O o5 (incompressible, irrotational flow) (s> ¥ 4 (Pl Oled Aine S5
(elementary flows) &l

Laplace #slas ns (satisfy) o~ 3)l (elementary flows) iwlel cpldl e A1 ) cle O] Jhxe JUWL
.(Laplace’s equation)

Uniform flow Jﬂ—«i‘ ol JMJ\
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9 c,d\ olbie Je sdeims iglu> 3 b (Incompressible Inviscid Flows) : &3 Yy ablazil Y gyl

(Source and Vortex Panel Methods) 4sls\l!

o=V x

o0

Source flow 2l Ol )

A

=—1nr~r

¢ 27

Vortex flow Lelgldl Ol !
I
———0
¢ 27

In [Wendt et. al. 2009 ] there are two methods described which use these elementary flows:

¢ Non-lifting Flows Over Arbitrary Two-Dimensional Bodies: The Source Panel Method
¢ Lifting Flows Over Arbitrary Two-Dimensional Bodies: The Vortex Panel Method

Also the application “The Aerodynamics of Drooped Leading-Edge Wings Below and Above Stall” is
described.
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o b Ogaiall o S

Chapter 4 (Mathematical Properties of Fluid Dynamic Equations) [Wendt et. al. 2009],
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PN sl Y] S gad [Usles -4

u, =u, +u, tu_

:L_;J_JI\JLJJ}‘IZJ;W -5

u, =u, +au + fu

(Partial Differential EQ.s) 4v o/ 4ol o Yskol/ (Classification ) C4inai20.3
268



(Fluid Dynamic Equations) Cj b Slealiys <Yslal (Mathematical Properties) &x2l )| <loo rp_;-\

Legrtd oS 0Ll Volan 055 ) gh adas 4l O¥olal Led Loy (system) pls5 pinid Lol
bl 83)lgdl  Jos acidl OVslall ol ped L lass Jlis sa (,.W_ZJ\ s OB . el 2m 3

(4.1a) ou L ou v v

(4.1b) u L ou v v

.y 9 x (functions of) J Yl Al Ohadl 2 v g u Eo

Vs xpu dV 085 OV w9 a,a,.0,6,,0,,6,,d,.d,, f; (coefficients) el

Co (g O) Aaidl ods P pr (Slals) ) Dslas e o Lges Ly gt (3 B (51
5 (@bl ) bsbdl oda Jsb e (indeterminant) 3542 n& 05S v 9 u (derivates of) J <olizil)
.(discontinuous) zkite 055 &, Lays

.(characteristic lines) dwailad-| bl o5 Lsbid| oda

Quasilineare partielle Differentialgleichungen 2.Ordnung mit zwei unabhingigen Variablen konnen in drei Typen
unterteilt werden: hyperbolisch, parabolisch und elliptisch. Diese Einteilung basiert auf Eigenschaften von
Charakteristiken-Linien, entlang welcher sich die Informationen tiber die Losung ausbreiten. Jede derartige Gleichung
hat zwei Sitze von Charakteristiken . Die verschiedenen Eigenschaften der Gleichungen konnen verschiedenen

Stromungstypen zugeordnet werden. [3], p.20
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.Ov/ 3y 9 Ouldx,0u/dy,0v/dx J (unique) 34>y Jk Jo Jgad) alond Ltis (|42 0
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4 Lodt running 3 o
4 characleristic ._r}d" . 4.1 JLJ‘
! N, e L Reqion ]
|
|

L) C)a.ﬁ\ oYl 4 se0> 9 (domain) J
-"""-'-'H Right running

o2 infinenced by P
cheructeristic sl Sl (steady) <ub OL,w .(hyperbolic equations)

#Region 11
influenced
= hy paint ¢ .(Two—dimensional)

2] oo 395l )

el e ——

Bnundury dola clang the
« -axis upon whick F depencs

oaflad) o T o dinal) aakdl — alllel) aabedl) Je Y1 (influences) 5 ¥ P abidl die oleglall
39l byps e pale 156 4 lds 5 P 3k& S (two advancing characteristics) pAds &) (n3Y)
boundary ) (s394 byd s (x-axis) x 492l O 2jad ) abdll ©Ysleall (boundary conditions)
2o ade Jgadl S clla x sl Job e By 00 9 1l Slpead) s Saedd (condition
Gosud JH 06 U> xe g iime 39d> 0 51y DLl (3 (‘marching forward’) “ple¥) I )

A1 el 3 0 ST b g a O o9 e s e Jaih dead P kil
e ki By e U1 atladt Job e 25 s aab (interval) ol s s 3l calaid) s daslel
dozad P kil Cod) Wb Lo daid) e Slagae ks Y QL g an diked) oyl e P oakead) T adkil
90| pjas g Poakaddl SN e Cads ) GV ailadl G opes (o) 2gddl e ) s Lo

.ab J.\aw\ S

hyperbolic ) 13! CE_ZJ\ agid aloladl Vsl s dsas & Ol e AL C\y")f\,c‘\jl\ aSlalys 3

]

LT S Sl o JWL 5, (PDEs

.(Steady, inviscid supersonic flow) C}}d‘ 3ol @)W\ Culdl O pud!
4.1 JQ&J\ & oraad) o s Sl LWL (two-dimensional) slaY! SE G oL O 13
4.2 Jg.ij\ RGN Lq.fcxyz Léj:ml\ G ot o=l s ol LS;W OL ! O 13|
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(Fluid Dynamic Equations) &5 oh! Eleslys Yslal (Mathematical Properties) &2l ) lus sz

S st Ll 3 Bl ) e S5 P e Sleglall(xy,2) Gl (@ 32 O (3 P akaid) juad
s A3 ki sdis ((boundary surface) (5l pelaw 32 xy Sl Q71BN (2> U BLVL x5
P e Jp Gl (ar i) pall ool U3 e sl Ik

& 'S WL 5 oy sl & (data) Sllall sl Vs e ) Ol JE w2 e
.z ol £Y)

Lol 055 0l dd alall olEY) , (inviscid supersonic flow problem) 5 ¥ (gl Gsdll OLyw aSal

.z ol£Y|

4.2 J&.ﬁ‘

Domain and ) Jj.,LaL\ 9 JL

CE_EJ\ Vsl J:L (boundaries
YRl

SV W e Ol

(Three—dimensional steady ﬂow)

.(Unsteady inviscid compressible ﬂow) g’;j b ‘;EM‘ JeRie Ol
3L v MEEYAL Cuj\ g e o Ll oY¥sldl | sl SU ) dly e g;,-) Y 0L pid
o2 3a 3l Lia . (supersonic) (33 35t 3l (subsonic) sl ds e iZ (locally) Lt 58 0Lyt O

.(marching direction) <olud! pu

43 Sl 3 G () sied) o P alaidl U1l ¢y ans n o) U1 0Ll

9P s e pdis G atladl e ) o aedlgd) Al aiball s poakadl s aikall (g5 5
P oakadl & ade dem Al x 2l Jsb e sadl e d ol ) g b ol
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' Regon nfaenced 9

% rea
att -,_n"rmq\'\ i#‘ '
haracteristic

oarclersiic

4.3 S

|
| / \
1 s
/
/
-

J> J= e 2944 5 (Domain) Jls
; _b ]
Bnun;urr#y data upon whech
P depends

.(One-dimensional unsteady flow) 4>

Sl (3 e 8 LS (yt) sl (3 P il pend ((two-dimensional) Sl N1 Ll 53 SUY oL

¢

Region influencea
by point P

.(time) el 3 éb‘ﬁ\ ! (’marches’) " JJ-\ Xy Sl (3 329kl eVl UL Tes .44

Characteristic
surface

144 JSK
da_ﬁ\ Yl seudl JL

Boundary data

upon which

~) P depends

sVl S el w8 Obyw 51
(Two-dimensional unsteady flow)

Parabolic Equations / dil<e ghill cslas 204.2
ier J) sl e aild) ST Je 35 xy s 3 P ki we Slighall s abdll SYsleal

‘

Pakall s e sy ot b ) F o 45 KB (3 paes 52 s P e Bl
oo S bl y 1 e spadt Ly Sl b e 1 st K55y 8y sl 0l o
¢4; ¢(“marching’) s

s’ Jsl Ll (S wladll SVl Jl b ) e x st & e
Spdl J2 > e U5 FR Y 99X sl e ST sk e (boundary conditions) &394l g 2l

. X (\a.“ NPAN L} "
278

OM

llj}-;



(Fluid Dynamic Equations) &5 oh! Eleslys Yslal (Mathematical Properties) &2l ) lus sz

4

////

Egmn influenced 7

4.5 J&J’:J\

a b X in) B L} (parabolic equations) @&—U

.(two dimensions

& (Navier-Stokes) Sy = 230 <¥slas o (reduced forms) &ziz JISa) Sla (wlh) LSlus &
e sk &) (viscous stress) ) slex¥l baa Jald &3 S abdl py e deke
i) (Navier-Stokes) Sy = 230 Yslahl Jo Lad o2 (oVslall oda (3 x ) ddly Lzl
2 oo ey ox o1 3 bl I e J> =if 3) o(“parabolized” Navier-Stokes equations) ¢S
(Navier-Stokes) _mSsiw — ol ¥alak 2l -0 ll iy o x o) Jsb Je Lgde o5l llaall

Léj\ (boundary layer equations) ag ) dabell Y¥sles S35 il (Reynolds numbers) 3 s, slaey

4.5 Jﬁ,ﬁ\ < e 3 CE-EJ\ k) J-@-bj (boundary layer equations) &yl dilell sda Ja ddgme oA

(elliptic equations) 43Ul ghll c¥sleall  20.4.3

Jomall 2V bl ST Jo 35 xy ped) @ P kil we Slglall (el el Y¥sleld

(rectangular) JQ»J\ Ji Sr L;.,U\ 4.6 ngj\ < 3y9.2) ol g, (domaln)

7 o

- . (two dimensions) S
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I e g P oabaadl O (el aladl) SVsleall abed 2l spad s Lot LLE lae ga U s
Le a0 Labed 3l (boundary) 35adk) S il Pakadl we [ Layl g (JU (3 bl
(‘marching) " mr ki L5 (3 050 e LW B e (3 B pU] me aly OT 3 P 2kl
S il g I el Y sbeedd Bl ol

(inviscid) 23 Y1 ¢(subsonic) <gall A5y 093 Lo ga sl ((steady) uldl OLdl Akl Salus 3
o2t ) (incompressible)  blaail S Ol ey Lol Wis L aild) abodll ¥kl iy 5
bl byl ot gl r gVl edd 3L (Gie sl (Mach number) Flo sde
3 bl S 3 (flow-field) Olydl Ol > 5 0Ll 8™ Lad 354540 (boundary conditions)
IS e 4 s 5 2o [ 08 ((simultaneously) <yl b 3 ol bad 0 ot Dl
Lol ode aeSTh abed B e ayladl by sl gdes O ot a6 K3 G e 2 Y1 bl
u (dependent variables) xS\l i W) JISCaY) dxb 01 eSs (boundary conditions) il
(Dirichlet condition) <ddgz> boyb  end dyladl by il e ool s Ikl Job s o

sl b e Qu/dy e v g u aaW) Olasd) (derivatives) lizil) (specification) A< 4

.(Neumann condition) Olegs bod e &gyldd) Lo 21 - s CJJ\
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(Fluid Dynamic Equations) &5 oh! Eleslys Yslal (Mathematical Properties) &2l ) lus sz

GlasMall yae 204.4

Bow shock

Sonic line
Y

Elliptic
region

Hyperbolic
region

o kb3 (PDE) &8 alolidl oVslad) jaad sl ISa e (Il g 05w Al U ol 3
sl s sl 1 (elliptic) 23l cﬁﬁb (parabolic) ¢3S ck-ﬂb «(hyperbolic) 313 cﬁa‘ 8}53“
ool )

Well-Posed Problems / s JSa JSlawll 2 5,b 2045

gl Lgjes Jlamial o I Josd) OV o 3 Jeed) (o o2 05 Aol SNl A
Qi ssle (o35 WSl " b c5” Ste 39S 58 ol A xé (boundary) & 5 (initial conditions)
i Akolis Aol 1 OIS 1 L S e S g ks dSEe O F S L (Ba50) A8 B
05 WSl QUL oVl aylukl byadl e lazal desy JH OB 5 ((unique) B4pp g 35mge

A (Say omg as
gl 20.4.6

2005 slal ¢ lasdl s dasls Ol siie ¢(gw«;’§\$\ Slee Lea > i) adih adoladl oVl (LB .y (1)

[2] [Wendt et. al. 2009], Chapter 4 (Mathematical Properties of Fluid Dynamic Equations)

[3] Ferzinger, Peric, "Numerische Stromungsmechanik”, Springer-Verlag Berlin Heidelberg 2008
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21 ) &isnll ddslaill wdsleal 5 aiDiscretization of PDEs(

o 355 b Ogeall JJaas

Chapter 5 (Discretization of Partitial Differential Equations) [Wendt et. al. 2009],

Ss2021.1

hs gl S Wsiie wlpw aad (PDEs) 4 akolid) Vsl (Analytical solutions) &ddd Jsl~
%,lis . (continuously) jeies iy (domain) JW! Je (dependent variables) dmld) colpazal) ol i)
& (discrete points) iheine bly e ot Of lzed (numerical solutions) &>dal) Joldl (> xs

.(grid points) M\ bl e 9 (bss JL

ileoall izl bl 15,1 |Kad - A Ax

R
fi;’

o) 3 3l bls dely OF il xy sied) 3 Al 38 o e 5 W DT SN & il (JW L e
2 WS CAy Leedss Iy (uniform) A5ge Ll gay old) (3 aeldl iy ¢ Ax Leadis gy c(uniform) d>Fe sax
($skes CFD Skl pa oloall 21 0B (2l woy . opdliz 0L Ay s AX ple i . 5T ISl (3 e
Jhss (U Az Sas ) Jauy e OV old) ST (3 (uniform spacing) d>se delz iGN s wade Sk s

ST Bole s amg gemldl il Ao Lse
o S 3 JB ea LS ¢ (physical xy space) g;b}':iﬂ\ xy sbadl 3 &us of et Y oasgl) el s
computational ) L}.\-«-«J-\ sL2d)l (3 (numerical calculations) &>Ja)l blad &% ¢« CFD < RSN
transformed ) #g= Al olpadl (3 (uniform spacing) d>se dels Lgd @5‘ J}?ﬁl‘ (space

LS}IM«-U 3 (non-uniforrn spacing) v\->-jl‘ s el & B2len QSJU\ O—ijj ¢ (independent variables
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(Discretization of PDEs) &3 aloladl ooVl 5 &

SV plladl ol ST gl aeld) (o W] Jaadl) s 3 (J- 6T 3 . (physical plane) Jbdl
Ax Az T N SIS (equal spacing) Asldl dglante 3y5,200 o S5 ¢(coordinate system)
AL 5390 3ludl 28 Jo Ax 5 Ay 6555 OF (gpgall e e Ms STy ((constants) alsdl e Ay 3
@ g g j (index) o509 ox olEl (3 Ax¢ Ul (index) L5 Wy 30ad) b il ox 51 K2
(i Bl 5 P o o il ¢ 51 S 3 P oakdd (index) S350 58 (i) O13 (JUby Ly ol
AV 2 ke Lo LoV akaidl odag 41, )

e obore joned wiw Wby « CFD 3 aoly SUas S (finite differences) 83945 Ga,d)l b pdsuins
(finite differences) 83945 39,4l adlad) LAY e |24l

¢ 5 &) (partial derivatives) &5 wlixal) Jldzwl g» (finite differences) 3594 Ggdl) diuls
dpdl Sleswioll G5 as . (governing equations of fluid dynamics) &flsh) KL aled1 Vsl
554 &l (system of algebraic equations) &yl <Yslall s pllsi =2y ¢(algebraic difference quotients)
3o 5a L) Obdl 3 Alail) 8GA e il BRI 3 (fow-feld) D) Jom Sl Lol
(algebraic difference quotients) pdl lsswil G2 o Lan o Jyasdd OV Laz bses (5.1 52
.(PDE) & akolid) oVslall (discretize) 3,40 pdscans &) Loges 2SI

(Elementary Finite Difference Quotients ) quiu/ & 930 § 8/ ciloguido §liin/ 21.2

A Al Olewy ol e (derivatives) <lizioll (Finite difference) 53554 Bo,dll &8 ashy
& (velocity) &) x (component) 3sKs e Joy wij 13) (JW Luww e .(Taylor's series expansions)
Slaw g o Bbl ) BULY s far O K6 i+ 1, ) eid) (3 uin; (velocity) aspmd) 3] (G, j) 3o

QW sl el ) dead) Js> (Taylor’s series expansions) LG alude

. (f?u) s ({Jgu) (4x)? . ({?311) (4x)3 N (5.1)
Uiyl i = Ui — Ax - - - e o 1
" T gy i dx2 i 2 ax3 ij © Lol & (51) alslad)
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D i e 38D
((converges) NS duldl 5 ((infinite) L&Y o (terms) 2l ) BLLYI 0 sue (1
A0 9] 5 (o
SV e d e Y osas s ol xE o 4l ((numerical computations) &3Aall bl
Ja n 1) JU e e (truncated) 8Eslads 0,5 (5.1) ablall (U (5.1) Al (3 (terms)

(5.1) dslell ¢(higher order) L;LC;}“ A 9 (Ax)? (order of magnitude) i b dol )l ) bY)

a0y () (&)
Uy RU; +(§} A)C‘F[ax—z] T ................................... (52)
i,j ij

Lﬁ”gbfh cUa.@l\ oY M35 (second-order accuracy) 4.)) oo ashagll g o (5.2) Aol O Jois
(Ax)? (terms of s A L;@b)\ bl Jlal L 13) Slel w6 ‘_5[-5})\ 9 (Ax)3 (terms of order) s 7
((5.1) Dolall o Lot | LYV g order)

-, - ¢ 411 5.3) dolel) G
/ o Uiyl = Ui +(r3—”) Ax (5.3) (53) "

(5.2) <Yslall (3 ‘ RERUIR N
L) Jgif < (truncation error) &\.2:531\ s sz UJ;S{\ OV {| T LR WP U d\}ai}!\ JLA ((5.3) 9

: 9 (5.2) Usleadd (truncation error) 82-255“ s, Jul Jer A (finite series) 3394

i@;i‘ L (Ax)

n=3 I’l'

s (truncation error) CUaJW\ s J«Lm" Q—<-€j
Ssimr gl Ul (625 1o . (5.1) Walall ) ((Taylor’s series) kG ik (3 (terms) &zl ) S e il a1

ui,j k&€ & (accuracy) )

AX > UA:-L; (u
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(Discretization of PDEs) &34 aloladl ooVl 5 &

(Ou/dx )ij J Wt ¢ ¢(5.1) Aslall 1] 555 Lges

(f}i{) | Uil j U ({Jgu) Ax (831,4) Ax*
0x i B Ax dx? ], j 2 ax3 i 6

Truncation error

g, Wil — Ui
(ﬂ) = N L 0 (5.4)
ox i Ax

S9d> dei gs.,U\ (formal mathematical notation) L;L{«'“J\ g;sa\g)\ Q.ngCJ‘ » O(Ax) 7y «(5.4) sl 3

‘;ALA‘),‘ c@‘)’\g l}jjﬁ 3)\'3.9 e (5.4) dalell Ax Ll (of-order-of) &_«5;1“ ol3 (terms) Lol

&j\ d>y> oI5 (i, ) w* o) < (0u/0x) M
. (first order forward difference expression for the derivative (du/0x) at grid point (i, j).)
approximately ) L& dlglud) " 95 Jo (sokoyy sl ((5.3) aAalall e s Ky el sa (5.4) Aslel

o9 k3 e I Jﬁ.‘:\; w} (truncation error) 82-135)\ [ = 5 (5.4) alslall (3 ¢ ”(equal

.0

Ui e <aLd ¢ uiy J (Taylor's series expansion) G dkade Lo S OV Lges

Au Fu\ (—dx)?
“i—l,j = f,{iTj+(() (—r_'t.\')-{—((r ‘2] ( )
ij ij

0x dx 2
Pu\ (—4x)?
H—] —+
ax3 i 6
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or,
o ou Ax u\  (Ax)?
=i G ) o), 2
Fu\ (Ux)?
I il 5.5
(r.'?.x'3)i.j 6 o)
d Lo ¢ (0u/ox); g) J;J?JJ\
ou Ui j— Ui-1,j :
— ] = ————2+40(4x) (5.6)
dx i Ax

ol a3 (1) A dkadl (3 Qu/dx) @ried) oLV olENL 33,5 3)Ls (5.6) Aslall
( first order rearward difference expression for the derivative (du/0x) at grid point (i, j).)

. (5.1) o (5.5) Uslell (subtract) CJEJ OV Lges

N Fu) (Ux)? 9¢ Qu/dx)i J (5.7) aslall £
Uipr—Uim1; =2 — | dx+|— e 5.7)
! T\ 03 ) 3 ,
| S et
du Higlj— Ui—1j o
| = T Ax)* 5.
(r.'h' )i,j 2Ax +0(4x) 5.8)

second order centml) ] a-?)J <13 @i, j) w‘ 4! g} (0u/ox) w :\-3,;]0 3\.353)9 5)\49 (5.8) Uslall

.(dijference for the derivative (du/0x) at grid point (i, j).

e s o Yol ST @)y W A il sgus) OV apdl Ll e J gl
ML’ L@-U‘qug—‘l (5.8) aslall OV 5 ((5.7) Aslal) e L}L (5.8) dslall & (order-of magnitude) V}'J_‘

ou Uit],j— Ui-1, Pu\ (Ux)?
il e Mt Y e A 5.9 e
(f?.r)i_j 2% (;&.\-3 S 6 G2 QU

e e (51) 3 (5.9) ol Jlzaly
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(Discretization of PDEs) &34 aloladl ooVl 5 &

Uisj—icrj  (Pu) (dx)? .
HH,‘LJ' = ”LJ‘ +|:T - (m)lj 6 =+ . J.\
+(6_a) (d.x;3+(@) (4x)?
ax? i 2 ax3 i 6
Fu\ (dx)?
il 5.10
+(a\4)ij YR 10
GRIGST J adl (5.10) dslall >

(5.11) &Mc

ox2

(r_’ﬂu) iy 2u g |
ij

A9l Ay oo g S M W G, Bile x (5.11) Dolel)

Goa)l e LG, §) Sl b & @u/ox) (derivative) xiwl) (second-order central second difference)
oVsledd Lol alite C.?L.J\ 9 Ll igy bl an Ll J-.a;l y o olaiad) (Difference expressions)

(29 X ezl 48l

au Wijr1 — Ui .
— = e s T Ay) Forward difference
i Ay
Ou Ui j— Ui j—1 -
— | = ——"—+0y) Rearward difference
oy )i Ay
au Hijr1 — Uij—1 .
— | = e R O(Ay )2 Central difference
ay i 2;’]‘_\'

; .
0 Hiipl — 20 + i o
—| = ul IJO WD O(«_’i_‘.')2 Central second difference
dy ij (dv)=

s Jul P g ~PA (central second difference) @L’:J\ SSA Gl ol L3 ol (\-«JAW 2 e
& ¢ (first derivatives) (¥ wliziel) (forward difference) L},LJ B S o pnis oS5 (5.11) Aslall 3y b

Lbolaw) 13 .(first derivatives)éfl“ olaell 3 sl (rearward differences) ehsld 32 59

Lod ¢ OJ‘AJ“M
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du du
(()gu) B [ a (r_’?u)} N (Tr)m,j _(Tr)i_j
0x= i dx \dx i Ax
Pu) [(”j+1,j —Hi.j)_(fﬂ.j—”i—l.j )] v
ax? )i N Ax Ax Ax

bl
(G“u) Uig1j— 2uij + Ui
i

~ 5.12)
O0x2 (Ax)? (

Bld) s pldsanl sy . (511) Aslall 2s (difference quotient) Gl Jol> il 2 (5.12) Wslas
(mixed derivative) dalosl) olaiad (finite difference quotient) Djv\-és:i S ,5-“ J«ab- EEgeoe -L:if.U

AU e Je 2 e ) 3 (3 @uxdy)

Tu_ 0 (0 (5.13)
dxdy  Ox\dy

G e 3 Lal yd olisill ao ¢ ey ¢ yd Slimaad) (550 8, xd el ST ((5.13) Wslall 3

~

. (Central differences) &;;S,\

Pu 0 ([)u) (%)j—»—],j_(%)i—g

axdy — ax\ oy 24x

u . [(ffj+14+1 — Uiy1j-1 )(”i—l.JH — Ui_1j1 )] s
Adxay 24y 24y 24x
Au 1

~

. A et T U1~ Ui o1~ Ui 1)
dxdy  ddxdy o A o

or

P u l ( )
= Hiplj+1 T U—1j—1 — Hit1—1 — Hi—1
f?.\'(j_\‘ . 441.\;4‘\‘ i+1j+1 i—1,j-1 i+1j-1 i—1j+l1 (5.14)

+O[(Ux)*.(4v)?]

wlizzl) oe Slad oMl (derivatives) wlizivall (651 G, adl Godll o Ll Lo Jsadl (Sgy
J&&i o Ll J«w J}B- e P daadall Lo lls B (higher-order derivates) sz"cty‘ e il el
45 944 Ol=inl s 51 «(difference quotients) & ,35\ Lol

Anderson, D.A., Tannehill, John C. and Pletcher, Richard H., Computational Fluid Mechanics and Heat
Transfer, McGraw-Hill, New York, 1984.
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(Discretization of PDEs) &34 aloladl ooVl 5 &

¢(boundary) >sid! Lo s 3L
VI bl S O87131 0L 05, (differencing) 3,40 et ¢(boundary) 394! e ous 13Le
¢(boundary) 39l oo delsy ) oY) (g ap simed Al oL

Y S a1l bl s Jﬁﬁ\

J& ngj (gr1d> M\ e 1 M\ CA Jj.&.;-\ e s c.ﬁjé L..S-Ub 5.2 Jg..l«j\ J«J_C\CJLIL\ J‘-‘f“"” é&
S dudy J o2 O OV L5gad) 355 2Ay 9 Ay (distance) Bles (33 92 LAl o L3904

. J}.L;-\ gSL'c 33.&5“

LS™ (forward difference) L;abiﬁ\ S 4l &P Jedl et

o) —
(3) =270 oty (5.15)
ay ), Ay

o & i) e Jpadl bSe S S (first-order accuracy) B L) dm ) e 2 )

¢(second-order accuracy) &0 4Ll ax )|
ey s ik by Y (5.8) Aslall (3 5 LS (central difference) (5555 &3 a2 Ol aolats Y
~J3 «(computation) Cludl Glas )= a2 3kadl 52 . Sl (3 2 akdd) (3 moge pa LS b

kil oda 3w e Oleglas L;T Legos Lyl
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Losd o oy gy =uy OF (20 S L b 15 Jld) e el Slis ¢ CFD e JoY1 ALY 2
2 3,%5 b (physical sense) (53l sno ¥ (YU ans (3 (reflection boundary) oSaY)
92t G e joall LS ST o5 T B0 i) Ve ks 2 G0 el e 8T S0 L0 (i
s+ $(boundary) 394 e (second-order accurate) a3l (3 W) i)\ s (finite difference)

2902 Gl Lol ClaaY AT AR b oy 4l (o

(polynomial) Seddl sdate as pmy O uﬁ_g u (boundary) el O o5l
u = at+by+c y? (5.16)
A e 52 KMJ“ b el bl P Uslad) odas Lk 13

ur=a
uz=a+bAy+c(Ay)?
us=a+b(2Ay)+c(2Ay)?

: b‘,) EWIRLE (system) (w‘ RE (solving) J>9

—3uy +4dur — 13
b= ———— — 5.17)
’ 24y (

: ) b (differentiating) Alolillg ¢(5.16) Wslall 1) 55

du

e 61y bl oy -y (5-18) " (evaluation) pe—sdts
ty=0 <> (1 ibs .L&) JJA;L\
(dj) =b (5.19)
av ),

tbe et (5.19) 5(5.18) Volakl (ry e

du —3uy +4uy —u
— | = Bt B (5.20)
oy 24y

.1 ki) Js> (Taylor's series expansion ) Ji’-b Al &y 3 i (5.20) Aslead) BV 35 LebY
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(Discretization of PDEs) &34 aloladl ooVl 5 &

ou Ju\ V? PFPu\ Vv
uy) =+l = vl o= S| (5.21)
Y= (ﬁ.\‘)l' ({)_\'~ )1 2 ("?“3)1 6

(5.16) aslall (3 ol sl (s ) (polynomial expression) 394! sdadl jadl L(5.16) 3 (5.21) Vsl 0,18
S L“SA (5,16) Jalel 4‘_}\:&;} .(Taylor’s series) ng.U lwdw L} C)L>=Ua~a» C)}U JJT (Uo'd,w\ LﬁjLw-i o
(5.20) olall Lt sl oY1 ¢ Ay o oliand 2 ((5.20) Wolell 3 (derivative) szil) LS5 (3.0(Ayp

Lk LS (5.20) bl 5 0F S Wb 0ay g5 e

(3—’\’)1 _ tdn o Z;fz_“ + Oy (522)
59| P (second-order—accurate difference quotient) i3> e iU dmydl by 34 Lol sa Llag
gy By «(one-sided diﬁerences) Ay ol djjj\ s (5.22) 9 (5.15) (ol VST are G LS (gl
il e e g\ Al ol pasg L;.,a\g) CLM Gib e ki 3 (function) ald (derivative) AU
<y &LJ" «(one-sided differences) >y <il>= yo dji oy el J.:g»b S5 abid) sda e Lads Al
394 e (oneside) dly ol ) 43lo) LLs plaseal 3y (accuracy) B e
(Finite-Difference Equations) 3g3a// § 4/l o Xslea) Guulul ile>21.3
id )l leguall pldsaial o CFDJ) (¢ (finite-difference) 8394=) 340l 5 o Jol= 0 agd
sl SIS Al aYaladl 3 a8 clanall Juy 52 had 3 con sl & (difference quotients)
system of algebraic difference ) &y 432 Vsles oo daghie & il .(governing flow equations)
(grid) SO o ks 57 (dependent variables) &\l <zl (equations
.(a difference equation) ad s aslal il Calgdl oy ydie (Ul s 3
s ngi 9 (dependent variable) @w\ gl ey Of e 3 65\) AU A dead) Aslell juel

to9x e (function)
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A ]
du  0cu

—=— (5.23)
ot dx?

o8 ke Jsadl (Sa g Mlin o WLESLe o Bl b1 0ds 3 ¢ doal)d S 2ol Aol oda L
1S wbdll £y e 2 (523) Wbl ds S (flow equations) Obyed) SVslas aa Juladl 52)b

{(parabolic)
(forward difference) sl 1) &)l (523) Aslall 3 (time derivative) <dgll ie Jilaul Led 13)

AU ) ) L (5555 Ve - (spatial derivative) k}\gl\ e g

i T R N
At (Ax)=

¢(finite-difference equation) &slS™ 5942 3,4l dslel (truncation error) i\.b:é’ﬁ\ Uos 2 Lot dlgw

J«o‘j-s”- idag | (truncation errors) tww slos c«ﬁ\j Jg-&u LSy ((5.24) 9. (5.23) Vsl o C“';'.‘

e C-waf (5.10) 9 (5.4) =Yslll s (difference quotients) 3,4l

_ a2 n+l _ ..n n _ A0 n
ou 0w U uw (= 2u +u )

(.rf_f B axz At (Ax)2

FPu\" At (5*u\" (Ux)?
+ |- —+|— +--- 5.25)
[ (f_?r2 )i 2 ({3.i'4) 12 (

i

(original partial differential equation) %—Laiy\ 4 }\ aloledl dslel) Sla (5.25) dsleall jLdl Lol ‘5@
odb (finite difference expression) Bij‘-SL-\ 3 4l CLM gw\j ij\ el Hlia O.I“Y\ ol J}J ¢

ARV
t\.h"é‘)[\ Ls ) dsel (truncation error) t\h@‘ﬂ\ s [ A J\}e\ 3 8ls) wilboll 4

. O[At, (Ax)’] s» (representation) Ol 144 (truncation error)
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original differential ) &ko¥! alolid) Alslall (Sslus (finite-difference equation) 39! &4l sles Lo
At — 03 Ax — 0N o) sf ALY L ) Ll 220 bls sue 13) (equation

MYl Wsles JWby aall 4 oady (truncation error) glas¥l Uas OF Lamds ¢ (5.25) Wslall jami
koY alolad) aslal) e Ui O35 (difference equation )

ilolid) alsleeld (finite-difference representation) 339! 341 Ol 0} JUiy (JUH s Vs 0,5 Laie
.(consistent) 3wlzs (partial differential equation) 43;3!

0F 432 phdll o Shady) el e Slsbs (3 (‘marching’) L)' o S ds b (524) Al

.((parabolic equations) y&l‘ cﬁm Vsl ole Bk T (marching solutions) edl | gl

-

initial ) &Jg¥) gl opal e alad ax (3 x S (dependent variable) Wl padd Cm T o 50
(unknown) Cg,me pi bbb dsly paze e g3 BT (55 ((5.24) Aokl jamd 5 .3ksl) (conditions
o 5oba (t+AY) <3l (3 (dependent variable) mll padl Jo Jsad) (Sq bl odg 5 um sag
known ) Bgall w3l e 5 50e Lede Jpwadl on &1 S5 sn ot 30 3 (known results) Gbg el sl

explicitﬁnite—diﬁerence) ANy C«ﬂ\jﬂ Mb 5-3545&-\ 3l J>— L;Lﬁ Jls o lda g 9w, up (Values

. (solution

&) (original partial differential equation) il g A adoladl dslall ) ssni olas Jles LAl
9 u‘&‘ S e (spatial differences) KL by eSS B ods L(5.23) Wslell Lgies

o2 \ing ((n+1) 9n (m (average properties) Jdadl col=llbag

Crank- form) OswdSs —LIS IKa) oy (5.26) dslall 3 ol (differencing) s (o (2l 1ay

.(Nicolson
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(terms of the known quantities) g 20 LS pe bodb ws ;a’j Yourt el je (5.26) Ablall el
9= nHl Ololl Al (3 o g Bgme b SlaS pe Lol Sy — wner geunaun » 9 — n Ol abE
M g Ut

15 as abidl oda (3 S8 Y (grid) 3l 3 i Lne 2kl e (5.26) Aslall 3o OF Wl 131 ¢ I
@3 B AL bl a3 2550 055 OF ot (5.26) Wl (ells o Yoy ue J ) Je s
9i C«J- ur (unknown) Js¢st O 5.<» > (system of algebraic equations) apdl o Yslell -pe oz Ul
.(implicit finite-difference solution) sl (3,4l N J> e Jle lds Laslg w3y i.gj.w L~ u§£,
simultaneous linear ) 4>y <3y (3 &bl 3xd) Vsl e (large systems) 355 olod > wo Llas Y
.(large matrices) PRy SLsaall el (3 (implicit methods) dvea)l & lll 83l 2))Lis s (algebraic
o) b il 4l (disadvantages) ©lldls (advantages) N e e o Led

(Explicit approach) gez~2l! 7l (1

.(program) =br (setup) sLasy Luws Loy :(advantage) 4l (T

& (limit) >0 jan e B AL 05 0T ot (e Ax J odlel JB dmw e :(disadvantage) dbd! (<
DYl e Blisd R dlao At 5SS Of (g (VW e 187 (3 (stability constraints) i) 358 Lo,
st s (calculations) wblea s) =Y Lsb cds (computer) oS s ) 635 O oS4 liay «(stability)
ct Ol e dima 310

(Implicit approach) (ges2)! z¢ (2

Jad S T 8y Slgs plsaal JWby ¢ At e w25 S il (stability) i) e Llid) Se s

(computer) 758l 3 3 L’j sk Sl ol ot e Aims 318 e s (calculations) 4ulwd) ollasll
.(program)@bjg sl i ST .cud) (o

w3y gl e dgbs ST (3 Ryeo ple K5 2 (massive matrix)iesea)) Bsiall oM O L ted) (2

(explicit approach)@rdt cedl @ ads ST R ST ga g ssbs S8 FenaS)
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(Discretization of PDEs) &34 aloladl ooVl 5 &

(implicit methods) &> &b alisiuly «(truncation error) xS — Uasy ¢ 508 At S Ss 0l & teaadl (5
el aiss 05 ¥ 48 ((independent variable) dlindl oipzall w3l SUM) psal ol deld
(explicit approach )= -2

g 2l 2ol 0 Sl o (steady state) S Do a3 o gl byt o 3 sl 25 any
e Cand 2 (inaccuracy) a3\ &

Jsh e gsks ) aleall CFD Jshdl o obaadl 20U 06 (1979 sl L= U1 1969 oo 0 35801 JN5
szl s (explicit methods) aolsll 3kl o (el Jubl 3 JH g2 L) (“marching’) 'yl

Lpan o I 43 (grid points) 358 i by g b ks SV CFD J1 wlies (o spokall O o2l oy
bl o it 4 5 S ST s o3y sy (530 (regions of the flow) il blis w3
.45kl (small marching steps)

Y VT 4L ali> (implicit methods) aiesa)l 3kl oMel 3,500 (advantage) 35l ods cdax A3
daal) Glall il Cand) b i aass i) aedl g 35S e whbs plsaul e 5,0l
CFD ) wligkes o Ly T52 ©Lislad) (3 (implicit methods)

ale ke 21.3.1

2 (partial derivatives) &5 lizil) Jzal doesly Linlh sug ¢ 5350l GA gl OF sl b
o2& ¢ «(algebraic difference quotients) &pd 3,4 Lolst (governing equations) dmwlw¥! Y slald
&9 A bl o ka8 (algebraic equations) apd! Yslell odd Jol> e Jsa=ll 3,4
O)giw (calculations) <blud) oda e of ey b Hlas S (e ke giﬁ Z\-LI«AA Sjg.ij\ ol (23
sl byt 0B 23 Jo sdley by il m b3 o(stable) S 3> sl «(accurate) i
boundary ) seddl by i) Ll C)}L’J‘ O Wby (J> oD duns Szl (boundary conditions)

ey ale < J»T (finite-difference) bj-k-é\ 34l Loes Yj (839 A4S sl < (conditions
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(Errors and an Analysis of Stability ) ,/,éi.Y/ Jil~ig elas/27.4

At the end of the last section, we stated that no guarantee exists for the accuracy and stability of a system of

finite-difference, equations under all conditions.
Lol IS 3 OVsleedl padl G pls gy 85 Oledad sy ¥ T 653 e aladll 118 3

However for linear equations there is a formal way of examining the accuracy and stability and these ideas at
least provide guidance for the understanding of the behaviour of the more complex non-linear system that is

our governing flow equations.
28 el ol g 0L gy pais BY) o G aling jlana Vg Bl jasmd) 20 dhwy dlis 2kl S¥olaad) (S
Ol yedd Bl ¥l SVl a odiag i S Yy Lot
In this section we introduce some of these ideas, applied to simple linear equations.
bl bt SYsl) e lar g SISV ods am p i ) s (3
The material in this section is patterned somewhat after section 3-6 of the excellent book on CFD by Dale

Anderson, John Tannehill and Richard Pletcher (Ref. [1]) which should be consulted for more details.

Consider a partial differential equation, such as for example Eq. (5.23). The numerical solution of this equation

is influenced by two sources of error:

Dale ) Oswl s I3 oo jell Wadl CFD oS 0 6-3 vl day b= 4] QU s (3 5l oda Lty

Lo gl s & ([1] =) ((Richard Pletcher) jLzsYy 3)lazys (John Tannehill) J#6 09 «(Anderson

8 o Wbl odd a1 Sluy L (5.23) Wbk JUM L e e i) alolid) sl juad 38y e Y
Lot slae o ol

Discretization error. The difference between the exact analytical solution of the partial differential equation .1

(for example, Eq. (5.23)) and the exact (round-off free) solution of the corresponding difference equation (for

.example, Eq. (5.24))

From our previous discussion, the discretization error is simply the truncation error for the difference

equation plus any errors introduced by the numerical treatment of the boundary conditions.
g alolad) dslad) 33100 (analytical solution) =) |4 ¢ G4 . (Discretization error) 44l s .1
35z V) ((round-off free) o, 093) 334 |4 ((5.23) aslall JUl L Le) (partial differential equation)

((5.24) Aol Jul g &) (difference equation) 3,4l Wsles -
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(Discretization of PDEs) &34 aloladl ooVl 5 &

difference ) &,4)) dslxs (truncation error) g | Uox blawy 4o (discretization error) ;4 Ut aa Ll Lzsdle (3
boundary ) s9id| bgi) (numerical treatment) w3l iRl 3 |5 & sV 1 BLoYL  (equation
. (conditions

2 .Round-off error. The numerical error introduced after a repetitive number of calculations in which the

computer is constantly rounding the numbers to some significant figure.
igled) olld) o 3us A (numerical error) saa) e J=%  .(Round-off error) 3 Ls 2
significant ) syl slaeNl 2ay ) hezal (G)‘Y\ (rounding) iy sk ) 5SSl (38,5 (calculations)
. (figure
LS5 13
(partial differential equation) &5+ 4Lolidl Uslead) (analytical solution) el |4 =A
(difference equation) &,4)) aslal (exact solution) &34 |+ =D

(finite accuracy) &l 4> & ek FemeS Sl o (numerical solution) (s34l |4 =N

—\

Ky
A-D = (Discretization error) 40 s
(5.27) N -D =¢ = (Round-off) &
S5 0l Ka o(527) Al
(5.28) NoD+:¢
"os" dblu deond o ccmid\ e (3 Lzddld £ c(round—off error) 2l (VS QY ng,-j O
S < L}wbj -(difference equation) G, aslas LSJS iSO —% N (numerical solution) Lﬁkw\ J;L\ SN
,(5.24)

n+1 n+1 n_ .n n n
D"+ g™ - Di -l Dl +el

At (dx)?

—2D" 26 4 DM &P
(5.29)

By definition, D is the exact solution of the difference equation, hence it exactly satisfies:
P LU 4 <) LWLy «(difference equation) 3,41 dslal (exact solution) g3 |4 52 D cCaadl (S£
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i+1
At (dx)?
Subtracting Eq. (5.30) from (5.29),

pl—pro DR 2D 4 DY
' L = — (5.30)

,(5.29) ; (5.30) Wslsl o

n+1 n n
i € iy

At (Ax)>

From Eq. (5.31), we see that the error ¢ also satisfies the difference equation.

& 28{1 +&h

= (5.31)

. (difference equation) 3,4 Wslee Lz &,g,. e (error) Lt O) (55 «(5.31) .aslall o

Stability Analysis - 3! sz’ J;J;'

We now consider aspects of the stability of the difference equation, Eq. (5.24). If errors ¢, are already

present at some stage of the solution of this equation (as they always are in any real computer

solution), then the solution will be stable if the¢,’s shrink, or at best stay the same, as the solution

progresses from step n to n+1; on the other hand, if the Cirg grow larger during the progression of the

solution from steps n to n+1, then the solution is unstable.

That is, for a solution to be stable,

(5.24) .aslal) | (difference equation) & 5 4 2sles ¢ (aspects of the stability) |zl Cols= OV juan £
JH 0B (oS i > ol @ Ly oa LS) ablall odd 1 e o (3 839mse £ slas Y1 ilST3)
N bl e piiy ) G gt 25 Y1 el 3 ol (ali g slas V) o513 (stable) i 0
S 2 055 A 06 DAL Al e B as e ST 8 ST A T Al ey ] )
(unstable)

,(stable) s 055 | U1 fosl 5 4k

et /et < 1 (5.32)

For Eq. (5.24), let us examine under what conditions Eq. (5.32) holds. Assume that the distribution of
errors along the x-axis is given by a Fourier series in X, and that the time-wise variation is exponential in t,

i.e.

(distribution of errors) sUasYI x5 O (2 ;4.(5.32) dslall axus by ST e Eou Lges ((5.24) Usleal)

MY w36l AU e Mag ¢ x (3 (Fourier series) 4wy able |3 0 Slana ngg (x-axis) x ys2 Jsb e
L’ST ¢ t & (exponential) L;fﬂ\ IS
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tn
2
fad
"

e(x, 1) =" Z otkm¥ (

i

Where km is the wave number and where the exponential factor a is a complex number. Since the
difference equation is linear, when Eq. (5.33) is substituted into Eq. (5.31) the behaviour of each term of

the series is the same as the series itself. Hence, let us deal with just one term of the series, and write
complex ) S+ >4s & a (exponential factor) wy\ Lol Eo9 (wave number) wl-sll sue oa ki o

sl 3 (5.33) aslall Jlaal o Ladis «(linear) ides & (difference equation) 3,4l dsles OV K .(number

g Jolas Lges of g 813 (series) Aol i 52 (series) Aludd) ods s (term) pllaas [S7 85l (5,31)
4,8y ((series) dhunkedl oda -0 Lo A C.Lb.\a.»
e (x.1) = eMlekm* (5.34)
Substitute Eq. (5.34) into Eq. (5.31),

(5.31) dslall 3 (5.34) .abslall ozl

()a(lﬂit) (_)r'km.r el e{'kmx Pl E,fkm(x+d_\') Pl (_).f.-'cm_\' + ot E,ikm(x—d_\')
_ i (5.35)
At (4x)-

Divide Eq. (5.35) by eateikmx,

cetteikmx |3 s (5.35) Aslall (Divide) ponds

t’Mt—l _ er’kmﬁ.r_2+(_,—ikm/_'fx
At (4x)>2
or,
. At .
M = 4 —— (MmN 4 kY _9) (5.36)
(Ax)-
25 (identity) dsles 4SI
efkm;ix + (_)—.fkmd.r
cos(kpdx) = S

Sl e (536) wsll als S
:L;Ld\

o 24t
=1+ Oy [cos(kmdx)— 1] (5.37)

(trigonometric identity) 5,5 Lpwsst s Asles S
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| —cos(ky4x)

sin?[(kp4x)/2] = =
Slall 48 (3 meai (5.37) Walal)
Y 44t . 4
A= ] - yrs sin“[(kyp4x)/2] (5.38)
(5.34) Aol -
et I ()zl(t+;1t)€£k111 X
! — ' — padt
ch o é;zlt(_)ikmx = ¢ (5.39)
L
Lo e «(5.32) 9(5.38) «(5.39) oYl O (Combining) oot
8!1+l At .
=" = |1 - — sin*[(kmdx)/2]| < | (5.40)
& X)©

Equation (5.40) must be satisfied to have a stable solution, as dictated by Eq. (5.32). In Eq. (5.40) the factor

Lol ((5.40) alall 3 .(5.32) Labalal) i U iy izews > Lo 0SS by s [S7(5.40) ablall 355 0T 2

! sinz[(kmzlx)/Z] =G

5
X)-
is called the amplification factor, and is denoted by G. Evaluating the inequality in Eq. (5.40), namely G <

1, we have two possible situations which must hold simultaneously:
«(5.40) sl 3 (inequality) < la) ol .G ) peadl ang (amplification factor) peadl ble oy 52y

13l i 3 i 5 o OF g g et SV e ol Ll (G <1 !

44t .
(1) 1- o sin®[(kmdx)/2] < 1

Thus

44t
@ Slnz[(‘[‘ymﬂ,\‘)/z] >0

Since At/(Ax)? is always positive, this condition always holds.

Lty ey bydi s s Lils s AY/(AX? OV
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411” |
7M1 o2l Ay _
(2) 1 e sin“[(kmdx)/2] = -1

Thus

-
S sl d /2] - 1< 1

For the above condition to hold,
oSt by 2l exy

At 1

= 541
(4x)? — 2 ( )

Equation (5.41) gives the stability requirement for the solution of the difference equation, Eq. (5.24), to
be stable.

dslall | (difference equation) 3,4}l dsles |4 (stability requirement) || il wllloze Joas (3.41) adslal)

(stable) 3 it 055 Ol St ((5.24)
Clearly, for a given Ax, the allowed value of At must be small enough to satisfy Eq. (5.41).
(541) Bl Bl 3 K 1 Bpaee At b 05T OF 8 3342 Ax Y (s

Here is a stunning example of the limitation placed on the marching variable by stability considerations

for explicit finite difference models.
73l (stability) &YV whlasl o8 &)l (marching variable) sl sz Ao 558l nos) fade Jlie oo L
.(explicit finite difference models) d>2\s)) 5945t (3,4l

As long as At/(Ax)? < 1/2, the error will not grow for subsequent marching steps in t, and the numerical

solution will proceed in a stable manner.
numerical ) @34l |4y ¢ t (3 @MW (marching steps) sl <lsbd sar o) Ladl (At/(Ax2 < 172 Ul
.(stable manner ) itws W= (3 &> (solution

On the other hand, if At/(Ax)? > 1/2, then the error will progressively become larger, and will eventually

cause the numerical marching solution to ‘blow up’ on the computer .
@ode J Ol R (3 oy ¢ ST Lgyw e Oy ot B3] GAY(AX?2 > 172 13 T ab
SseeS Sle (‘blow up’) p=&J (numerical marching solution) y!

The above analysis is an example of a general method called the von Neuman stability method, which is

used frequently to study the stability properties of linear difference equations.
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von Neuman stability ) Olsss Og izl dib  aud il dib e Jle oa ool 5041 (analysis) Ld>d) O)
linear ) akdl 34l wY¥sld (stability properties) Yl jailas iull sisand b 1S &) ((method

.(difference equations

Another Example: Stability analysis of a hyperbolic equation - Jl
dgabadl) dslacl) i) dE 1 5T

Let us quickly examine the stability characteristics of another simple equation, this time a hyperbolic
equation. Consider the first order wave equation:

dakad Wslal 3L oldag L;;-T b, Wslel (stability characteristics) 2! Leflas dul) o A8 Lged

:(first order wave equation) 4>sel) ij\ iyl Usles yued L (hyperbolic equation)

ou du
— +C— =
ot 0x

((5.8) skl L)) (central difference) ;5,8 &,4)) spatial derivative) 3B gradl Joaes Uges
£ & sp ; ¥

(5.42)

: n _ .n
Ou Uiy~ U

ox  24x
o i o1 Co (first order difference) (V! a0l <3 & 41 & (time derivative) sl iie Jhzud Lses

(5.43)

L;T ¢ (i-1) s(i+1) (grid points) sl bls o (average value) JA=l

|
u(r) = E(H?H +ul )

Then |
n+1 n n
Ou _ui =5, +ug,)

o At

(5.44)

L) enere (542) (3 (5.44) 5(543) <Yaladl Jiozl

= uh
i+1 i—1
(f) (5.45)

! = Uit ;”i—l _leTi
slakl o codlel 8,yST Aslall (3 pasand) (diifferencing) su,adl e Lad ¢(5.19) 5 (5.18) <Vslall c wokl
(Peter Lax) SV fe darg ((Lax) ~SY b ons &) ((time derivative) <3s)l gaiw Lot dlonions (5.44)

Lt S 0V kol b e gl O sl olsl )l
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sin e’ (’ﬁw‘ Jole ,(5,45) dslall 3 Jg.‘id\ s Jldzsly (ile 8 Jsasdl em(x, t) = edeikmt (error)
G = cos(kmAx) —iC sin(kmAx) (5.46)

where C = c.At/Ax . The stability requirement is |e*| < 1,which when applied to Eq. (5.46) yields
(5.46) sl Je 3ks Lie [ lext] <1 s» (stability requirement) & sllell bo2ll. C = c.A/AX o
e o

C = cﬁ <1 (5.47)
Ax

J 05 O T e (At < Ax/e) O) Jsi5 aslall ods ( Courant number) O)sS 348 C o ¢ (5.47) dslall 3
— OlysS bod i (5.47) Aslal) (&5 e 39dleq (stable) 13ts (5.45) Akl & (numerical solution) (s34l
S L 3wl e LCFL bpaS” (oS8 bses o Courant—Friedrichs—Lewy condition) Al — sy
b,2) (physical) 434 a2V b Lses L (hyperbolic equations) dakdll o Yslxall ol (stability) ,l,&xeY!
il &)l o3 (wave equation) dxshl dsles yaed (CFL I

v bl
o o u

ar? 0x2

5 i 05 (4.2 rmfﬂ\ it) aslal) odd (characteristic lines) dww ) b sl

(5.48)

x=ct (right running)

and
x=—ct (left running)

(intersection) xblis 055 01 b 2kill e (5.3 Sl o (b) 5 (a) o WS .(b) 5 5.3() Sl @ ey
Jos (left-running) hiw gBAV) jaflas o (i - 1) 8420 1ei I+ (rightrunning) L gBAY) jailal
(i) 3 aais

Ju Atea j27id (stability criterion) Al jlas Jox (547) dsladl (3 Jeall CFL J) b5 ((5.48) dslaal
b (stability criterion) sblad) des Wby Atca=Ax/c ¢ .C=1 Lo (5.47) Wbl dbanly watill At J) 2a3 s
(b) 5 53(a) s 3 oty LS ((x-axis) x sl Bg2 Atcar Bluw e

3 e 32 LS (Atca <Atca ((5.47) Wbl s @ .53(a) e (3 paw M (case) A ay ,C <1 01 OV il
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5.3(a) JS<ad!
L (properties) [ailad! O s (trAtea) <o)l (8 s35rll i Abidl die B2 & 2hi xe gilys d Wbid) o il
5 (i-1) (grid) & bl el (equation) 8,4 Wsles o (calculated numerically) Lsde ot d ik
5.3(a) JKadl 3 ek sl ade (triangle) <) 055 d akid (numerical domain) ¢saual) Bladl (i +1)
xe 3l 53(a) JK&) (3 (shaded triangle) Ml ¢dill ga d akid) (analytical domain) Al JU
d akill (numerical domain) (s34l JI 5.3(a) (Sl 3 O o>y .d akidl wis (characteristics) 25ladl,
skl e 051 C>1 cbs . 5.3(b) Sl &l A o rade Wl (3 . (analytical domain) Sl Jll Loy
d akidl e, 53(b) el & cae or LS ¢ At > Atea ,(5.47)

physical) & 25 5.3 UCad
i34 (significance J

CFL b2J U

oss ond d abidl (3 afladl O L (trAtear) gl (3 53l i i)l 2l me s 31 5.3(b) JSC2) 3
¢ (i+1) 3 (i-1) (grid points) & bli plasaal (difference equation) 3,4/l dslas o (calculated numerically)
(ke J1 53(b) JKadl 3 by (oA ade (triangle) il o8 d akal (numerical domain) (ssda)) 3ladl
o2iladl Y e ae ally. 5.3(b) i) (3 (shaded triangle) Mall il sa d akidl (analytical domain)

J S iy ¥ (numerical domain) (sadall Ji 53(b) |l (3 OF > .d akadl due (characteristics)
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(Discretization of PDEs) &3 aloladl ooVl 5 &

.(unstable behaviour) e »é Sske 1] (638 Il (condition) b2l s» \iay ,(analytical domain) ol
1 (CFL condition) CFL J! & JWl (physical interpretation) Sl i) p ik of S« (2,
analytical ) Jul>dl J2) JS7 Ledy Ol < (computational domain) gt JI21 ((stability) Ay d T e
oan 3 LU Gl Jly ((accuracy) @) dles . (stability) IV & ool el 3,5l ol LaeY) (domain
5.3(a) JKid 3 e o LS (stable case) &irndd U juad 53 L Sa b dgay o o5 O Lo s oY)
& (shaded triangle) Ml <) s» d ikl (dependence) Zadl (analytic domain) Addl Jl) OF L3l
bl dal) s DUl e Lo oz Ui d k8 3 jafladly (Chap. 4) 4 Jadl & lisle 0 53(a) JS2)
Je ol 0 5SS (i+1) 9 (i-1) (numerical grid points) &sdal Az bls of > (U3 co).(shaded triangle)
(A Al e .d akadl e (properties) Lafledl Je S5 Y Ol g Lk JWLy (of dependence) |
grid ) i)l bls 0 leglas 156 d 3o (3 (properties) Laflesd) (numerical calculation) ($34al lud
A ods 3 L Atca << At Byio Atca sl op Lakie candlis 15 0,55 AU odag (i +1) 5 (- 1) (points
ia3> & (results) ) 05G 45 ((stable) sizes > (3 (calculations) duled! Sllea)l O oA e
Bym o9 d (domain of dependence) ikall dadl Jl) on o) (mismatch) “ad) o Lk (inaccurate)
53\l 423Ul 55 (3 .d s (properties) 2iled! Clud dedsedl (actual numerical data) dledl &348) UL
) s (unity) 849 oo B0 ol (s5bs 055G OF % (Courant number) U saall OF ) el oM
(accuracy) B i o Jlaz= S (unity) 3dg 1) 31 C 06K OF a2 cdgll iy ad s Ml (C<1 ((stability)
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Computational Fluid Dynamics (CFD) Basics with Examples (engl./arab.) (2010 - 2015)
22 ) &l oY 9=3Grid transformations(

Ss2022. 1
uniform, ) Aozl 2l sl cieland) aghrall JSad) - Mles CFD wlinks |87 cils™13)

bloy LSe 5 2 5 e stendl Sl oVslee jad o 6F s 0K ) ((rectangular grid
oo szl BN Loled by Valall ol La39dl B9 dlly ((X,,2,t) slizd 3 Vsl oda gk
oS aidd) SLall an (G5 meg Aty AZ (AY AX P 8amge o5 plisiial i Oludly O o5
Fig & roly 50 LS gl oo olsbl 0 e 2 Wl (o s (e w3y 6 o 55T Lsla
kb 108 3 mad) Leoy o 6.1

PO e gl s e STl 2w

S B jatlas dad s b BLedl ol Ll & Gl rad) ol i) b ae bis (1)
CLLd ol ] Lgas 01 S5

o OY eldy it e Mn il o o i @) AR BB ety O 5 (B s s (2)
(g3l A Bsg gy el OF ot el o WUy (33l Lad sk (5o bb ga i

oo o) ) Qi slgy dels p Fig 6.1 3 albad) 2l of s Of LSy i
OUIVL ook gl dimre g Babozis 52 802 (55 s WFig. 6.2(2) 3 Leatlas by gl 4l (el
iy ASH=390d sl s e Lo 1y Lol = 1) 5 & bshasl] o Gt o) Jo LIS
o e b (i i 1K b OF o degll abidly | Ladll s 3 WY Jeaddl Lezsili
Fig. (3 ol Sl 5 3 el ga 281 o 0l ady 58 L g, Fig. 6.2(2). & e 58 LS (b
eLadll 3 i) B hod ep a Ll (ot L Ll ez B i G ol « 6.2(a)
o Yl a8 moy JBFig 6.2(D) 3.0k M 5 § e e Alanes 308 ] Sl
Gilladl gl s L gpeld) besid) Lyl ansy Fig. 6.2(b) (3 s 32 LS Aozl 5020 My & e
S o Slpd)l aasdl Lol anssFig. 6.2(a) (3 dill bobadl 355 3520 oda o Laidl 3
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Computational Fluid Dynamics (CFD) Basics with Examples (engl./arab.) (2010 - 2015)
(gl Lkl 3¢ 9 b ya bla 0o @il (Fig. 6.22) SLpd Lbsdl 3¢ b ga Ll (Jul

L BLolb L JUpdl) Ldosdl ) dsust) wlaglall & on @ L adlnze AT g dilnze AT e sl
X oo Yoy Sl Lylasb Mg Eo ) o b Y (ol dndl WSS Vsl o on Laie (20

ad) alind) Shals (1 €) U (X, ) @ aks M Jew OF g T 0y g
9 St Labosdl oy 3L (S g SVsleold pladl ol 500 oY Gy sa baadll s e 2,4l
gl lo ozl

s CED  Jl2 (3 gsbore ©lal e Jlie o sl oda 53a2 ols dae 223l aiew 3 da

.(grid generation) i sl
Fig. 6.1: Airfoil on a ¥
rectangular grid

Fig. 6.2 (a) Physical
plane

(b) Computational
plane

An
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(Grid transformations) i) C)Yj&"—

General Transformation of the Equations 22.2
x,y, aell ol - «(two-dimensional unsteady flow) N S i 3B by Oew cabllll
L;LC— Lﬁjlaj &L«w 9 (asline Tl (x, y, z, t) i QM\ & CJL&g&}“ LS.DU ul_iu &SJ&.S Cﬂ:& ¢ (t)

(terms) @l o W5

E (t @) 2 Ul (xy,2) u"bj""'“ ) 3 ol J‘ﬁ’”' 52w

E=E(x v, 1) (6.1a)
n=n(xy,t (6.1b)
T="1(t) (6.1¢)

A (trivial) Ll gy Ms Lt = T S e o Lo 1Sy cloid t e T a8 coel ) oST Jgodl 3
iy «(formal) &) 4k (transformation) Jsdl S5 s o of % Eq. (6.1¢) «2l3 res tle A
chain rule of differential) J,';L&_:_S\ Cla e Al 30 o L9 2]l (terms) Ja-;,-\ RN (B

Lud ¢ (calculus

5 3\ [oe A\ (o
(‘;"');-.1 - (f;.f)w[;‘.\' ]}-.1 +[{';'r|r ].;'.r ( :'1:')!.‘,
(a) acx O
" E & Xy
L} (Constant) J"":"‘”‘M C)‘}.\.AXLJ Jae L“gﬁ e UJ.O J\cfw o)'\.fj );\,.AXM L} (subscripts) :\'.‘:LQ""'J\ C)L:BL@.}“
(subscripts) dlawl olaloY) blau) s i~ Slpadl (3 . (partial differentiation ) B )

LS oMol pndl CiSG Bgmg (MiSCng L ilie (3 ogfli) Lodls il ad (U3 mag
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d [d ('35] a ({Jr})

o~ (e (52) (3 (o ©2
Similarly,

(@I

dy  \ag an )\ ay -3)
Also,

@), (), G, G5,

(2),(5),

i~ (ae) (&) () (5) () &

or,

(6.5)

¢(metrics) _maldl) conds T 91 & J 4l (coefficients of the derivatives) <liwill dlales . T
Lde Jsad) -So ly (metric terms) &wlis L& » On/0y 5 On/Ox OE/DY /O JEI Jer e
JKals Egs. (6.1a, b and ¢). Vsl ks 13 .Egs. (6.1a, b and ¢) <Vsleoll alel) Jsmdl e
JKe @ (metrics) il Jo Jgadl Lad Ss ¢ (closed form analytic expressions) s  Jebs
o 553 o Bas. (6.1a, b, and ¢) @Vl let s (transformation) Js=d) 0B (23 xay . slas
Ssl Lol 15 o G (S il AL oo 3y it (rumerical) s 855 2y OS]

Bjﬂj‘ L} sw\ M\ CJYJ\&A L'WUJ kY 3.3).55.\ QU)}\.‘J}-Y\ aale — (fjnjte-djfference quotients) 5)}.&5“

.(second derivatives) b olaell S (Viscous ﬂow) g"fu‘ OL el Y sles of LW ¢ il

(6.2) &slal) (o e QU sl e Lo Jpad) (S olimal) oA Jemdl ] 22 la Wb (2,
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(Grid transformations) el oY jﬁ“-

el 3066 o Lde Jsnadl (Sss Eq. (6.60) bl 3 C 9 B abauly W el ablisll ozl

ZL}L"J\ e L}ff (chain rule of differential calculus) JJ;L&.:.S\ Clas o

D ( a)
T dxdE T dx\dE

) (Eq. (6.2) dsld) callidl) 5ueB e pdasas

~ a* \ [ de a* 'r']r,r)
h= (aff](ax]+(ana§)(ar_ (©-7
Similarly:
-2 ~ - wi
c- LD (B) () (2) ) s
dxdn  dx\idn agon |\ dx ant )\ ax

(Lo ,all Lk (g solely (Eq. (6.6). 405l 3 Lgaogy (6.8)9 Egs. (6.7)Yalall s C 9 B Jldzaly

g () ) (7)) G

()52 (e (3251
H=ll=] +2l ==l =l =
an J\ dx ands f\ dx f\ dx

L Jalisilly casllly Lo ozl o o x o gl b B A5 oliadl s (6.9) Wl

(6.9)

ooy o gk L B a5 Lo Jsed) 3 jexed OV Lges ik olis Lgae s € alay

g Eq. (6.3) .45l
o= 5~
Then,

o= i) ) (35 )|

QR
‘[af)(avl oy N\aeay) \ay\av2 ) "\ oy \ apay (6.10)
[

Using Eq. (6.3},

o(0 UATES &\ .
£= 5 lae)= () () e () 611
and
LI NEAT
F= a."'(a’f) - (a?}fjf)(a}f)+(;]3?2)[5}. (6.12)
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JW e ket 1(6.10) 3 (6.12) 5 Egs. (6.11) Jlaset

()50 ()G
()3 o) ()3

Lo M\) (il C)Mb céjf)!\ Cu= py & aley L a5l 3.,;}\ olaad) uhd (6.13) sl
Yoo X glay Lep B a5 Je Jsml sl OV oty Lddlz wolag G e (g & ey

a——(—l 7~ anll5)- )5

o) o) () ) (3 )
AEdx aip |\ dxdy av )\ dndx ha

I_| L
I

(6.13)

Al (s demsy (6.14) sl 3 sl e € 3 B P (6.8) 5(6.7) Jdans

s~ e 3 ) 3 62 5)
(el G (55)- ()

Lod dalosclly il olazally ¢ LoY) o 0 v o X J Bl 23U 254 lizall Laws (6.15) dslal

(6.15)

Al il By pae () & o Gl

5adl (3 Lede Jgadl @ gadl (SE ) OVslall figmd (0,0 98 Lo IS J2E odlel 3300 o¥slal) m
s o bodis ¢ a3t Alitens OlpanaS Ty o (& J dlies SlpizeS’(x, it ) oo (Ch. 2) 5
) gy oy JUin 3 5 s Lo Loy Ao s Ty ) (3 3 Nl o)
WS A s Y sl o (Dl LU 2 g cculdl (@l p ol ne

Fo &
Laplace’s Equation —fﬁ _d': =0 (6.16)
ax?  av?

5 Egs. (6.9) e slaze¥b M y) = M 5 &(xy) =& G« §) dL(x, y) o (0.16) Dol Jisd
:(6.13)
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(Grid transformations) el oY j;-

()] (e 3G (323
() ) G )
(el () (55
()55 -

Rearranging terms, we obtain

A ENGI
2 (5 )(i‘?) (@)( ll

r"]r; r‘]r})
dx

_‘*
Al

aq.'!r e dn & n

+ =10 (6.17
:':L Al ox2 o2 R

Y s (xy) Jupdd sladl (3 aald) (Laplace) [ OLY @slas ¢ (6.17) 5 (6.16) <Vsladl o
(0.1), T 455 (55T 500 byl o dpdl) sy Wolall (5358 (1 6) ol sliadl) (3 ALY Aales
Lbsdl o 3l (SE G oVoldl Led pasaas (6.15) 5 (6.2), (6.3), (6.5), (6.9), (6.13),
s Jsd 02 CFD wligled) JJans 3 Jomdl 0 Bl 0y (), §) glod!) Lalosad) ) (v y) Sledl
o b o) gl pA 3 sasse 308 ) (Fig 6.2a (3 (aee 38 WS o) JLpdll 5 (3 Busge 8
G cgledl Laasid) (3 Gl 83502 0SS Wil 13 ALolid) (Sl oYsles (Fig. 6.2b (3 (s
o @ e Ol Olpate Ole) oz Fig. 6.2b & (e 38 LS clailnte A 5 Aeilnte AE Ay
G I Slpaze ek » oda Fig 6.2(b) @ € 52, b bl e (gawldl bl 3 2 bl
s S 33 @l Jsdl ) ey Fig. 6.2(a) 3 €5 bea bl bl & Suidl Losd) (3 dogs 3
ISy el Vsl it A2 | it (JU dxgdayy LEqs. 6.1a, b, and ¢ 13 o pledl S22
Nt and il e s ilo AL it U Egs. (6.1a, b, and ¢) w¥aladd 8 s ple
) ela O 1S alusY) (3 saus
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Metrics and Jacobians 22.3

&é-“ b,y Eqgs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9), (6.10), (6.11), (6.12), (6.13), (6.14), (6.15)3
Dy OT13 . uplill tlend (203 ) ey (OM/By ON/OX BE/DY « BEJOX Jro (i) dnin (55
ol odd Al (5 e Jgad S caddoudl 20U e (610, band ¢) Jaxd

JWby (e Kaw Nl Jasd ¢« (6.1a, band c.) (CFD okl o aadl (3 (U3 oy
5390l By il LS eglill ot

Ll = 28 MagEqs. (6.12, b),  esSanS” 8T Wsgun oVsondl o el colinhadl o el & cLiadd

L oSl J g
x=x(EN,T) (6.18a)

y=y(EnT) (6.18b)
t = t(t) (6.18¢)

SYalall Lgnas gl aansd) Vgl (3 (2l oy L alinnd) Sl & T 91 € (6183, band )
Egs. (6.2), (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), (6.9), (6.10), (6.11), (6.12), (6.13), (6.14), (6.15)
Azl Sl bylasbt 5X, Y, o oo a3 Slizia Y] o L /0y ,08/0X Leplall by s,
& o (6183, band ¢) & S Jpdl o SVslall s & ) bgd Ol T e (U
S Y sda A1 Oy/Om ¢ 08/Ox ST S a3 UL Ly On/0y « OE/0x L) x>
2t Lses (6.18a, band ¢) pe WS sl e 30k Lede Jsadl (Se )l s el

Bl oda fre SlY Lo
(X, P) = U s U Ao 0 X paie o (0d) (SE Vol 3 ((hadl) o) padl 3 L)
psp 0 d LS Joldl y(n &) =y 5 3 §) = x5 6.18 ab) dolali

ou oudx  oudy

dE  Ox o0& Oy 0E
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(Grid transformations) el oY j;-

J> . OulOys0ulOx o) (sed pdolas WALasl Legd) b Of S (6.21) 5(6.20) 0GYslal
Ly «Cramer J»WSJ&G (U.&;:,wb GU/GXJJ (621) 9 (620) oYl f\'b

du dy
¢ o€
du dy
(6.22) ou |on on

ox  |ox dy
aé o
dx dy

an on

:L}\Jj\g W e L}“ 9 ¢ Jacobian determinant L}jfb- gineS Dbl e 2l & ¢(6.22) dslal) 3

ox dy
J= d(x,y) _ S
~dEm)  |Ox dy
dan dn
S5 0F (S8 (6.22) wslal) (LWL
du 1{{ou\{dy\ [du\[ov .
— =75z —]—(— —) (6.23)
dx J\adg\an/ \on)\og,
0uldy J J=9 « Egs. (6.20) and (6.21) ] 340 Lsges Y
Jx ou
0 0¢
ox du
u E E
|
0E OF
ox oy
an dn
or,

o) o) (]
ay  J|\an/\déE a& [\ o

S o Sl Al 3 @ s ol e il e s G Egs. (6.23) and (6.24) ) k)

gy dadh 3l e wlpase U] olanad)
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Eqgs. . (6.3)s Eqs. (6.2) Leweds LS winall oVl s s (6.24) 5 (6.23) &Yslall
(6.24) 5 ((6.23) sk wVolli 5 (E1 ON/BY ¢ BE/Ox » Al byl e (6.3) 5 (6.2)
wyias Josi(6.24) 5 Egs. (6.23) Of Laf Ly 1 Oy/ON ¢ OX/0E i sSall uplill (552
& 5 Egs. (6.18a, band ¢) IS ¢ o Jsf L) OIS (U L Jgdl 0 Jacobian oS
Jodl WS4 el sl ¢ 0x/om « 0E/0x IS (3 il o sgy Jgad) WSs - 818
J Jacobian L}j'{b' “-éjmj W\ LNULU ol C B SN sles OF M\ u.{);

§) Il (X, Y, 2) oo o) 3 sZ 3 Lede pad) (S el e 8T alygb y Al deges Sy
Dbl ol p e Al s el 8 odlel AaBle L bolidl e b [T] L slical (G m
Jeolidl e bl g 095 2wl Losll

Coordinate Stretching 22.4

A Vs e gl B s Oogw ¢ Judl i e il 0 SLL3Y 3

LY U= Bl ST ol Basly (3 A axk s Lag L g e bl ST

G me Jolas T o Fig 6.3, b) & cmdl gledly Jpd)l laesdl e slazeYlg (JU o Jo
G ale 3 s op WSl e QAL bl Sty pan sl G st sl s )
s ot mhdl O @l e Lol old (Fig 6.32) JLpdl bbsdl @ oo s
(el e am (25 ey L SLndll el (3 e LS il pusans O e VoY (3 ael
T oS of il Se

oo Ll LS suelan Lals mead 5 bshas 38 T (3 8umly el 23020 065 0T (g (U
gmfwcgus@ws@sbym@&w@@;f‘L;,;Ta?}uy.CJMJ\
oy Blmge 305 L) LS Mol W8 Jlpdl) ) @ 1K) Of o aadd (3 Fig. 6.3() K
G el e diy OF e 136 Loy LU Jod Ly oV (3 3 ozl 23y (DUl e dalad e
Al
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(Grid transformations) el oY J&“-

y
7
y
_‘:' G j)

(i) ;/'
a X U p 3

Fig. 6.3 Example of grid stretching. (a) Physical plane. (b) Computational plane
£=x (6.25a)
n =In(y+1) (6.25b)
x=¢ (6.26a)
y=en-1 (6.26Db)

AU sl e e Jpadl B sSl en lA

Jacobian determinant ysSlr 4givs sdoaS puldl hbas Jo Oadl v (6.22) Al 3
J=en o

PSS OF (S (6.22) LAl (UL

dx . ox_ o dy_ o dy_ o,

—=1; —=0; —=0;, —=e¢ 6.27
& an & an E (6:21)

) S 334d.(2.27) sl ol Guge B deanYl sl (3 s Lses

Npu) olpv)

0 6.28
dx i dy ( )

b e Jeoet OF S alslall ol L Sl Ladasid) s e 2,680 aazeV) dslas 2 (6.27) Wslald

Jl (Egs. (6.23) and (6.24) =3 & dalall sl

+] dpv) [dx\  dlpv) [dx
J| dn \o€ d& \dn

1(6.27) skl s s oSl uglill (3 (6.29) L abslal Jldzaly

J

a0¢

an

dn

1 ’ A pu) (f?}‘) Apu) (ﬂ}-‘) 0 629)
¢
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e _"j(pu) + 9pv) =0
o€ on

G el Jemd) o Lede Jgad) (S0 WS gsuldl bl (3 3 ezl dolae 2 (6.30) Walel)

(6.30)

t o iy (s Egs. (6.25a and b) w3

3

95 _ 6(_?_0_ @—D' on
0x

1
l; —=0; =0 = —
ay dx adv  y+1

(6.31)

tJUST (6.28) Aslall nai ((6.3) 9Eqgs. (62) Lexedd &) Vsl sl

o) (0_5 j , 9w (ﬁj) L2 ﬁ_f) , Xe) (@) =0 (632

& \ox an \ox| a& \ay] ang \dy

) vy (631) ALl (3 il 2(632) ALl Iz,

(?(pu]+ 1 dpv) 0

6.33
a&  (v+1) an (6.33)

1 (6.33) Wslall &2 .y+l =en (6.26b) slall -y

’i y
A(pu) N 1 dpv) _0
ag e an

or

P dpu) N dpv) _0
€ an

(6.34)
Jsf Ll s oVoldl e Jsad) 345 oA sl ekl b 25 .(6.30) .Wslel) daylee (6.34) Wslell
v o9 X SLEY e 63 s Ids ST e Jke ek o @l L WS 2 5T sl
U3 o psans o¥sd s e i el LG (Sl O Fig, 6.4, & wladtly 350540 oladasd)

.[4] Holst < PY]
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(Grid transformations) el oY j;-

= %[sinh((é—m]ﬁx)hﬂ
where
A = sinh(Byxp)
and
0= L[ LHER D
X0 = 2Bx 1+ (e Bx —1)&

o Ay LfLC M L;.JJ\ ol 2 Pxo chladl @0.3{}!\ e C L}LM.;-\ Llosdl L} CEJ'U PLy eI
Lo 3 Sllad)

g

J Pl Lo Gy el oo U g AL Tkl 3 a0 38 B o o S5 (B o
M Aty LBshasd) (Calsg alel clsus) JU) 541 3 (2) 5 asbdd oo ol bl 54 (1) ropend

M e Jeaiy ([5] Roberts ip9) 8 o dedsaldl s e Js=l

Uniform grid

T
i

Compressed grid

Fig. 6.4 Comparison of uniform and compressed grid

‘ By +1)—(By— 1)e—cm-1-a)/(1-0)
= (2o0+ 1)(1 _|_£.|_U{T1—]—Cl),n"fl—[!]}
where
By+1
By=1,

el 83,15l Al Vsl oMl Lenad & il Cpenndl e Cilify cplasaadI) AN ol By s o

c=log

Fig. 64 3 e 98 LS 5E 88 6

Boundary-Fitted Coordinate Systems 22.5
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-

Fig. 6.10 Adapted grid for the rearward-facing step problem (from Corda, Ref. [8])
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23.5.1 Non-equilibrium Nozzle Flows
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23.5.4 Supersonic Viscous Flow over a Rearward-Facing Step With Hydrogen Injection
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23.5.5 Supersonic Viscous Flow over a Base
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